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GEOMETRY 

(PART  1) 


PRELIMINARY  DEFINITIONS 

IWOTB.— The  study  of  Geometty  is  a  process  of  aystematia  and  orderly 
aiiig  rather  than  a  mailer  of  memory.  The  studeul  is  advised  to 
bdy  Ihe  principles  and  propoailiuns  stated  until  he  understands  them 
'"roughly  and  sees  their  relation  one  to  another,  and,  when  a  prop- 
ion  is  accompanied  by  an  explanation  in  small  type,  to  read  over 
e  explanation  carefully  one  or  more  times,  until  he  clearly  under- 
mds  the  matter,  following  out  the  references  to  the  Rgure  when  a 
,_  _,'iven.     If  he  will  dn  this  he  will  liad  Geometry  to  be  of  great 

i^Delit  and  BSsistance  to  him  in  his  subsequent  studies.  But  he  is  not 
tqnirvd  to  commit  to  memory  the  explanations  or  any  part  of  the  text 
few  of  the  more  important  princigiles  and  propositions,  such 
R  tlioGe  to  which  the  Examination  Questions  relate. 

L  1.  Every  material  body  possesses  two  general  properties 
IJthout  regard  to  any  other  condition,  namely:  form,  or 
lape,  which  is  due  to  the  relative  positions  of  its  parts; 
1  miiKuttiide,  or  size,  which  is  due  to  the  distance  of  its 
S  from  one  another, 
■The  form  and  magnitude  of  a  body  can  be  described  by 
e  relative  positions  of  points,  lines,  and  surfaces. 

e2.  a  point  has  position  without  magnitude.  A  dot  is 
nmonly  used  to  represent  a  point;  but  a  dot,  no  matter 
pw  small,  has  length,  breadth,  and  thickness,  while  a  theo- 
Mical  point  has  position  only. 

A  line  is  the  path  of  a  point  in  motion;  it  has  one 

dimension — length.     Thus,  if  a  point  is      

moved  from   the  position  A.  Fig.  1,  to 

the  position  B,  its  path,  or  trace,  is  the  '''°*  * 

line  A  B. 
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2  GEOMETRY  §  7 

__^^__^_^_^_^_^         4.     A  straigrht  line,  or  rlgrht  line. 

Fig.  2,  is  a  line  that  does  not  change  its 
Pio.  2  direction. 

5.     The  distance  between  two  points  is  the  length  of  the 
straight  line  joining  them. 


6.  A  curved  line.  Fig.  3,  is  a  line  that 
changes  its  direction  at  every  point. 

Pio.  8 

7.  A  broken  line,  Fig.  4,  is  a  line 
that  changes  its  direction  at  only  certain 


Pio.  4  points.     It  is  made  up  wholly  of  diflEerent 

straight  lines. 
The  word  line^  when  not  qualified  by  any  other  word,  is 
understood  to  mean  a  straight  line. 

8.  A  surface  is  the  path  of  a  line  when  moved  in  a 
direction  other  than  its  length.     Thus,     ^^  p 
if  a  line  is  moved  from  the  position 
A  B,  Fig.  5,  to  the  position  CD^  the 
line  describes  the  surface  A  B  DC. 

9.  A  flat  surface,  plane  surface, 


or  simply  a  plane,  is  a  surface  such  ^'o-  ^ 

that  a  straight  line  between  any  two  of  its  points  lies  wholly 
in  the  surface.  If  a  straightedge  is  laid  on  a  plane  surface 
in  any  direction,  every  point  of  the  straightedge  will  touch 
the  surface. 

10.  A  figrure  is  any  combination  of  points  and  lines. 
A  figure  that  lies  entirely  in  one  plane  is  a  plane  flgrure. 

In  referring  to  a  figure,  a  point  is  designated  by  a  letter 
placed  conveniently  near  it;  thus,  in  Fig.  1,  the  left  end  of 
the  line  is  referred  to  as  the  point  A.  The  entire  line  is 
referred  to  as  **the  line  AB^'  the  letters  A  and  B  designa- 
ting two  points,  usually  the  ends  of  the  line.  If  a  line  is 
broken  or  curved,  as  many  points  are  named  as  are  con- 
sidered necessary  to  designate  the  line. 

11.  Geometry  is  that  branch  of  mathematics  that  treats 
of  the  construction  and  properties  of  figures. 
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12.  To  produce  a  line  is  to  prolong  il  or  to  tncreaBe 
its  length.  A  straight  line  can  be  prolonged  or  produced 
lo  any  extent  in   either   direction.     Thus,    in    Fig.    6,    the 

straight  line  ^  5  is  produced  to      — _. 

the  points  C  and  D. 

13.  To    bisect   any   given 

magnimde   is   to  divide   it   in-  c 

to  two  equal  parts.     Thus,  the  '^""' 

straight  line  A  B,  Fig.  7,  is  bisected  at  the  point  C  it  AC  is 
equal  to  C^.  When  a  given  magnitude  is  bisected,  each  of  the 
parts  into  which  it  is  divided  is  one-half  the  given  magnitude. 

^^^  ANGLES  AND  PERPENDICULARS 

14.  An   angle.    Fig.   8,   is    the    opening  between 
^■«traighl  lines  that  meet  in  a  point-     The  two  straight  lineal 

^^^  the  sides,  and  the  point  where  the  lines  meet  is  the 
vertex,  of  the  angle.  Thus,  in  Fig.  8. 
the  straight  lines  O  A  and  OB  form  an 
angle  at  the  point  f?;  the  lines  OA  and 
OB  are  the  sides  of  this  angle,  and  the 
point  O  is  its  vertex. 

An  angle  is  usually  referred  to  by 
bing  a  letter  on  each  of  its  sides  and  a  third  letter  at  the  ver- 
K,  the  letter  at  the  vertex  being  placed  between  the  other  two. 
I,  the  angle  in  Fig.  8  is  called  angle  A  OB  or  angle  BOA. 
[tngle   may   also   be   designated   by  a   letter   placed 
ivcen    its    sides    near    the   vertex.  ^ 

Ids,  the  two  angles  A'CK and  i'CZ, 
[.  9,  may  be  referred  to  as  the  angles 
md  ff,  respectively. 
~An  isolated  angle,  that  is,  an  angle 
whose    vertex    is    not    the  vertex    of  ( 
any  other   angle,   may  be  designated  ''"^ " 

I  Darning  (he  letter  at  its  vertex.     For  example,  the  angle 
^e.  8  may  be  called  the  angle  O. 
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16.  Two  angles,  as  A  and  B,  Fig.  9,  having  the  same 
vertex  and  a  common  side  C  Y,  are  called  adjacent  angrles. 

16.  Two  angles  are  equal  when  one  can  be  placed  on 

the  other  so  that  they  will  coin- 
cide. Thus,  in  Fig.  10,  the 
angles  A  OB  and  A'  O'  B'  are 
equal,  because  A'  O'  B^  can  be 
superimposed  on  A  OB,  so  that 
with  (9'  upon  O  and  A '  O^  along 

/  A  O.B^O'  will  take  the  direction 
oi  B  O  and  coincide  with  it. 

17.  Any  angle  may  be  thought  of  as  being  formed,  or 
g:enerated,  by  a  line  turning  about  the  vertex  as  a  pivot, 
from  the  position  of  one  side  to  the  position  of  the  other. 
Thus,  the  angle  A  O  B,  Fig.  8,  may  be  conceived  as  gener- 
ated by  a  line  turning  about  O  from  the  position  O  A  to  the 
position  O  B,  The  size  of  the  angle  does  not  depend  on  the 
length  of  the  sides,  which  are  supposed  to  be  of  indefinite 
length,  but  on  the  opening  between  the  sides;  or,  what  is  the 
same  thing,  on  the  amount  of  turning  necessary  to  bring  one 
side  to  ftie  position  of  the  other. 

18.  If  a  straight  line,  as  A  B,  Fig.  11,  meets  another 
straight  line,  as  C Dy  so  as  to  make  with 
it  two  equal  adjacent  angles,  each  of 
these  angles  is  a  rlgrlit  un^rle,  and  the 
first  line  is  said  to  be  perpendicular 
to  the  second.  The  point  where  the  c — 
first  line  meets  the  second  is  called  the 
foot  of  the  perpendicular.  It  is  evident  that  all  right  angles 
are  equal. 

19.  A  horizontal  line  is  a  line  parallel 
to  the  horizon,  or  to  the  surface  of  still 
water. 


B 

Fio.  11 
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20.     A  vertical  line  is  a  line  perpendic- 
ular to  a  horizontal  line,  and  having,  there- 


fore, the  direction  of  a  plumb-line.     See  Fig.  12. 


igle  that  is  not  a  right 
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31.     An  obllqne  oufrle  is  any  ar 
ngle.       An    acute    angle    is    an  r^ 

blique   angle   that  is   less    than   a  ^^ 

l^ht  angle.    Anobtusenngle  isan      ^^^ 

tbltqtie  angle  that  is  greater  than  a  <* 

ighl  angle.     In  Fig.  13,  BOCaxid.  '''°  ^* 

OC  are  oblique  angles,  BOC  being  an  acute  angle,  and 
OC  ua  obtuse  angle. 

22.     Two  angles  are  said  to  be  comple- 

nieniary  when  their  sura  is  equal  to  one 

right  angle.     Each  of  two  complementary 

angles  is  called   the  coinnlement  of  the 

other.      Thus,  in  Fig.  14,  in  which  AB  is 

perpendicular  to  B  D,  the  angles  M  and  N 

are  complementary,  their  sum  being  equal 

'*  to  the  right  angle  A  B  D. 

Two  angles  are  said  to  be  supplementary  when 

B  is  equal  to  two  right  angles.     Each  of  two  supple- 

lentary  angles  is  called  ihe  Bupplemeut  of  the  other.     In 

ig.  \h,AOD  and  DOB  are  supple- 

eotary    angles,    their    sum    being 

•idenlly  equal  to  the  sum  of  the  two 

eht  angles  FOB  and  POA. 

It  will  be  seen  from  this  illustration 

St  two  adjacent  angles  whose  non- 

iromon  sides  are  in  the  same  straight  line  are  always  sup- 
BRientary.  Conversely,  if  two  adjacent  angles  are  supple- 
BOtary.  their  non-common  sides  are  in  the  same  straight  line. 
24.  At  a  given  point  in  a  straight  line,  one  perpendicular 
Ihe  line  and  only  one  can  he  drawn. 

Let  O.  Fig.  16,  be  the  given  point  in  the 

line  OB.     Siippf.se  Ilial  wilh  the  point  O 

jf^         fixed,   the  line   OC  starts  from   llie   posi- 

lion  O  B  and  revolves  about  O.     la  any 

position,  as  OC.  it  makes  two  angles  with 

Uie  line  A  B\  one  A  O C.  Ihe  other  BOC. 

P"  '*  As  O  C  revolves  from  the  position  O  ^  lo 

position  OA,  the  angle  BOC  will  continually  increase,  and  the 


\  « 


6 


GEOMETRY 


S7 


angle  A  OC  will  continually  decrease.  There  will  therefore  be  one 
position,  SLS  OD,  where  the  two  angles  are  equal,  and  there  can  evi- 
dently be  but  one  such  position. 

25.     The  sum  of  all  the  angles  formed  on  the  same  side 

of  a  straight  line  about  the  same  point  in  the  line  is  equal  to 

two  right  angles. 

In  Pig.  17,  the  sum  of  the  three  angles 
M,  N^  and  Pis  evidently  equal  to  the  angle 
BO E,  and  the  sum  of  the  angles  Q and  R 
is  equal  to  the  angle  E  O  A,  But,  by 
Art.  23,  B  O  E-\-E  O  A  is  equal  to  two 
right  angles.  Hence,  M  •\-  N  •\-  P  •\-  Q 
•\-  R  ^  two  right  angles. 


26.  The  sum  of  all  the  angles 
formed  in  the  same  plane  about  one 
point  is  equal  to  four  right  angles. 
Thus,  in  Fig.  18,  M  +  N -\' P  +  Q 
■\'  R  +  S+  T+  U=^  four  right 
angles. 


Pig.  19 


27.  When  two  lines,  as  A  B  and 
C  D,  Fig.  19,  cut  or  cross  each  other, 
they  are  said  to  Intersect.  Their 
common  point  O  is  called  their  point 
of  Intersection,  or  simply  their 
Intersection. 


28.  Two  intersecting  straight  lines  determine  four  angles 
having  a  common  vertex.  Any  one  of  these  angles  and  the 
angle  on  the  opposite  side  of  both  lines,  as  the  angles  M 
and  N,  Fig.  19,  are  called  vertical  unifies  with  respect  to 
each  other.  Vertical  angles  may  also  be  defined  as  those 
having  a  common  vertex  and  in  which  the  sides  of  the  one 
are  the  prolongations  of  the  sides  of  the  other. 

Since  M  and  N  are  each  the  supplement  of  P^  they  are 
equal  to  each  other.  Any  angle  is  equal  to  its  vertical 
angle. 
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If  two  straight  lines  intersect  and  one  of  the  angles 
B  right  angle,  the  other  three  angles  are  right  angles,  and 
s  are  perpendicular  to  each  other. 
O.     Two  oblique  lines  drawn  from  the  same  point  in  a 
>endicn1ar  to  a  line,  and  cutting  off  on  that  line  equal 
i  from  the  foot  of   the  per- 
pendicular, are  equal. 

Lei  PO  and  PQ.  Fig.  20.  be  two  oblique 

fes  draHrn  from  the  point  P  in  the  [ler- 
Bdicular  A  B.  and  let  BO&t>ABQ  be 
Dal.  Then,  by  Inrning  the  right  side  of 
)  figure  abont  A  B,  it  will  coincide  with 
1  left  side:  O  will  fall  on  Q.  and  PO  will 
tocide  with  PQ.  Hence,  PO  is  equal 
PQ. 

31.  Every  point  in  the  perpendicular  at  the  middle  point 
of  a  straight  line  is  equally  distant  from  the  ends  of  the  line. 
Thus,  in  Fig.  20,  P,  which  may  be  any  point  in  the  perpendic- 
ular AB  at  the  middle  point  B  at  OQ  is  equally  distant 
from  Q  and  O. 

32.     Two  equal  oblique  lines  drawn  from  the  same  point 

L  tbe   perpendicular  to  a  straight  line  make  equal  angles 
1  the  straight  line  and  with  the  perpendicular. 
te.  when  PBO.  Fig.  20.  is  brought  to  coincide  with  PB  Q,  PO 
Iftcides  with  P  0  and  B  O  with  B  Q,  the  angle  jW  =  angLe  AP,  aod 
Igle  .V  =  angle  A". 

S3.  A  line  that  divides  an  angle  into  two  equal  angles  is 
I  the  bisector  of  that  angle.  In  Fig.  20,  PB  is  the 
jctor  oiOPQ,  since  M  =  Af. 
84.  Two  points,  each  of  which  is  equally  distant  from 
the  two  extremities  of  a  line,  determine  a  perpendicular 
bisecting  the  line.  Thus,  in  Fig.  20,  A  and  P  are  two  points 
'  distant  from  Q  and  0  and  determine  the  perpen- 
r  bisecting  the  line  0  Q. 
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EXAMPLES    FOR    PRACTICE 


1.     Show  that  the  bisectors  of  two  vertical 
angles  are  in  the  same  straight  line. 

SuooRSTiON.— In  Piir.  21,  nhow  that  the  sum  of  the 
anffles  on  one  side  of  the  bisector  A  B  ol  the  anirle  NOP 
p    is  equal  to  the  sum  of  the  anijrles  on  the  other  side. 


Fio.  21 


2.  Show  that  the  bisectors  of  two  supple- 
mentary adjacent  angles  are  perpendicular  to 
each  other. 

SoGORSTioN.— In  Piir.  22,  show  that  the  anffle  £OF   B 
Is  one-half  of  two  riffht  angles. 


PARALLELS 

35.  Parallel  lines,  Fig:.  23,  are  straight  lines  that  lie  in 

the  same  plane  and  never  meet,  how- 
ever  far  they  are  produced.  Any 
two   parallel   lines  have    the  same 

^-- 1>   direction     and     are    everywhere 

^'«-  23  equally  distant  from  each  other. 

36,  When  two  parallel  lines,  as  /^  j2  and  R  5.  Fig.  24. 
are  cut  by  a  third  line,  as  A'  K,  the  cutting  line  X  Y"  is  called 
a  secant  line  or  a  transversal. 

The  eight  angles  thus  formed  are  named  as  follows:  The 
angles  a^  A,  dy  and  D  are  exterior 
angrles.  The  angles  d,  B,  c,  and  C 
are  interior  ang^les.  The  pairs 
of  angles  a  and  d  or  A  and  D 
are  alternate-exterior  angles. 
The  pairs  of  angles  b  and  c  or 
B  and  C  are  alternate-interior 
angrles.  The  pairs  of  angles  a 
and  Cy  A  and  C,  b  and  d^  or  B  and 
D  are   exterior-interior   or   corresponding  angles. 


Pio.  M 
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87,     When  two  parallel  lines  an 
alternate-interior  angles  are  equal. 


cut  bjr  a  traDsversal,  the 


■  Won 


Let  Cn&nd  EF,  FiR.  25,  be  the  parallel  lines  and  AB  Ihe  trans- 

rTbe  angles  M  and  M'  have  their  aides  G  D  and  HF  parallel 
md  WCandC/Zin  Ihe  same  line:  henee,  j 

^e  tnming  in  cliaagins  from  the  direc- 
tion HF  to  the  direction  HG  is  equal  to 
the  luroioK  in  changing  from  the  direc- 
UoD  CD  to  Ihe  direction  G  A.  Thai  is, 
Ka^\c  A  G D.  or  M,  is  equal  to  the  angle 

IC/fF.or  .v.  Art.  17.      But  angle  iV  is  * 
iqaal  to  angle  A'.  Art.  28;  therefore,  angle 
/If  is  equal  to  angle  A/'.     In  like  manner. 
It  can    be  shown  that  the  angle  D  G  H 
m  equal  lo  Ihe  angle  G  H  E.  Pig  k 

38.  It  follows  from  the  preceding  article  that  the 
alternate -exterior  angles  are  equal;  also,  the  exterior- 
interior  angles.  Thus,  in  Fig.  24,  we  have  a  =  d,  A  =  D; 
B  =  D,b  =  d;B  =  C,b  =  c. 

39.  In  Fig.  24,  the  angle  a  and  the  angle  A  are  supple- 
mentary adjacent  angles,  and  their  sum  is,  therefore,  equal 
to  two  right  angles.  From  this,  and  from  the  principle 
|.Btated  in  the  preceding  article,  it  follows  that  any  angle  in 
Pig.  24  marked  by  a  capital  letter  and  any  angle  marked  by 
I  small  letter  are  together  equal  to  two  right  angles. 

The  principles  stated  in  this  and  in  the  two  preceding 
rticles  may  be  summed  up  as  follows:  When  two  parallel 
hies  are  cut  by  an  oblique  transversal,  the  tour  obtuse 
angles  are  equal  to  one  another;  the  four  acute  angles  are 
equal  to  one  another;  and  any  of  the  obtuse  angles  is  the 
Gupplenient  of  any  of  the  acute  angles. 

140.  If  a  straight  line  is  perpendicular  to  one  of  two 
J. parallel  lines,  it  is  perpendicular  to 
V^J  the  other  also, 
and 
; 


1. 


Fjc.  a 

^and  Q  are  equal,  and  s 
t  aleo;  that  is,  LM  \ 


In  Fig,  2S,  A  B  and  CD  are  parallel. 

and  i  il/ is  drawn  perpendicular  xo  A  B. 

Then,  since  the  ai  tern  ate- inlerJor  angles 
ce  /"  is  a  right  angle,  Q  must  be  a  right 
perpendicular  to  C  D^ 
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41.  The  distance  between  two  parallel  lines  is  the  length 
intercepted  by  the  two  parallels  on  any  line  perpendicular  to 
them.  Thus,  L  M,  Fig.  26,  is  the  distance  between  A  B 
and  CD. 

42.  If  two  straight  lines  A  B  and  C  D,  Fig.  27,  are  cut 
by  a  third  straight  line  E  F  so  that  the  exterior-interior 
angles  M  ^nd  N  are  equal,  the  two  straight  lines  are  parallel. 

liA  B  were  not  parallel  to  C  D,  we  might 
draw  through  G  a  line  P  Q  that  was  par- 
allel to  C  D,  But  then  the  exterior-interior 
angles  A^  and  E  G  Q  would  be  equal  (Art. 
38),  which  is  obviously  inconsistent  with 
the  supposition  that  A^  is  equal  to  M, 

43.    If  two  lines,  as  A  B  and  CD, 
Fig.  28,  are  parallel  to  a  third  line, 
as  E  Ef  they  are  parallel  to  each  other. 

Draw  a  transversal  G  H.    Then,  since  q 

A  B  is  parallel  to  E  F^  the  alternate-inte- 
rior angles  M  and  N  are  equal;  and,  since  ^— 
C  D\s  parallel  to  E  F^  the  alternate-in te-    ^        ^^ 
rior  angles  P  and  A^  are  equal.    We  have,  ^ 

therefore,  N  ^  M,  N  ^  P,  and,    conse-   J  ^ 

quently,  M=  P,    As  M  and  /*are  exterior- 
interior  angles,  it  follows,  from  Art.  42,  B 
that  A  B  and  C  D  SLve  parallel.  Fio.  28 

44.  Two  angles  whose  sides  are  respectively  parallel 
and  lie  in  the  same  or  opposite  directions  from  their  ver- 
texes  are  equal. 

In  Pig.  29  (a),  BA  and  ED  are  parallel  and  extend  in  the  same 
direction;  also,  B  C  Sind  EF&re  parallel  and  extend  in  the  same  direc- 
tion from  the  vertexes.  Let  O  be  the  point  of  intersection  of  the 
sides  B C  and  ED  produced.  Then,  since  B Q  and  E F are  parallel, 
the  exterior-interior  angles  E  and  Af  are  equal;  and,  since  B  A  and 
E  G  are  parallel,  the  exterior-interior  angles  B  and  Af  are  equal. 
Therefore,  the  angles  B  and  E,  being  each  equal  to  J/,  are  equal  to 
each  other. 

In  Fig.  29  (^),  B  A  and  E  F  are  parallel  and  extend  in  opposite 
directions;  also,  BC&ndEDsLre  parallel  and  extend  in  opposite  direc- 
tions  from  the  vertexes.  Producing  FE  and  DE,  we  have,  by  the 
preceding  case,    B  =  D^E F,     As   DEF  and  D^EF  are  vertical 
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angles,  they  are  equal,  and,  therefore,  B^  which  is  equal  \.o  !> E P^ 
is  also  equal  to  DE  F, 

ft  F< 

/ 


(a) 


Fio.29 


45.  If  one  side  of  an  angle  is  parallel  to  one  side  of 
another  angle,  the  two  extending  in  the  same  direction  from 
the  vertexes,  and  if  the  other  sides  of  the  two  angles  are 
also  parallel,  but  extend  in  opposite 
directions  from  the  vertexes,  the  two 
angles  are  supplementary. 


In  Fig.  30,  B  Cand  E  D  are  parallel  and 
extend  in  the  same  direction,  while  B  A 
and  E  FKxe  parallel  and  extend  in  oppo- 
site directions  from  the  vertexes.  Produc- 
ing A  B,  we  have,  by  Art.  44,  N  =  E. 
Now,  Af  •\-  N  =  two  right  angles;  there- 
fore, Af  -{■  E  =  two  right  angles. 


Pio.ao 


46.     Two  angles  that  have  their  sides  perpendicular,  each 
to  each,  are  either  equal  or  supplementary;  they  are  equal 

if  both  are  acute  or  both 
obtuse;  and  supplementary 
if  one  is  acute  and  the  other 
obtuse. 

In  Fig.  31.  let  G  H  be  per- 
pendicular to  A  By  and  K H 
perpendicular  to  BC.  Draw 
B D  parallel  to  KH,  and  BE 
parallel  to  G  H,  Then,  by 
Art.  44,  D  B  E  \s  equal  to 
KHG,     Since  EBA  and  DBC  Bxe  right  angles,  by  taking  DBA 


Fio.Sl 
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from  each  of  them  EBDis  seen  to  be  equal  to  A  B  C,  Hence,  the  acute 
angle  A B Cis  equal  to  the  acute  angle  K H G.  Also,  when  one  angle 
is  the  acute  angle  ABC K£l^  the  other  is  the  obtuse  angle  GHl,  since 
G  H I  \s  the  supplement  oi  K  H  G,  it  must  be  the  supplement  oi  A  B  C, 


POLYGONS 


DEFINITIONS 

47.  A  polyflTon  is  a  portion  of  a  plane  bounded  by 
straight  lines.  The  boundary  lines  are  the  sides  of  the 
polygon.  The  angles  formed  by  the  sides  are  the  angles  of 
the  polygon.  The  vertexes  of  the 
angles  of  the  polygon  are  the  vertexes 
of  the  polygon.  The  broken  line  that 
bounds  it,  or  the  whole  distance  around 
it,  is  the  perimeter  of  the  polygon. 
Thus,  A  B  CD  E,  Fig.  32,  is  a  polygon; 
the  sides  of  this  polygon  are  A  B,  BC,  ^'o-  ^ 

CD,   DE,  2Si^EA\   its   angles   are   ABC,  BCD,   CDE, 
D  EA,  and  EAB\  and  its  vertexes  are  A,  B,  C,  D,  and  E. 

48.  The  number  of  vertexes  of  a  polygon  is  the  same  as 
the  number  of  sides. 

49.  The  least  number  of  sides  that  a  polygon  can  have 
is  three,  since  two  straight  lines  cannot  enclose  space. 

50.  Polygons  are  classified  in  various  manners.  One 
of  these  classifications  is  based  on  the  number  of  sides.  A 
polygon  of  three  sides  is  a  trlang^le;  a  polygon  of  four 
sides,  a  quadrilateral;  a  polygon  of  five  sides,  a  penta^iroii; 
a  polygon  of  six  sides,  a  hexaflron;  a  polygon  of  seven  sides, 
a  heptag:on;  a  polygon  of  eight  sides,  an  octafiron;  a  poly- 
gon  of  nine  sides,  a  nonaijcon;  a  polygon  of  ten  sides,  a 
decagron;  a  polygon  of  twelve  sides,  a  dodecagron. 

51.     An   equilateral    polyg^on   is 

a  polygon  whose  sides  are  all  equal. 
Thus,    in   Fig.   ?^^.  AB  =  BC=CD 
=  D A\  hence,  A  BCD  is  an  equilat- 
Fio.  88  era!  polygon. 
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52.     An  eqnlauKiilar  polfKon  is    - 
L  polygon  whose  angles  are  all  equal, 
,,  in  Fig.  34,  angle  ^  =  angle  B 
=  angle  /?  =  angle  C;  hence,  A B DC 
is  an  eqaiangular  polygon. 


\ 


%. 


53.  A  rejQ^iIai*  polygon  is  a  polygon 
in  which  all  the  sides  and  all  the  angles  are 
equal.  Thus,  in  Fig.  85.  Wi9  =  5  Z>  -  Z?C 
=  C  A;  and  angle .-/  =  angle  B  —  angle /J 
=  angle  C;  hence.  A  B  D  C  '\%  a  regular 
"  polygon.  Some  regular  polygons  are  shown 
in  Pig.  36. 


r 


54.  A  roenti-ant  unetc  of  a  poly- 
in  19  an  angle  whose  sides  if  produced 
through  the  vertex  will  enter  ihe  surface 
bounded  by  the  perimeter  of  the  poly- 
gon. Thus,  BCD,  Fig,  37,  is  a  reen- 
gle. 


TRIANGLES 

55.     Triangles  are  classified  with  regard  to  their  sides 
into  ualene,  isosceles,  and  equilateral  triangles. 

56.     A  scalene  trtanele*  Fig,  38,  is  a 
triangle  that  has  no  two  of  its  sides  equal. 


67.     An   Isosceles  triHnsle,   Fig. 
triangle  that  has  two  of  its  sides  equal. 


.»  •'  J- 


f    •     ^ 


i.  ^ 
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58L  Ab  equilateral  trlangrle.  Fig.  40,  is  a  triangle 
tfiat-  has  its  three  sides  equal.    An  equilateral  triangle  is  a 

particular  kind  of  isosceles  triangle. 
Thus,  the  triangle  ABC,  Fig.  40, 
may  be  regarded  as  an  isosceles  tri- 
angle whose  equal  sides  are  A  B 
and  .-J  C  as  an  isosceles  triangle 
whose  equal  sides  are  B  A  and  B  C, 
or  as  an  isosceles  triangle  whose 
^  equal  sides  are  CA  and  CB.  All 
the  statements  made  with  regard  to 
isQScelesL triangles  are,  therefore,  true  of  equilateral  triangles. 

59*.  Triangles  are  classitied  with  regard  to  their  angles 
into  r^;ki'iHtgled^  obtuse-angUd,  and  acuUningUd  triangles. 
See  Fig:.  41. 


Pig.  40 


Qbtmiift-afnttoU  triancitt 


RiSht-ameleti  txiansie 


Acntesiostod  tnanste 


t>0*     A  rlicht^axiM:!^^  trlaiiKl«^*  or  a  rt|cht  trfonii^e,  is 

a  triangle  having  a  right  angle.  The  hypotenus^e  ot  a  right 
triangle  is  the  side  opposite  the  rijjht  angle.  The  lei^s  of  a 
right  triangle  are  the  sides  that  include  the  right  angle. 

til.  An  obtU2$e«4Ui|{l«Mi  trlangU.e  is  a  triangle  having 
an  obtuse  angle. 

t>2*  An  acute*aii|cleU  trluniele  is  a  triangle  ail  the 
angles  of  which  are  acute. 

63*  An  oblique  triau»cle  is  a  triangle  that  has  no  right 
angle.  The  class  Dblique  triangles  includes  all  obtuse-angled 
and  acute-angled  triangles. 

64.     An  et|uiau^uiar  trian^irle  is  a  triangle  whose  three 
Ifles  are  equal. 

B5.     The  lNi&»e  or  a  triun'^le  is  :he  side  ^jn  which  the 
pposed  to  stand.     In  a  -scalene  triangle,  any 


Kioay  be  considered  as  the  base.  In  an  isosceles  triajigle.^tb^ 
looequal  side  is  usually,  though  not  neces»£tn,ly,  taken ''^ 
'tt:!he  base.  ^'"^ 

The  angle  opposite  the  base  of  a  tri- 
angle is  sometimes  called  the  vertical 
«ngle  of  the  triangle.  In  Figs.  42  and 
43,  ^  C  is  the  base. 

66.  The  altitude  of  a  triangle  is  the 
length  of  a  line  drawn  from  the  vertex  of 
the  angle  opposite  the  base  perpendicular 
to  the  base.  Thus,  in  Pigs.  42  and  43,  the 
length  of  B  D  is  the  altitude. 

67.  An  exterior  angle  of  a  triangle^, 
is   an  angle  formed   by  a   side   and   thi 
prolongation  of  another  side.      Thus,  in 

Figs.  43  and  44,  the  angle  BCD, 
formed  by  the  side  ff  C  and  the  pro- 
longation of  the  side  /I  C.  is  an 
exterior  angle  of  the  triangle  ABC. 
The  angle  BCA  is  adjacent  to  the 
exterior  angle  BCD.  The  angles 
A  and  B  are  opposite-interior 
angles  to  the  angle  BCD. 

68.  In  any  triangle,  an  exterior  angle  is  equal  to  the 
sura  of  the  opposite-interior  angles. 

Let  DCB.  Fig,  44,  be  an  exterior  angle  of  the  triangle  ABC. 
Draw  CE  through  C  parallel  to  A  B.  Then,  the  angles  M  and  A. 
being  exterior-interior  angles,  are  equal.  Also,  N  and  B,  being 
allerDaU'Jnlerior  angles,  are  equal.  Hence,  angle  M  plus  angle  -V, 
that  is,  tbe  exterior  angle  D  C  B,  is  equal  to  angle  A  plus  angle  B,  or 
the  sum  of  the  opposite- interior  angles. 

69.  The  sum  of  the  interior  angles  of  a  triangle  is  equal 
to  two  right  angles. 

In  Fig.  44,  the  angles  B  CD  and  B  CA.  being  supplementary  adja- 
cent aoglcs.  are  together  equal  to  two  right  angles.  But,  by  the  pre- 
ceding article,  the  angle  B  CD  is  equal  to  the  sum  at  the  angles  A 
and  B.  Hence,  the  sum  of  the  three  interior  angles  A,  B,  and  B  CA 
b  eqaal  to  two  right  angles. 
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70.  The  following  important  propositions  are  immediate 
consequences  of  that  stated  in  Art.  69: 

1.  If  two  angles  of  a  triangle  are  known,  or  if  their  sum 
is  known,  the  third  angle  can  be  found  by  subtracting  their 
sum  from  two  right  angles. 

2.  If  two  angles  of  a  triangle  are  equal,  respectively,  to 
two  angles  of  another  triangle,  the  third  angle  of  the  first- 
mentioned  triangle  is  equal  to  the  third  angle  of  the  other 
triangle. 

3.  A  triangle  can  have  but  one  right  angle,  or  one 
obtuse  angle. 

4.  In  any  right  triangle,  the  two  acute  angles  are  com- 
plementary. 

6.  Each  angle  of  an  equiangular  triangle  is  equal  to  one- 
third  of  two  right  angles,  or  two-thirds  of  one  right  angle. 

6.  From  a  point  without  a  line,  only  one  perpendicular  to 
the  line  can  be  drawn. 

EXAMPLES    FOR    PRACTICE 

1.  If  one  acute  angle  of  a  right  triangle  is  one-third  of  a  right 
angle,  what  is  the  value  of  the  other?       Ans.  Two-thirds  of  a  right  angle 

2.  If  one  angle  of  a  triangle  is  one-half  of  a  right  angle,  and  another 
is  five-sixths  of  a  right  angle,  what  is  the  third  angle? 

Ans.  Two-thirds  of  a  right  angle 

3.  The  exterior  angle  of  a  triangle  is  1{  right  angles,  and  one  of 
the  opposite-interior  angles  is  one-fourth  of  a  right  angle;  what  are 
the  other  angles  of  the  triangle? 

Ans  /^^l*®'*  opposite-interior  angle  =  11  =  1.15  right  angles 

*  I  Angle  adjacent  to  exterior  angle  =  three-fifths  of  a  right  angle 

Fy  3  4.    Show    that    in    the    triangle 

w  ABC,  Fig.  45,  the  bisector  of  the 

Ny^  right  angle  ABC  forms  with  the 

\^        bisector  of  the  exterior  angle  at  C 

^A.     an  angle  that  is  equal  to  one-half  of 

the  angle  A, 

SuooBSTioN.— Let  /?  /7be  the  bisector  of 
ABC  and  FD  tbe  bisector  otBCE.  Then 
B C Fi&cQual  to  CBD  plus  CD B,  or  CDS 
U  equal  to  B  C  F  minuB  C B  D.  Also,  ECB 
is  equal  to  CB  A  plus  A.  or  /f  is  equal  to 
2)  ECB  minus   CBA.    Furthermore,  £CB 

is  equal  to  twice  ^CFand  CBA  is  equal 
Pio.  46  to  twice  C^/?. 
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One  angle  o(  a  triangle  is  oi 
KK  the  remaining;  two  angles,  if  c 
(d)  What  kind  of  tnaogle  is  Ibis? 


^■hal/  of  a  right  angli 
le  is  twice  as  large  a 


Thus.  Ihe  n 
I W  S  C,  the  s 


^K7] .     Two  plane  figures  are  equal  when  one  can  be  placed 
on  the  other  so  that  they  will  coincide  in  all  Iheir  parts. 

Hangles  ABC  and  A'  &  C.  Fig.  40,  are  equal,  because 

_  . .  _    _    lagined  to  be  lifted  off  the  paper,  moved  over  and  placed 

^^E  W  B  C,  the  sides  A'  B .  &  C,  and  C  A'  can  be  made  to  coincide 

with  Alt,  BC.  and  CA,  respectively,  and  the  angles  A'.ff.  and  C 
to  coincide  with  the  angles  W,  .ff,  and  C.  It  is  evident,  from  the 
figure.  Ibal  if  the  verteies  of  the  two  triangles  coincide,  the  triangles 
will  coincido  throughout,  and  are.  therefore,  equal. 

Th«  polygons  ARCDE  and  A'B'C  lyE'.  Fig.  47,  are  equal. 
becnose  A'  B'  C  ty  E'  ciin  be  Imagined  to  be  lifted,  turned  over,  and 
placed  on  A BC D E  so  as  to  make  the  two  polygons  coincide  in  all 
Iheir  parts. 


72,  Two  triangles  are  equal  when  a  side  and  two  adja- 
cent angles  of  one  are  equal  to  a  side  and  two  adjacent 
angles  of  the  other. 

Let  A'  ff .  Fig.  48.  equal  A  B.  the  angle  A'  equal  the  angle  A,  and 
the  angle  #■  equal  the  angle  B.  Now,  \i  A<  B' C  is  placed  o^  A  B  C 
w  tb«t  .-r^  colntides  with  its  equal  A  B,  with  A'  on  A  and  ^  on  B, 
jV  C  will  lake  the  direction  A  C;  since  the  angle  A'  is  equal  to  the 
angls  A,  and  as  A*  is  equal  Xa  B,  B' C  will  take  the  direction  BC. 
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Now,  the  point  C  will  fall  somewhere  on  the  line  A  C  and  also  some- 
where on  the  line  B  C,  and  since  two  lines  can  intersect  in  only  one 
point,  C  must  fall  at  the  intersection  of  A  Cand  B  C,  or  at  C  Hence, 
the  vertexes  of  the  triangles  coincide  and  the  triangles  are  equal. 
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The  same  reasoning  applies  to  the  triangles  ABC  and  A''  B"  C",  in 
which  AB  ^^A'fB'\  and  A  =  ^^  B  =  B";  but  the  triangle  ^"i^'^C" 
must  be  imagined  to  be  lifted  and  turned  over  before  it  can  be  placed 
on  ABC, 

73.  The  following:  important  principles  are  consequences 
of  the  preceding  proposition: 

1.  Two  triangles  are  equal  when  one  side  and  any  two 
angles  of  one  are  equal,  respectively,  to  one  side  and  the 
two  similarly  situated  angles  of  the  other. 

2.  Two  right  triangles  are  equal  when  one  side  and  one 
acute  angle  of  the  one  are  equal,  respectively,  to  one  side 
and  the  similarly  situated  acute  angle  of  the  other. 

74.  Two  triangles  are  equal  when  two  sides  and  the 
included  angle  of  one  are  equal  to  two  sides  ai^d  the 
included  angle  of  the  other. 


Pio.  49 


In  Pig.  49.  AB  =  A'B  ^  A"B',  AC=^A'C'  =  A"a\  and 
A  ^  A'  ^  A",  If  A'  B'  a  is  placed  ovlABC,  so  that  A'  will  coincide 
with  A,  and  A'  B'  with  AB^  the  rest  of  the  triangles  wiU  evidently 
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lncid«:  for  since  A'  =  A,  A'  C  will  take  the  direction  A  C,  and  since 
''  =  AC.C  niil  coincide  with  C.  The  same  reasoning  applies  to 
f  C".  alter  the  latter  triangle  has  been  turned  over. 

5.     Two  triangles  are  equal  when  the  three  sides  of  the 
are  equal,  respectively,  to  the  three  sides  of  the  other. 


lo  Fig.  50,  let  A'S",  ffC.  and  C A'  be  equal,  respectively,  to 
AB,  SC.  and  CA.  Place  A' B"  C  in  the  position  y*  fi  C",  with  its 
^^AOgCst  side  A' B'  coinciding  wilh  A  B,  and  C"  on  the  opposite  side  of 
^^■f  Irom  C:  then  join  C  and  C".  Now.  A  C  \s  equal  to  A  C",  and 
^^HC  is  equal  to  8  C";  hence,  A  and  B  determine  a  perpendicular  to 
^KC"  »t  its  mid-point  (Art.  34).  Then,  by  Art.  32,  the  angle  CAD 
^^  equal  to  the  angle  C"  A  D,  or  to  C  A'  B".  and  by  Art.  74  the  tri- 
aogles  CABiiaa  C A' B'  are  equal, 

76.  In  an  isosceles  triangle,  the  angles 
opposite  the  equal  sides  are  equal. 

I,»l  ABC.  Fig.  61,  tJc  an  isosceles  triangle  in 
which  AB  =B  C.  Draw  the  bisector  B  D  ol  the 
angle  B.  Then,  by  Art.  74,  the  triangles  ABD 
and  C*£»  are  equal.     Theretore,  A  =  C.  A 

77.  The  equality  of  the  triangles  ABD 
and  C  B  D,  Fig,  51,  gives  A  D  =  DC,  and  angle  M  =  angle 
N=  one  right  angle  (since  M+  N  =  two  right  angles). 
Hence, 

1.  The   bisector  of    the  vertical   angle  of   an    isosceles 
triangle  bisects  the  base  and  is  perpendicular  to  it. 

2.  Conversely,  the    perpendicular  bisecting  the  base  of 
isosceles  triangle  passes  through  the  vertex  of  the  opposite 

le  and  bisects  that  angle. 

Also,  the  perpendicular  drawn  from  the  vertical  angle 
of  an  isosceles  triangle  to  the  base,  bisects  both  the  base 
and  the  vertical  angle. 


Fio. SI 
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78.  If  two  angles  of  a  triangle  are  equal,  the  sides  oppo- 
site these  two  angles  are  equal,  and  the  triangle  is  therefore 
isosceles. 

In  Fig.  61 ,  let  ^  =»  C  Draw  B  D  perpendicular  to  A  C,  The  right 
triangles  BDC  and  B DA  have  the  common  side  B D^  and  acute 
angle  A  =  C.  Therefore  (Art.  73),  they  are  equal,  and  their  hypot- 
enuses BA  and  B  C  are  equal. 

79.  It  follows  from  Art.  76  that  an  equilateral  triangle 
is  also  equiangular,  and  from  the  preceding  article  that  an 
equiangular  triangle  is  also  equilateral. 


Cr  1^ 
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80.  If  two  sides  of  a  triangle  are  equal,  respectively,  to 
two  sides  of  another  triangle,  and  the  angle  opposite  one  of 
these  two  sides  in  the  first  triangle  is  equal  to  the  corre- 
sponding angle  in  the  second  triangle,  the  angles  opposite  the 
other  two  equal  sides  are  either  equal  or  supplementary. 

In  Fig.  52.  let  A' C  =  A  C,  A' B'  =  A  B,  and  the  angle  B^  =  B. 
Place  A' B'  C  on  A  B  C  so  that  A' B*  coincides  with  A  B.  Then 
since  B'  ^  B^  B'  C  will  take  the  direction  B  C,  and  since  A*  C  joins 
B'C.C  must  fall  on  BC,  at  either  Cot  D.  If  C  falls  at  C,  the 
triangles  are  equal  and  the  angle  C  =  C\  but  if  C  falls  at  /?.  A  D  B 
is  the  angle  C,  and  A  DB,  the  supplement  of  ADC,  is  the  supple- 
ment of  C,  since,  by  Art.  TO,  A  D  C  =  C. 


81.  If  two  triangles  have  two  sides  of  the  one  equal  to 
two  sides  of  the  other,  and  the  angles  opposite  one  pair  of 
the  equal  sides  are  right  angles  or  equal  obtuse  angles,  the 
triangles  are  equal. 
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'  Since  a  triangle  can  hnve  but  one  right  or  one  obtuse  angle,  when 
the  angles  B  and  ff,  Ptg  53,  are  obtuse,  the  angle  C  cannot  be  the 
supplement  of  C.  hence  C  must  equal  C. 

82,  Of  two  sides  of  a  triangle,  that  is  greater  which  is 
opposite  the  greater  angle. 

Id  the  triangle  ABC,  Fig.  M.  let  the 
Angle  C  be  greater  than  the  angle  IS, 
Draw  CD.  making  with  Cfi  an  angle  ^C/) 
equal  to  the  angle  B.  Then  BCD\%  an 
isosceles  triangle,  and  CD  =  DB.  There-  j 
late.  A  D  ^-  D B.OT  A  B.\s  the  saraB  us  A  D  " 

+  DC,  which  is  evidently  greater  than  A  C.  ^"^ "^ 

83,  Of  two  angles  of  a  triangle,  that  is  greater  which  is 
opposite  the  greater  side. 

Let  A  and  B  be  two  angles  of  a  triangle,  a  the  ^de  opposite  A,  and 
b  the  side  opposite  B.  Suppose  that  a  is  greater  than  b.  If  A  were 
equnJ  to  S.  the  triangle  would  be  isosceles,  and  a  =  *.  li  B  were 
greater  than  A,  then  by  the  preceding  article,  b  would  be  greater 
than  a.  Therefore,  since  B  cannot  be  equal  tu  or  greater  than  A.  it 
must  be  less,  or  A  must  be  greater  than  B. 

84,  If  from  a  point  O,  Fig.  55.  without  a  line  A  B,  & 
perpendicular  O  Pto  the  line  is  drawn,  and  also  two  oblique 

rs  OL  and  O L',  the  oblique  line  O L.  whose  foot  /,  is 
0  farther  from    the    foot  P  of 


the  perpendicular,  is  the 
greater  of  the  two  oblique 
lines. 

>  oblique  lines 


Suppose  the 
OL  and  O  L' 

*•    ''         ^  i  side  of  the  perpendicular.    Since 

''"'  ^  (?/.'/■  is    a    right    triangle    and 

^0/*i'tbe  right  angle,  the  angle  OZ.'/*  is  acute;  also,  the  angle  OL'  L 

^^^pblnse,  since  it  is  the  supplement  of  O  L'  P.    As  the  triangle  O  L  L' 

^^Bd  have   but  one  obtuse  angle.  O  L'  L  is  greater  than  OLP,a.iiA. 

^■trefore   (Art.  82),  OL   is  greater  than   OL'.     If   OL   lies  on   the 

^^^posite  side  of  the  perpendicular  from  O  L',  as  in  the  position  O  L", 

and   if  PL"  =■  PL.  which  is  greater  than  PL',  then,  by  Art.  30, 

OL"  =  OL.  which  is  greater  than  OL'. 

|i85.     If  the  hypotenuse,   as  A  B,  Fig.  56,  and  one  leg, 
3C,  of  a  right  triangle  are   equal,   respectively,   to   the 


22 


GEOMETRY 


«7 


hsrpotenuse  and  one  leg  of  another  right  triangle,  as  A'  ff  C^ 

^  the  two  triangles  are  equal. 

Place  A'  D'CoxiABCwi  that 
B  C  will  coincide  with  its  equal 
B  C,  Since  RCA'  \s  a  right 
angle,  C  A'  will  take  the  direction 
CA\  and,  since  B*  A'  =  BA,  A' 
^'  must  fall  on  A\  for  if  it  fell  to  the 
right  of  W,  as  at  A'\  the  hjrpote- 
nuse  B  A",  or  B  A\  would  be  less 

than  B  A  (Art.  84);  and,  if  A  fell  on  the  left  of  A^  the  hypotenase 

B^ A'  would  be  greater  than  B A, 


EXAMPLES   FOB  PRACTICE 


1.  Show  that,  if  two  intersecting  lines, 
as  A  B  and  D  C,  Pig.  57,  bisect  each  other, 
the  lines  A  Cand  DB  are  parallel. 


Pio.  57 


2.  If  the  value  of  the  unequal  or  vertical  angle  of  an  isosceles  tri- 
angle is  two-fifths  of  a  right  angle,  what  is  the  value  of  each  of  the 
base  angles?  Ans.  Pour-fifths  of  a  right  angle 


3.  Show  that  the  bisectors  of  the  bate 
angles  of  an  isosceles  triangle  form  with  the 
base  an  isosceles  triangle;  or  that,  ADC, 
Pig.  58,  is  an  isosceles  triangle. 


Pio.  66 


4.  Show  that  the  length  of  the  inacces- 
sible line  A  B,  Pig.  59,  can  Ue  found  by 
measuring  A  O  and  B  O^  then  making 
OD  =^  OB  and  OC  ^  OA^  and  finally 
measuring  CD, 


— ^j> 
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86.  There  are  three  kinds  of  guadri laterals:  the  paralUl- 
'igrant,  the  tmpesoid.  and  the  trapezium. 

87.  A  pit  rail  etogratn  is  a  quadrilateral  whose  opposite 
sides  are  paraUel.     There  are  four  kinds  of  parallelograms: 

rectangle,  the  square,  the  rhomboid,  and  the  rhombus. 


A  rectangle.  Fig.  60.  is 
Sram  whose  angles  are  all  right  s 


I  parallelo- 
igles. 


^" 


c 


89.     A   square.    Fig.   61, 
whose  sides  are  equal. 


is    a    rectangle 


90.  A  rhomlwid,  Fig.  62,  is  a 
quadrilateral  whose  opposite  sides 
ire  parallel,  and  whose  angles  are 
bt  right  angles. 


91.     A  rhombus.  Fig.  63,  is 
a  rhomboid  having  equal  sides. 


192.  A  trapezoid.  Fig.  64,  is 
1-  qaadrilateral  that  has  only  two 
of  ks  sides  parallel. 


:\ 


93.  A  trapezium.  Fig.  65, 

is  a  quadrilateral  having  no  two 
sides  parallel.    ' 

94.  The  altitude  of  a  par- 
allelogram, or  of  a  trapezoid, 
is  the  length  of  the  perpen- 
dicular   distance    between    the 

Ulel  sides.     See  dotted  line  in  Figs.  62,  63,  and  64. 


24 


GEOMETRY 


87 


95.  A  dlagronal  of  a  quadrilateral  is  a  straig:ht  line 
drawn  from  the  vertex  of  any  ang^le  of  the  quadrilateral  to 
the  vertex  of  the  ang^le  opposite.  A  diag:onal  divides  a 
quadrilateral  into  two  triangles.     See  Figs.  60  and  65. 

96,  In  a  parallelogram,  slsAB  CD^  Fig.  66,  the  opposite 
sides  and  opposite  angles  are  equal;  that  \%^AB  =  DC,  AD 
=  B  Cy  angle  A  =  angle  C,  angle  B  =  angle  D. 

Draw  the  diagonal  A  C,  Then, 
angle  iV=s  angle  Hf,  and  N ^  N' 
(Art.  37).  The  triangles  A  D  C  2LJ\d 
ABC,  having  the  common  side  A  C 
and  the  adjacent  angles  M  and  N* 
equal,  respectively,  to  AP  and  A^,  are 
equal  (Art.  72).  Therefore,  A  D 
=^  B  C,  A  B  =  D  C,  and  angle  B 
AP  and  N  =  N',  it  follows  that  M -{- N, 


Pig.  66 

=»  angle  D,    Also,  since  M  ' 

OT  BAD,  is  equal  to  AP  +  N\  or  B CD, 


J 


97.  The  diagonal  of  a  parallelogram  divides  the  parallel- 
ogram  into   two  equal 
triangles. 

98.  Parallel  lines 
intercepted  between 
parallel  lines  are  equal. 
Thus,  if  the  parallels 
AB  and  CD,  Fig.  67, 
are  cut  by  the  parallels 
£F,  G  H,  IJ,  K  L, 
we  have,  from  Art.  96,  MN  =^OP^QR^ST. 

99.  The  diagonals  of  a  parallelogram,  as  ^  C  and  B  D, 

Fig.  68,  bisect  each  other;  thsit 
is,  denoting  by  O  the  point  of 
intersection  of  the  diagonals, 
OA  =  O  C  and  OB  =^  OD. 

In    the    triangles    A  O  B   and 
DOC,   AB  ^  DC  (Art.    06), 
M  =  M'  and  N  =^  N'  (Art.  37). 
Therefore,  the  triangles  are  equal 
(Art.  72)  and  OA  =  OC,  OB  =  OD, 


EXAMPLES    FOR    PRACTICE 

1.    Show  that  if  the  diagonals  of  a  quadrilateral  bisect  each  olhei 
the  figure  Is  a  parallelogram. 


2.    Show  that  tbe  diagonals  of  a  rectaogle  are  equal. 


S.     Show  that  if  the  opposite  sides  of  a  quadrilateral  are  equal,  the 
fignfO  is  a  parallelogram. 

Si-r.aniiOH.— Draw  Ihe   dliutonal.     Ttwn.  by  Art.  TG.  Ibe   trlniiKtea   (ormed 

4.  Show  that  i(  two  sides  of  a  quRdrilateral  are  equal  and  parallel, 
the  figure  is  a  parallelogrura. 

5.  Show  that  if  one  angle  of  a  parallelogram  is  a  right  angle, 
Ibe  psraltelogram  is  a  rectangle. 


rADDtTIONAl,    PROPERTIES    OP    TRIANGLES 
100.     The  bisectors  of  the  three  angles  of  a  triangle  meet 
in  a  point. 

la  the  triangle  ABC.  Pig.  69,  draw  the  bisectors  of  the  angles  A 
ud  S  and  let  Ihem  meet  at  O.    Join  C  and  O,  and  draw  the  perpen- 
^nlars  from  O  to  the  sidw  of  the  triangle.  ^ 

1  the  right  triangles  3  O  fi'  and 
bO£.  BO  is  common  and  the  angle  OBF 
!■  angle  OffE.  Hence,  by  Art.  73.  these 
ngles  are  equal.  Therefore,  O  F  =  0  E. 
1  similar  manner  it  can  be  shown  that 
tfD'^OF.  Therefore.  O  D  =  O  F.  The 
triangles  OFC  and  ODC,  having 
-  OF  and  OC  common,  are  equal 
85).  Hence,  angle  O  C F  —  angle 
pCO^  that  is.  OC.  which  meets  the  bisectors  A  O^nASO  in  O.  is  the 
Klor  of  the  angle  C. 

101.    Any  point  ia  the  bisector  of  an  angle  is  equally 
Bslant  from  the  sides  of  the  angle.     For  it  has  just  been 

lown  that,  in  Fig.  G9,  0F=  O E. 
'  103.     The  perpendiculars  erected  at  the  middle  points  of 
ne  three  sides  of  a  triangle  meet  ia  a  point  equally  distant 
&x>ni  the  vertexes  of  the  triangle. 
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lo  Fig.  70,  draw  the  perpendicalars  to  CB  aod  ^  C*  mt  tbetr  mid- 
points D  and  £,  and  let  £7  be  the  poiot  in 
which  these  perpendicalars  meet.  Now,  O, 
being  in  OD,  i%  equally  distant  from  C 
and  B  (Art.  Blf,  that  is.  OB^  OC:  and 
being  in  0£^  is  equally  distant  from  A 
and  C;  that  is,  OA^OC.  From  these 
two  equalities  it  follows  that  O  B  ^  O  A, 
Therefore,  the  perpendicular  to  ^^  at 
its  middle  point  F  passes  through  O. 
(Art.  77). 

103*  If  several  parallel  lines  intercept  equal  distances  on 
one  transversal,  they  intercept  equal  distances  on  any  other 
transversal. 

In  Fig.  71,  let  the  parallels  AE.BG, 
CI,  DK  intercept  the  equal  dis- 
tances A  B,  B  Ct  and  CD  on  the  trans- 
rental  PQ,  and  let  RS  be  any  other 
transversal.  Draw  E  F,  G  H,  IJ,  par- 
allel to  AB.  Then,  by  Art.  98,  FF 
»  AB,  GH  -  /yC,  IJ  -  CD,  Hence, 
E  F  =  G  If  ^  IJ.  In  the  triangles 
EFG,  GUI,  and  UK,  angle  E 
»  angle  G  «  angle  /  (Art.  38),  and 
angle  F  «■  angle  //  »  angle  y  (Art.  44) . 
Hence,  by  Art.  72,  these  triangles  are  eaual,  and,  therefore,  E  G  » 
GI  '^  IK. 

104.  A  line  parallel  to  one  of  the 
sides  of  a  triangle  and  bisecting:  one 
of  the  other  sides,  bisects  the  third 
side  also. 

In  Fig.  72,  let  D  E  bisect  A  B  and  be  par- 
allel to  A  C,    Draw  a  line  through  B  parallel 
to  A  C.    Then  since  the  three  parallels  inter- 
cept equal  parts  on  A  B,  they  intercept  equal 
parts  on  B C\  that  is,  B E  *^  EC. 

105.  A  line  joining  the  middle  points  of  two  sides  of  a 
trianfifle  is  parallel  to  the  third  side  and  equal  to  one-half  of 
that  third  side. 

In  Fig.  72,  let  DE  join  D  and  E,  the  middle  points  of  ^  ^  and  B  C. 
The  first  part  of  this  proposition  follows  at  once  from  the  preceding 
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vtJcle.  Let  F  be  ibe  middle  point  of  A  C,  and  draw  FE.  This  line 
is  parallel  to  A  B.  and,  therefore,  A  D E F  is  a  parallelogram.  Con- 
sequently (Art.  ^Q).  DE  =  AP=\AC. 

106.  The  lines  joining  the  middle  points  of  the  three 
sides  of  a  triangle  divide  it  into  four  equal  triangles. 

The  diagonal  DF,  Fig.  72,  divides  the  paralleloKram  A DE F  into 
two  equal  triangles  .^  F/J  axiADFE.  Likewise,  the  diagonal  EF 
divides  DECF  into  two  equal  triangles  DFE  and  EFC\  and  the 
diagonal  D E  divides  the  parallelogram  B DFE  into  the  two  eqnal 
triatigles  DFE  and  B D E.  Hence,  triangle  A  F D  ^  tnAn%\e  DFE 
=  triangle  EEC  =  triangle  fiZ)£". 

107.  Any  of  the  parallelograms  A  DEF,  FCED, 
D  B E F.  Fig.  72,  is  equal  to  one-half  the  given  triangle, 
since  it  contains  two  of  the  four  equal  triangles  into  which 
the  given  triangle  is  divided. 

108.  A  line,  as  EF,  Fig.  73,  parallel  to  the  bases  AB 
and  DC  of  ^  trapezoid  and  passing  through  the  middle 
point  E  of  one  of  the  non-parallel  sides,  passes  through  the 
middle  point  of  the  other  non-parallel  side  and  is  equal  to 

one-half  the  sum  of  the  parallel         j^ ,. 

sides  or  bases.  /^"^,^  V 

Since   the   parallels  AB.E  F,   and       Bj- ~o^^: \' 

D  C  intercept  equal    parts  oa  A  D,       I  '^^^^     \ 

they   intercept    equal    parts    oa    B  C    .(_ ''--.A- 

(Art    I03);  that  is.  BF=  FC.  p,^  ^ 

Draw    B  D,    meeting    E  F  in    G. 
Then,   by  Art,    105,   in   the   triangle  D  C B.  EG  is  one-half  CD. 
Also,  in  the  triangle  v4 /J B,  C£"  is  one-halt  fi/*.    Heace,  EG +G E, 
ox  FE.  =  \{CD  +  BA). 

109.  The  medians  of  a  triangle  are  the  lines  drawn 
from  the  vertexes  to  the  middle  points  of  the  opposite 
sides. 

110.  The  medians  of  a  triangle  meet  in  a  point  whose 
distance  from  any  vertex  is  two-thirds  tbe  length  of  the 
median  from   that  vertex. 

In  Fig.  74.  AD,  B£.  r^are  the  median  lines  of  the  triangle -4  5C; 
they  meM  at  0,aatAO  =  \A  D,  BO  =  |  ££  and  CO  =  \  CF. 
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Let  A  D  and  CF  meet  at  O,    Join  /  and  H^  the  mid-points  ot  CO  and 

A  O,  respectively;  also  join  D  and/''.  Then, 
in  the  triangle  A  OC,  I  His  parallel  toAC 
and  equal  to  one-half  AC  (Art.  105). 
Also,  in  triangle  ABC^  D  F  \&  parallel  to 
A  C  and  equal  to  one-half  A  C,  Hence, 
IH  and  DF  are  equal  and  parallel.  It 
follows  that  the  triangles  Z?  C? /^  and  HOI 
are  equal,  and  that,  therefore,  HO  ^  O  D. 

ji^^ ^ ^B  But,  by  construction,  A  H  =  HO.    Hence, 

AH  =^HO=^  OD,vrhence,AO  =  iA£>. 
Similarly    C  O  =  i  C  F.       That    is,    one 

median  cuts  off  on  the  other  median  two-thirds  of  the  distance  from 

the  vertex  to  the  opposite  side. 
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POLYGONS    IN    GENERAL. 

111.     Two  polygfons  are  equal  when  they  can  be  divided 
into  the  same  number  of  triang^lcs  equal  each  to  each  and 


Pio.  75 

similarly  placed.     Thus,  the  polygons  shown  at  (a)  and  (d) 

in  Fig.  76  are  composed  of  the  same  number  of  triangles 

equal  each  to  each  and  similarly  placed, 

and  it  is  evident  that  one  polygon  can 

be   placed   on    the  other  so  that  they 

will  coincide    throughout;  hence,   they 

are  equal. 

112.     An    exterior     an^Ie    of    a 

polygon    is    an    angle    formed   by  any 
side  and  the  prolongation  of  an  adja- 
cent  side.    In    Fi^ .  76,  the   angles  Af  ^'^  "^^ 
and  N  are  exterior  angles  of  the  polygon  A  B  C  D  E. 


113.  A  illafTonal  of  a  polygon  is  any  line  joining  two 
verlexes  not  adjacent  to  the  same  side  of  the  polygon. 
Thus,  in  Fig.  1^,  ACAD,  and  AE  are  diagonals  of  the 
polygon  ABCDEF. 

1 14.  The  sum  of  the  interior  angles  of  any  polygon  is 
equal  to  two  right  angles  multiplied  by  a  number  that  is  two 
less  than  the  number  of  sides  of  the  polygon. 

Let  (a),  Fig.  "5,  be  any  polygon.  Draw  (he  diagoaals  from  one 
vertex  and  thus  divide  the  polygon  into  triangles,  ll  is  seen  tbat  the 
first  triangle  ABC  and  the  last  Iriaogle  AFE.  each  contains  two 
sides  of  the  polygoo.  while  each  of  the  other  iriaogles  contains  but  one 
side  o(  the  polygon.  Thns.  the  number  of  triangles  formed  is  two  less 
than  tlie  number  of  the  sides  of  the  polygon.  Hence  (Art.  60),  the 
soni  of  [he  aagies  o(  the  triangles,  or  of  the  polygon,  is  two  right 
angles  multiplied  by  a  number  that  is  two  less  than  the  number  of 
of  the  polygon. 


^^H115.     Let  n  —  number  of  sides  of  a  polygon; 

^^B  ^  =  sum   of   interior  angles  of  the  polygon, 

^^H  expressed  in  right  angles. 

^Keo.  5  =  2  (m  -  2)  =  2  »  -  4 

^"  If  n  =  4,  then  5  =  2x4-4  =  4  right  angles;  that  is,  the 

sum  of  the  angles  of  a  quadrilateral  is  equal  to  four  right 

angles. 

^K^EzAMPLR  1.— What  is  the  value  of  one  of  the  interior  angles  of 
^^b  equiangular  hexagon^ 

^^P Solution. —The  namber  of  sides  of  a  heitngon  is  six;  hence,  npply- 

^^g  the  formula,  S=  2  X  (6  -  2)  =  8  right  angles,  that  is.  the  sum  of 


the  interior  angles  of  a  hexagoi 
the  taeiagon  is  equiangular,  one 
eight  right  angles,  or  \\  right  c 

EXAMPLR  a.— It  one  of  the  inti 
is  equal  to  If  right  angles,  what 

1  SoLimoN.— If  one  of  the  int« 

I,  their  sum  Sia' equal  to  - 

10  If 


eight 


ight  angleft.     Since 
;qual  to  one-sixth  of 


r  angles  of  an  equiangular  polygon 
he  name  of  the  polygon? 

1  is  equal  to  1?  or  V  right 

^r^.     But  from  the  formula. 


?x.-: 


n  —A.    Therefore,  — ;;-  =  2  i»  —  4;  whence,  n  =  7.    A  polygon 
'•even  sides  \i  a  heptagon;  therefore,  (he  polygon  is  a  heptagon.    Ans. 
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EXAMPLES    FOR    PRACTICE 

1.  Show  that  if  two  angles  of  a  quadrilateral  are  sapplementary 
the  other  two  angles  are  supplementary. 

2.  In  a  triangle  A  B  C^  the  angle  C  is  twice  the  angle  B.  Show 
that  the  line  that  bisects  the  angle  C  meets  the  line  A  B  9X9l  point  D 
so  that  CD  s  BD, 

SrGGiuiTio?r.~Ha]f  the  aacle  C  -  aaffle  B.  Then  io  the  trtensle  C  D  B, 
mot^tBCD  -  angle  C^/>. 

3.  What  is  the  value  of  one  of  the  interior  angles  of  an  equiangu- 
lar octagon?  Ans.  \\  right  angles 

4.  (a)  What  is  the  value  of  one  of  the  interior  angles  of  an  equi* 
angular  quadrilateral?    (b)  What  kind  of  quadrilateral  is  it? 

-^°*- 1  (b)  Rectangle 

5.  If  one  of  the  interior  angles  of  an  equiangular  polygon  is  equal 
to  1|  right  angles,  what  is  the  name  of  the  polygon?      Ans.  Nonagon 


THE  CIRCLE 


DEFINITIONS  AND  OKNKRAIi  PROPERTIES 

116.  A  circle,  Fig.  77,  is  a  plane  figure  bounded  by  a 
curved  line  every  point  of  which  is  equally  distant  from  a 
point  within  called  the  center. 

117.  The  clrcumfereiMje  of  a  circle  is 

the  line  that  bounds  the  circle.      The  term 

circle  is  often  used  in  the  sense  of  circum- 
ference. 

Fio.  77 

118.  The  diameter  of  a  circle  is  a 
straight  line  drawn  through  the  center 
and  terminated  at  both  ends  by  the  cir- 
cumference. Thus,  A  E,  Fig.  78,  is  a 
diameter  of  the  circle  whose  center  is  (?. 

PlO.  78 


I 

I 


§  7  GEOMETRY  3t 

119.  The  radius  of  a  circle  is  any  straight  line  drawU' 
from  the  center  to  the  circumference.  The  plural  of  raiiiu. 
is  mJit.  Thus.  0.4,  O E,  and  OF,  Fig.  78,  are  radii  of  thi 
circle  whose  center  is  O, 

120.  The  distance  from  the  center  to  the  circumfereacfli 
is,  by  the  definition  of  a  circle,  the  same  for  all  points  it 
same  circle;  hence,  all  radii  are  equal. 

121.  When  any  two  radii,  as  OA  and  OE,  Fig.  78,  ars 
in  (he  same  straight  line,  they  form  a  diameter.  Hence,  the' 
length  of  the  diameter  is  twice  the  length  of  the  radius. 

122.  An  arc  of  a  circle  is  any  part  of  its  circumference, 
as  D  CD.  Fig.  78. 

123.  An  arc  equal  to  one-batf  the  circumference  is  ft 
He  nil -circumference;  and  an  arc  equal  to  one-fourth  the, 
circumference  is  a  quadrant. 

124.  A  cbord  is  a  straight  line,  as  B  D,  Fig.  78,  joining 
any  two  points  in  a  circumference,  or  it  is  a  line  joining  thO- 
extremities  of  an  arc. 

125.  The  longest  chord  that  can  be  drawn  in  a  circle  l4 
a  diord  that  passes  through  the  center  and  is,  therefore,  s 
diameter. 

1 26.  An  arc  of  a  circle  is  said  to  be  subtended  by  its 
chord.  Thus,  the  arc  BCD,  Fig.  78,  is  subtended  by  the 
chord  B  D. 

Every  chord  in  a  circle  subtends  two  arcs.  Thus,  BD 
subtends  both  the  arcs  B  C  D  ^nH  B  A  FE  D. 

When  an  arc  and  its  chord  are  spoken  of.  the  arc  less  than 
a  semi-circumference  is  meant,  unless  the  contrary  is  stated. 
The  shorter  arc  is  usually  referred  to  by  naming  the  letters 
at  its  extremities;  thus,  the  arc  B  CD  is  called  the  arc  B  D. 

127.  A  seKment  of  a  circie  is  a  part  of  the  circle 
enclosed  by  an  arc  and  its  chord.  In  Fig.  78,  the  part  of 
the  circle  between  the  chord  B  D  and  the  arc  B  D  is  , 
segment. 
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A  seg:ment  equal  to  one-half  the  circle  is  a  semicircle. 

128.  A  sector  of  a  circle  is  the  space  included  between 
an  arc  and  the  two  radii  drawn  to  the  extremities  of  the  arc. 
In  Fig.  78,  the  space  included  between  the  arc  FE  and  the 
radii  0/^and  O^  is  a  sector. 

129.  Two  circles  are  equal  when  the  radius  or  diameter 
of  one  is  equal  to  the  radius  or  diameter  of  the  other. 


130.  A  tangrent  to  a  circle  is  a 
line  that  touches  the  circumference  in 
only  one  point.  In  Fig.  79,  A  B  \% 
tangent  to  the  circle  whose  center  is  O. 

The  point  E  at  which  the  tangent 
touches  the  circumference  is  the  t>olnt 
of  contact,  or  point  of  tang^ency. 
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131.  Two  circles  are  tangent 
when  they  touch  each  other  in 
one  point  only,  as  in  Fig.  80. 
When  two  circles  are  tangent, 
they  are  tangent  to  the  same 
straight  line  at  the  point  of  tan- 
gency. 
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132.  A  secant,  as  the  term  is  used  in  geometry,  is  a 
line  that  intersects  the  circumference  of  a  circle  in  two  points. 
In  Fig.  79,  CZ?  is  a  secant  to  the  circle  whose  center  is  O. 


133.     An   Inscribed   angrle    is    an 

angle  whose  vertex  lies  on  the  circum- 
ference of  a  circle,  and  whose  sides  are 
chords.  In  Fig.  81 ,  ^  ^  C  is  an  inscribed 
angle. 
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134.     A  central  angrle,  or  an  ang^le      /  /       x 

at  the  center,  is  an  angfle  whose  vertex    /  /    ^\a 

is  at  the  center  of  a  circle  and  whose  sides   |  ^    "        | 

are  radii.     Thus,  in  Fig.  82,  A  OB  is  a, 
central  ans^le. 


yzj 
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135.     An  Inscribed  polyg^on  is  a 

polygon  each  of  whose  vertexes  lies 
on  the  circumference  of  a  circle,  as  in 
Fig.  83.  The  circle  is  said  to  be  cir- 
cumscribed about  the  polygon. 
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136.  An  Inscribed  circle  is  a  circle 
whose  circumference  touches  but  .does 
not  intersect  each  of  the  sides  of  a  poly- 
gon, as  in  Fig.  84.  The  polygon  is  said 
to  be  circumscribed  about  the  circle. 
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137.    Concentric  circles  are  circles 
having  the  same  center.     See  Fig.  85. 


Pio.86 


138.  Every  diameter  of  a  circle  bisects 
the  circle  and  its  circumference.  Thus,  in 
Fig.  86,  both  the  arc  and  the  portion  of 
the  circle  on  one  side  of  the  diameter  A  B 
are  equal,  respectively,  to  the  arc  and  the 
portion  of  the  circle  on  the  other  side. 
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139.  In  the  same  circle,  or  equal  circles,  equal  angles 
at  the  center  intercept  equal  arcs  on  the  circumference. 

Let  O  and  O,  Fig.  87,  be  equal  circles,  and  A  OB  and  A'  a B 
equal   angles.    Place  the    circle    CX  on    {?   so    that    the    point    O 

coincides  with  O  and  the 
line  (^  B'  takes  the  direc- 
tion C7-ff.  Then,  since  Oi? 
and  (y  B  9iX^  equal,  being 
radii  of  equal  circles,  B^ 
will  fall  on  B^  and,  since 
the  angle  (y  is  equal  to 
the  angle  O,  the  line  O  A' 
will  take  the  direction 
oi  OA,  and,  being  equal 
to  OA^  its  extremity  A' 
will  fall  on  A,  Hence,  the  arcs  AB  and  A'  B*  will  coincide  and 
are  equal. 

140.  In  the  same  circle,  or  equal  circles,  equal  arcs  are 
intercepted  by  equal  angles  at  the  center. 

Let  O  and  (y.  Fig.  87,  be  equal  circles,  and  A  B  and  A'  B'  equal 
arcs.  Place  the  circle  (y  on  the  circle  O,  with  the  points  (y  and  A' 
on  O  and  A,  respectively.  Then,  since  the  arc  A'  B'  is  equal  to 
the  arc  A  B,  &  will  fall  on  B.  Then  the  angle  (7  is  equal  to  the 
angle  O,  as  the  vertex  and  the  sides  of  the  angles  coincide. 

141  •  In  the  same  circle  or  equal  circles,  equal  chords 
subtend  equal  arcs. 


Let  A  B  and  CD,  Fig.  88,  be  equal  chords. 
Draw  the  radii  AO,B  0,C0,  and  D  O,  join- 
ing A,B,C  and  D  to  O.  Then  the  tri- 
angles WC? -5  and  COD,  having  three  sides 
of  one  equal  to  three  sides  of  the  other,  are 
equal.  Hence,  the  angle  A  O  B  is  equal  to 
the  angle  COD,  and,  therefore  (Art.  139), 
the  arc  A  B  is  equal  to  the  arc  CD. 


Fig.  88 


142.  In  the  same  circle,  or  equal  circles,  equal  arcs  are 
subtended  by  equal  chords. 

143.  A  perpendicular  from  the  center  of  a  circle  to  a 
chord  bisects  the  chord  and  the  arc  subtended  by  it. 


Let  O  ,V,  Fig.  89,  be  dmwa  from  O  perpendic- 
ular to  tbe  chord  A  B,  Joia  O  io  yJ  and  S. 
Ttae  triangle  A  O  B  \s  isosceles,  since  tbe  two 
sides  OA  and  O  B  are  radit  of  the  same  circle. 
Therefore  (Art.  77).  WiW=  ;V5.  A\so.AOM 
~MOB  (Art.  77):  therefore  {Art.  139), 
BTC  W  r  =  arc  CB. 


^P  144.  The  perpendicular  erected  at  the  middle  of  a  chord 
passes  through  the  center  of  tbe  circle  and  bisects  the  arc 
subtended  by  tbe  chord. 

145.     Through  30}*  three  points  not  in  a  straight  line  a 
umference  can  be  passed. 

Let  A.  B.  Htid  C.  Fi(t.  90,  be  any  three  points. 
Draw  A  B  and  H  C.  At  the  middle  point  of  A  3 
^  draw  A' f/  perpendicular  to  A  B;  at  the  middle 
point  of  C  B  draw  FE  perpendicular  lo  B  Cand 
meeting  A'//  at  O.  As  O  is  a  point  in  the 
perpendiculars  at  the  middle  points  of  AS  and 
BC.  it  is  equally  distant  from  A.B.  and  C. 
Therefore,  a  circle  with  O  as  center  and  OB  as 
radius  will  pass  through  A,  B.  and  C. 


■146.     A   straight   line  perpendicular  to  a  radtu: 
extremity  is  tangent  to  tbe  circle. 


Let  A  B,  Pig.  91,  be  perpendicular  to  O H  a.X 
extremity  H.  \^  O  H  is  perpendicular 
f  S  it  is  shorter  tiian  any  other  line,  asO  Af. 
nn  from  O  to  A  B.  Hence,  M  is  without 
circle,  and  any  point  \n  A  B  other  than  // 
vitiiout  the  circle.  Therefore,  AB  touches 
tlie  circle  in  only  the  point  //.  and  is,  conse- 
quently, tangent  to  the  circle. 


at  Its 


i 


147.  A  perpendicular  to  a  tangent  at 

the  point  of  tangency  passes  through  the  center  of  the  circle. 

148.  A  tangent  to  a  circle  is  perpendicular  to  the  radius 
tavm  to  the  point  of  tangency. 


3« 
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."149.  .  If  two  circles  intersect,  the  line  joinincf  their  a 

ters  bisectsf  at  ric^ht  anc^les  the  line  joining:  the  points  wh< 

the  circles  intersect. 

Let  the  two  circles  whose  centers  ; 
O  and  P^  Pig.  92,  intersect  at  A  and 
The  point  P^  being  the  center, of  a  cin 
is  equally  distant  from  A  and  B^  poi 
on  the  circumference.  Similarly,  C 
equally  distant  from  A  and  B,  Hen 
by  Art.  34,  O  and  /'determine  the  p 
pendicular  bisecting  A  B, 

^r^50rr;The  two  tanc^ents  from  a  point  to  a  circle  are  equ 

^-Let  ^A  and  PB,  Fig.  93.  be 

'^^ngents  from  P  to  the  circle 
Vi^ose   center   is  O.     Draw  OA^ 

;..'<?7*,  OB.  Then  the  triangles 
POB  and  POA  are  right  tri- 
angles (Art.  148).  In  these  tri- 
angles, PO  \s  common  and  OA 
is  equal  to  O  B.  Hence,  the  tri- 
angles are  equal,  and  PA  =  PB.  pio.  9S 

151.  The  line  joining  an  external  point  to  the  center 
a  circle  bisects  the  angle  made  by  the  two  tangents  dra 
from  the  point  to  the  circle.  Thus,  the  angle  OP 
Fig.  93,   is  equal  to  the  angle   OPB. 


EXAMPLES    FOR    PRACTICE 

1.  Show  that  the  line  joining  the  intersection  of  two  tangents  to 
center  of  the  circle  bisects  the  chord  joining  the  points  of  tangency 

2.  Show  that  the  bisector  of  the  angle  between  two  tangents  pai 
through  the  center  of  the  circle. 

C  3.     Show  that  in  the  same  circle,  or  eq 

circles,  equal  chords  are  equally  distant  fi 
the  center. 

Suggestion.— Draw  O  R  and  O  F.  Plfif.  94,  perpendic 
to  the  equal  chords  A  B  and  CD.  Then  what  U  true  ol 
trianffles  A  EO and  DOFl 

4.  Show  that  the  tangents  to  a  circle  at 
extremities  of  a  diameter  are  parallel. 

5.  Show  that  in  any  circle  a  chord  pars 
to  a  tangent  is  bisected  by  the  diameter  dn 
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MEASUREMENT    OF   ANGLES  rag 

152.  The  ratio  of  one  quantity  to  another  ^^e  i^me    ^_< 
kind  is   the  number   of   times   that   the   first   containscrJiie    ^^3 
second.     When  both  quantities  are  represented  tS^i"ib*«i 
their  ratio  is  the  same  as  the  quotient  obtained  ^,^^vi^bc 
one  of  the  numbers  by  the  other.  ^-^     r— • 

1 53.  In  the  same  circle,  or  equal  circles,  tJyyei^Sl 
angles  hare  the  same  ratio  as  their  intercepted  arcs;^iaMs, 
in  Fig.  95,  angle  A  OB  :  angle  COD  =  &ycAB~ 

Suppose  the  arc  A  B  lobe  three-fifths  of  the  arc  CD. 
into  three  equal  parts,  and  CD  into  five  equal  parts,  as 
join   the  points  of  division  with  the  center. 
Since  AB:CD  =  3:b,oT  -^  =  |,  it  follows 

that  one-third  of  ^  J  is  one-fifth  of  CD;  that 
is,  arc  A  £  =  urc  DF,  and,  therefore,  angle 
.-*  Of  =  angle  DOF,  We  have,  therefore. 
ang!e^O*  =  3X  angle  -^OjE",  angle  COD 
=  5  X  angle  £) O/^  =  5  X  angle -4  O  £■;  whence. 
angle/fOJ_3xanglev^O£'^.'l^arc  AB 
*OgIeC(7Z?~5Xangle^D£     5      arc  CD' 


Fig.  9ft 
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154.  Since  the  angle  at  the  center  and  its  intercepted  arc 
ase  and  decrease  in  the  same  ratio,  it  is  said  that  an 

'U  at  the  center  is  measured  iy  its  intercepted  are. 

155.  The  whole  circumference  of  a  circle  is  divided  into 
360  equal  parts,  called  dcgrrces.  A  degree  is  divided  into  60 
equal    parts,   called    nitoiites:    and   a   minute   is   divided 

into  60  equal  parts,  called  eeeoDds. 
Degrees,  minutes,  and  seconds  of  arc  are 
used  as  units  for  measuring  circular  arcs. 
Since  the  circumference  of  every  circle 
contains  .360  degrees,  the  length  of  a 
degree  differs  in  different  circles.  Thus, 
if  A  OS.  Fig.  96,  is  an  angle  of  1°, 
A  B  is  an  arc  of  1°  in  the  larger  circle 

and  CD  is  also  and  arc  of  1°  in  the  smaller  concentric  circle. 

A  degree  of  the  earth's  equator  is  a  little  more  than  69  miles 
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lot^u:  t\\M\  II  (1c8:rcc  of  the  circumference  of  a  circle  whos 
\UA«notrr  In  M)  inchcH  is  8.1416  inches  lone:. 

HoufcrM,  minutcH.  and  seconds  are  indicated  by  ®,  ',  ' 
Th\iH,  2ri''  IV  UV^  means  25  des:rees,  3  minutes,  and  10  seconds 

Since  u  ri^ht  an^jflc  intercepts  one  quarter  of  a  circun 
fe»t>ncc.  tho  number  of  des:rees   measuring  it  is  360  ~ 
^  \M.V\     'I*hc  number  of  degrees  measuring  an  angle  equs 
lo  onc'hrtif  of  i\  right  angle  is  90°  -^  2  =  45®. 

rsuAlly,  the  magnitude  of  an  angle  is  expressed  by  statin 
Iho  nun)bor  of  degrees  that  it  subtends.  Thus,  a  right  angl 
is  ivforrcd  to  as  an  angle  of  90°;  one-third  of  a  right  angU 
as  an  angle  of  30°,  etc. 

MM.  An  inscribed  angle  is  measured  by  one-half  th 
inlorcopled  arc.  Thus,  in  Fig.  97,  the  angle  ABCis  meai 
uroil  by  one-half  the  arc  --/  /)  C, 

I>niw    the    diameter   /f  O /)  and   the  radii   OC  and   OA,    Tb 
^  unfile    COP,    the    exterior   angle    of    the    tr 

an^le  O {^Cx  is  equal  to  the  angle  O B C  pic 
the  an^Ie^C/?.  But  the  angle  O  C B  \^  equj 
to  the  angle  O  B  C,  as  they  are  opposite  tl: 
equal  sides  of  an  isosceles  triangle.  Hence,  tl: 
angle  COP,  which  is  measured  by  the  arc  CL 
is  equal  to  2xOBC.  Therefore,  OBC 
measured  by  one-half  the  arc  CD.  Similarh 
the  angle  OB  A  is  measured  by  one-half  tb 
arc  .*/  />.  Therefore,  the  angle  A  B  C  is  meai 
ured  by  one-half  the  arc  A  P  plus  one-half  tt 
arc  P  O  that  is,  by  one-half  the  arc  A  C. 

1%>7.  In  the  same  cin^lo,  or  equal 
ciix^los,  equal  arcs  are  intercepted  by 
equal  inscril'jed  angles, 

158.  All  angles  inscribed  in  the 
5Mimc  segment  are  ec)ual. 

159,  Any  anj;lc  inscribed  in  a 
semicircle  is  a  right  angle. 

The  anftlr  .-9  CB,  Fig  !*^,  is  meAsureii 
by  one-h.nli  ibr  atv-  .-?  /^  /?,  which  is  a  5*emi- 

cirvnamhrroncT     As  a  scmi-circumference  i^t'^r.tnir.s  ISiV",  the  angle  .4  C 
is  measured  by  i^nc-haU  i^  lSi>* .  or  *.V".  and  is.  ihereiore,  a  right  ang) 
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160.  The  vertexes  of  all  the  angles  of  a  given  magni- 
tude whose  sides  pass  through  two  fixed  points,  He  on  a 
circle  tbat  passes  through  the  two  fixed  points  and  any  one 
of  the  vertexes. 

In  Pig.  90.  let  /^  PB  be  an  angle  of  the  given  magnitude  and  A 

•nd  B  ilie  Ried  points.    Through 

A,  B,  and  P.  pass  a  circle.     Now,  p' 

any  angle,  as  .4  /•,  tf  or  A  /'.  B. 

wbose  sides  pa&s  ihrongh  A  aod  B 

and   whose  vertex  lies  on  the  arc 

APB  is  (An.   158)  equal  to  the 

l^vvn  angle  A  PB. 

Again,  any  angle,  as  A  P' B. 

whose    tides   pass  through  A  and 

B  and   whose   vertex   lies   nithotit 

lb*  arc   APB  is  le>s  than   the 

aagle  APB.     P..r  if    .-(/'is   pro- 

dnced    to    meet    B  P'   as.    Q.   the 

angle  A  PB  being  an  exterior  angle 

ol  ihe  triangle  B  PQ.  is  equal  to 

PQB  +  PBQ   and    is  therefore  '^'w' 

greater  than  PQB,  and,  as  PQB  '"    ' 

isgreaterihan-^/"*  (since  PQB  =  A  P'  B  +  Q  A  P').\ 
^^S  is  greater  ihnn  A  P'  B. 
^^K  like  manner  it  can  be  shown  that  any  angle,  as  A  P'  B,  whose 
^^Kpass  through  A  and  B  and  whose  vertex  lies  within  the  arc  A  PB, 
^f^ieater  than  itic  given  angle  APB. 

161.  An  angle  formed  by  a  tangent,  as  TM,  Fig.  100, 
and  a  chord,  as  T P.  is  measured  by 
one-half  the  intercepted  arc  T E P. 

Draw  the  diameter  TO  A.  Then  MTA 
is  a  right  angle  and  is,  therefore,  measured 
by  one-half  the  serai-circurafereace  TE  PA. 
The  angle  PTA  is  measured  by  one-half 
the  arc  PA.  Hence,  the  angle  At  T  P. 
equal  to  MTA  minus  PTA.  is  measured 
by  one-hall  the  difference  between  the  serai- 
circumfereuce    and    PA;    tbat    is,    by    one- 


's that 
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EXAMPLES    FOR   PRACTICE 

1.  Prove  that  the  angle  BPA,  Fig.  101, 
formed  by  two  secants  intersecting  without  the 
circumference  is  measured  by  one-half  the  dif- 
ference of  the  intercepted  arcs  AB  and  CD\ 
that  ia,  by  K^^-  CD), 

SuooBSTiON.— Join  C  and B.  Then  angle  BCA  ii  an 
exterior  angle  of  the  triangle  BCP.  and  angle  BPC  i% 
equal  to  angle  A  CB  minui  angle  DBC, 


Fio.  101 


2.  Show  that  the  angle  APE, 
Fig.  102,  formed  by  two  tangents  PT 
and  PT^  is  measured  by  one-half  the 
difference  of  the  intercepted  arcs  7^12  ^ 
and  TR  T, 

SuGOBSTiON.— Join  rand  T'.  Then  ^  TT' 
is  an  exterior  angle  of  triangle  T  T'  P,  while 
ATT'  and  P  T'  Tare  angles  formed. by  a  tan- 
gent and  a  chord. 


162.     The  an(Brle  of  Intersection  of  two  tangents  is 
the  angle  formed  by  one  tangent  with  the  prolongation  of  the 

other  tangent.  Thus,  the  angle  A  P  T\ 
Fig.  103,  is  the  angle  of  intersection  of 
the  two  tangents  T P  and  P  7^. 

163.     The  angle  of  intersection  of  two 

tangents   is   equal   to   the   central   angle 

whose  sides  pass  through  the  points  of 

tangency. 

In  Fig.  103.  join  T  T,  Then,  the  angle  APT 
is  equal  to  the  sum  of  the  equal  angles  PTV 
and  PT*  T.  But  each  of  these  angles  is  made  by 
a  tangent  and  a  chord  and  is,  therefore,  measured  by  one-half  of  the 
arc  TS  T',  Hence,  the  angle  A  PT'  \s  measured  by  the  arc  TS T*, 
The  central  angle  O  is  also  measured  by  this  arc;  therefore,  the 
angle  O  is  equal  to  the  angle  A  P  T', 

164.  The  opposite  angles  of  an  inscribed  quadrilateral 
are  supplementary;  that  is,  their  sum  is  equal  to  two  right 
angles  or  180°. 


Pio.  108 
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In  Fig^.  1(H»  the  angle  B  is  measured  by  one-half  the  arc  ADC,  and 
the  opposite  angle  D  is  measured  by  one-  X> 

half  the  arc  ABC.  The  sum  of  the 
arcs  ADC  and  A  BC  is  a  circumference, 
or  36(f,  Hence,  the  sum  of  the  angles 
ADC  and  A  B  C  is  measured  by  one-half 
of  3eO°.  or  180*. 

165.     If  the  opposite  angles  of  a 

quadrilateral  are  supplementary,  the 

quadrilateral  can  be   inscribed  in  a 

circle.  Fxo.  io4 

ExAMPLB  1. — What  is  the  number  of  degrees  in  each  angle  of  an 
equilateral  triangle? 

Solution. — The  sum  of  the  three  angles  of  the  triangle  is  two  right 
angles,  or  180*.     Since  the  three  angles  are  equal,  each  angle  is  one- 


third  of  180°,  or 


I«g!  = 


60°.    Ans. 


Example  2.  —  The  unequal  angle  of  an  isosceles  triangle  is 
75°  32'  10";    what  is  the  magnitude  of  each  of  the  equal  angles? 

Solution. — Since  the  sum  of  the  three  angles  is  180°,  the  sum  of  the 
two  equal  angles  is  180°  minus  the  other  angle,  or  180°  -  75°  32'  10" 
=  104°  27'  50",  and  each  of  them  is  one-half  of  this  sum,  or 
(104°  27'  50")  -^  2  =  52°  13'  65".     Ans. 

ExABfPLE  3. — The  exterior  angle  of  a  triangle  is  124°  3'  40",  and 
one  of  the  opposite-interior  angles  is  60°;  find  the  other  two  angles  of 
the  triangle. 

Solution. — Let  the  given  exterior  angle  be  denoted  by  A,  the  given 
interior  angle  by  B,  the  other  opposite*interior  angle  by  C,  and  the 
third  angle  of  the  triangle  by  A'.  (Let  the  student  draw  the  triangle 
and  mark  these  angles.)  Then,  A  =  B  -^  C\  whence,  C  =  A  —  B 
=  124°  3'  40"  -  60°  =  W°3'  40".  Ans.  Also,  A  -^  A'  =  180°;  whence, 
A'  =  180°  -  ^  =  180°  -  124°  3'  40"  =  55°  56'  20".    Ans. 


EXAMPLES    FOR    PRACTICE 

1.    Show  that  the  only  parallelogram  that  can  be  inscribed  in  a 

circle  is  a  rectangle. 

2.  Showthatif  from  a  points.  Fig.  105, 
on  the  arc  of  a  circle  a  chord  A  B  and  a 
tangent  A  Tare  drawn,  the  perpendiculars 
D  C  and  D  E  drawn  to  them  from  the  mid- 
dle point  D  of  the  subtended  arc  are  equal. 
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3.  The  angle  of  intersection  of  two  tangents  is  100°;  find  the  num- 
ber of  degrees  in  each  angle  formed  by  the  tangents  and  the  chord 
through  the  points  of  contact.  Ans.  50° 

4.  One  of  the  acute  angles  of  a  right  triangle  is  50°;  what  is  the 
magnitude  of  the  other  acute  angle?  Ans.  40° 

5.  Each  of  the  equal  angles  of  an  isosceles  triangle  is  45°;  show 
that  the  triangle  is  right-angled. 

6.  Two  angles  of  a  triangle  are  37°  41'  33"  and  86°  51'  2";  what  is 
the  value  of  the  other  angle?  Ans.  55°  27'  22" 
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DEFINITIONS  AND   GENERAIi   PRINCIPIjES 

1.  A  proportion  is  an  equality  of  ratios  or  of  fractions, 

4  8 

Thus,  the  fractions  -  and  -— ,  being  equal,  form  a  proportion. 

5  10 

In  general,  if  7  is  equal  to  -,  these  two  ratios  or  fractions 

b  a 

form  a  proportion,  which  may  be  written  in  any  of  the  fol- 

lowing  forms:  -  =^  - ,  a  :  b  =  c  :  d,  a  :  b  ::  c  \  d.    When  writ- 

b      d 

ten  in  either  of  the  last  two  forms,  the  proportion  is  read 

a  is  to  ^  as  ^  is  to  d. 

2.  Properties  of  Proportions. — The  first  and  the  fourth 
term  of  a  proportion  are  called  the  extremes;  the  second 
and  the  third,  the  means.  Thus,  in  the  ^proportion  a  :  b 
^  c\d^  the  extremes  are  a  and  d,  and  the  means,  b  and  c, 

3.  If  any  four  quantities  are  in  proportion,  the  product 
of  the  extremes  is  equal  to  the  product  of  the  means.  This 
principle  follows  at  once  from  the  definition  of  a  proportion, 
as  will  be  explained  presently.  If  a,  ^,  c^  and  </,  are  in  pro- 
portion, then,  by  the  definition, 

-  =  -  (1) 

b      d  ^  ' 

This  equation  may  be  treated  the  same  as  any  other 
algebraic  equation.     Both  members  of  the  equation  may  be 

eomnoMTco  vt  intkriiationai  rcxraooK  company,     cntcrco  at  stationchs*  hall.  London 
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multiplied  or  divided  by  the  same  quantity,  or  the  sa 

quantity  may  be  added  to  or  subtracted  from  both  memb< 

and  the  proportion  may  thus  be  chang^ed  to  a  sjeat  num 

of   forms   without   destroying   the   equality   of    the   rati 

Different  names  are  applied  to  these  changes,  some  of 

most  common  of  which  are  given  in  the  following  articles 

In  order  to  show  that  the  product  of  the  means  is  equal 

the   product  of   the   extremes,  multiply  both   members 

equation  (1)  by  ^^Z  to  clear  of  fractions;  the  equation  t1 

becomes 

ad^bc  (2) 

4.  It  is  evident  that  if   two  fractions  are  equal,  tl: 

reciprocals  are  also  equal.     If  7  =  -,  then  -  =  -;  that  ij 

b      a  a      c 

a  \  b  —  c  :  d,  yfQ  have  also  b  \  a  =  d  :  c. 

Taking  the  reciprocal  of  a  fraction  is  called  In  vert  I 

the  fraction.     The  operation  of  inverting  the  two  fracti< 

of  a  proportion  is  called  Inversion. 

5.  If  both  members  of  equation  (2),  Art.  3,  are  divi< 

by  cd,  there  results 

u       b  *      • 

-  =   -y  or  a\  c  =  b  :  d 

c        d 
Or,  if  both  members  of  equation  (2)  are  divided  by  < 

the  result  is 

d       c  ,    f 

b       a 

Therefore,  either  the  means  or  the  extremes  of  a  proport 
can  be  interchanged.    This  operation  is  called  altematlc 

6«     If  1  is  added  to  each  member  of  equation  (1),  Art. 
the  equation  becomes 

i+i  =  -5+1 

o  a 

Reducing  each  member  to  an  improper  fraction, 

^  =  ^^,  or  «  +  *:*  =  t  +  rf:</         ( 

b  d 

In  a  similar  manner  it  can  be  shown  that 

a-\-b\a^c-\-d\c  (2) 
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The  proporlions  (I)  and  (2)  are  said  to  be  derived  from 
the  original  proportioQ  by  composition. 
^^K    7.     If  1  is  subtracted  from  each  member  of  equation  (1), 
^^Krt.  3,  the  equation  becomes 

I 


^Reducing  each  member  to  an  improper  fraction. 

=  ^-^,  oTa-b:b  =  c-  d:d  (1) 


In  a  similar  manner  it  can  be  shown  that 

a-b:a  =  c-d:c  (2) 

The  proportions  (1)  and  (2)  are  said  to  be  derived  from 
the  original  proportion  by  division. 
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LINES  DIVIDED   PROPORTION  A  I.  LY 

8.  Two  straight  lines  are  divided  pro|K>rtlotinlly  when 
le  corresponding  segments  or  parts  are  in  proportion;  or 

when  the  ratio  of  the  g^ 

two  segments  of  one 
is   the   same    as   the 
ratio  of  the  two  seg- 
ments of   the   other,  qi  .  ■    ^i  ig 
Thus,  the  lines  AB                               '''=■• 
and  CD,  Fig.  1.  are  divided  proportionally  in  the  points  S 
and  F\iAE:EB  =  CP:  FD. 

9.  A  line  parallel  to  one  of  the  sides  of  a  triangle  divides 
the  other  two  sides  proportionally.     Thus,  in  Fig.  2.  where 

DE  \a   parallel   to   B  C.  A  D  :  D  B 
=  AE-.EC. 

Suppose  that  the  ratio  ot  A  D  ia  DB  is 

as  3  lo  2;  that  is,  let  ^  =  ^.      Divide 

A  B  into  five  equal  parts,  and  through  ihe 

poJDts  of  division  draw  lines  parallel  to  B  C. 

^^  These  lines  will  intercept  equal   distances 

^  *'"'•*  a-a  AC  (see  Geometry.  Part  1). 

As  Ibe  ratio  al  A  D  \o  D  B  \s  that  (A^\o2,A  D  will  contain  three, 
and  Z)f  will  mnUun  two,  of  the  equal  parts  Into  which  AB  '\^  divided. 
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Also,  A  E  will  contain  three  and  E  C  two  of  the  equal  parts  into  which 
AE\&  divided;  so  that  AE  ^Zy^AG,  and  EC  ^2y.AG\  whence 

AE      HXAG      3  _  AD 
EC  ^ 2XAG " 2  ~  DB 
or,  AE\EC^AD\DB 

10«  Any  two  sides  of  a  triangle  are  to  each  other  as  the 
segments  into  which  they  are  divided  by  any  line  parallel  to 
the  third  side.  Thus,  in  Fig.  2,  AB\AC  =  AD\AE 
=  DB\EC. 

From  the  preceding  article,  we  have 

ADiDB  =  AExEC 

whence  (Art.  6), 

AD^-  DB\DB  ^  AE^-ECiEC 
that  is,  A  B.  DB  =^  AC\EC 

and,  interchanging  the  means  (Art.  5), 

ABiAC^  DB'.EC 

In  the  same  manner  it  may  be  shown  that 

AB\AC=  AD\AE 

11.  If  a  line  divides  two  sides  of  a  triangle  proportion- 
ally, it  is  parallel  to  the  third  side.  Thus,  if  D  E^  Fig.  3, 
divides  A  B  and  ^  C  so  that  A  D  :  DB  =  AE'.EC,  then 
D  E  is  parallel  to  B  C, 

If  D  E  were  not  parallel  \o  B  C,  b,  WneDE'  could  be  drawn  through 

D  parallel  to  B  C,     Then,  by  Art.  9,  we 

AD       A  E* 
should   have    -.7,  =    ,,;  >^;  whence,  since 

DB        h' C 

we  have  assumed  that  /fwi  =  /^'r* 

AE  _  AE 
EC  ""  E^C 

By  interchanging  the  means  of  this  pro- 
portion, we  obtain 

A^E  _  EC 
AE       E'C 

This  equality  is  evidently  absurd,  since  ^  i?  is  greater  than /I  ^, 
whereas  /i  C  is  less  than  E'  C.  Therefore,  no  other  line  than  DE  can 
pass  through  D  and  be  parallel  to  B  C 

Example  1.— Find  the  length  of  the  line  A  B^  Fig.  4,  of  which  the 
end  B  is  inaccessible. 
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Solution. — There  are  several  ways  of  solving  this  problem  in 
practice.  The  one  illustrated  in  the  figure  is  as  follows:  Any  con- 
venient distance  ^  C  is  measured  and  the  angle  C  observed  with  a 
transit  or  compass.  From  C,  a  distance  CJS  is  measured,  and  at  E  an 
angle  A  E  !>  equal  to  C  is  turned  off.  The  point  D  where  the  line 
of  sight  E  D  nyeets  A  B  \^  marked,  'and  the  dis- 
tances AD  and  A  E'  are  measured.  Then, 
since  A  ED  equals  C,  the  lines  ED  and  CB 
are  parallel  (see  Geoinetry^  Part  1)  and,  there- 
fore (Art.  »). 

ABiAC--  ADiAE 

whence  (Art.  3), 

ABXAE'^ACXAD 


and,  dividing  by  A  E, 

ACXAD 


AB  = 


AE 


Ans. 
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Example  2. — Divide  a  line  A  B^  Fig.  1,  of  given  length  into  two 
parts  A  E  and  E  B  whose  ratio  shall  be  the  same  as  that  of  two  given 
numbers  tn  and  n\  that  is,  so  that  A  E  :  E  B  =  fn  :  n. 

Solution. — Since  A  E  :  EB  =  mm,  we  must  have  (Art.  6), 

AE-^EB       m-^n         AB^_  m  +  n 
EB        "       If     •  °^*  EB  "      n     • 

whence,  solving  for  E  B, 

E»  r»       n  X  A  B       . 
E  B  ^ r — .     Ans. 

wi  H-ff 

AE  can  be  found  in  a  similar  manner,  or  by  subtracting  the 
value  ot  EB  from  A  B, 


EXAMPLES    FOR    PRACTICE 


1.     If  the  measured  distances  in  Fig.  4  are  A  C  ^  100.  feet,  A  E 

—  46.2  feet,  A  D  :=  48.36  feet,  what  are  the  distances  A  B  and  DB? 

A«e     fAB=  106.99  ft. 
Ans.   \j^^^    58.63  ft. 


2.    If,  in  Fig.  S,  A  D  =   75  feet,  D  B 
80  feet,   find  A  E  and  E  C. 


16.25  feet,  and  A  C 

.„    /^^  =  ft5.75ft. 
Ans.j^^  =  14.25  ft. 


3.     If  A  B,  Fig.  1,  is  eqvlal  to  125  feet,  find  the  distances  A  E  and 
EB  so  that  the  line  will  be  divided  at  E  in  the  ratio  of  5  to  2. 

A  E  ^  89.286  ft. 


An«  Z-*'^  =  89.286  ft. 
^^^'\EB   =  :i5.714  ft. 
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12.  If  two  lines,  2l%  A  ff  and  CD,  Fig.  5,  are  cut  by  any 
number  of  parallel  lines,  as  EM,  G N,  I O,  etc.,  the  corre- 
spondins:  intercepts  are  proportional;  that  is,  E  G  ',  G I 
=  MN  \  NO;  G I  \  IK  =  N0\  OP,  or,  by  interchanging: 
the  means,  i^ (7  :  MN  =  G/:  NO  =  I K  \  OP,  etc. 

Through  E,  draw  j?/^ parallel  to  CD. 
Then,  EH^MN,  HJ^NO,  JL 
^  OP.  (See  Geometry,  Part  1 . )  Also, 
by  Arts.  9  and  10, 

EK      EC       Gi  _iK 
EL  ^  EH  ""  JiJ"  JL 

that  is, 

EK      EG       G^[       IK^ 

^"*^  MP  "  MN  ^  NO^  OP 

or,  EK:MP^  EGiMN  =  GI.NO  =  I fC \  OP 

13.  In  any  triangle  ABC,  Fig.  6,  the  bisector  B  D  ot  on 
angle  divides  the  side  opposite  proportionally  to  the  inclu- 
ding sides;  that  in,  A  B  :  B  C  =  A  D  \  D  C, 

Draw  C  E  parallel  to  li  I)  and  meeting  A  B  produced  in  E,  Then,  in 
the  triangle  A  E  C,  by  Art.  9, 

AB\  BE  =  AD:  DC  (1) 

The  angles  DBC 
and  Af,  l)eing  alternate- 
interior  angles,  are  equal; 
that  is,  M  ^\  B,  The 
angles  D  B  A  and  /i, 
being  exterior-interior 
angles,  are  equal;  that 
is,  E  =  i  B,  Therefore, 
E  =  M.tamMiE  =  BC. 
(See  Geontetry,  Part  1.) 
Substituting,  in  equation  (1),  /f  C  for  its  equal  B E^ 

AB:BC  -^  AD:  DC 
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BIMTLAB   POIiYGONS 


SIMILAR    TRIANGLES 

14.  similar  polygons  are  those  whose  correspondingf 
angles  are  equal  and  whose  corresponding  sides  are  pro- 
portional. 

In  order  that  two  polygons  may  be  similar,  it  is  manifestly 
necessary  that  each  angle  of  the  one  shall  be  equal  to  the 
corresponding  angle  of  the  other.  But  this  is  not  sufficient; 
the  corresponding  sides  must  be  proportional.    For  example, 


Fig.  7 

the  quadrilaterals  A  B  CD  and  A'  B'  C  ly.  Fig.  7,  have  their 
corresponding  angles  equal,  but  they  are  not  similar,  because 
their  corresponding  sides  are  not  proportional.  The  quadri- 
laterals A  B  CD  and  A''  B''  C  D''  have  their  corresponding 
angles  equal  and  their  corresponding  sides  proportional, 
and  are,  therefore^  similar. 
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The  corresponding  sides  of  similar  polysfons  are  called 
homolog^ous  sides. 

15.  Two  triangles  are  similar  when  the  angles  of  one 
are  equal  to  the  angles  of  the  other. 

In  Fig.  8,  let  the  angles  of  the  triangle  y|  ^  Cbe  equal,  respectively, 
A  A'  *^  those  of  the  triangle  A^  &  O. 

A                        A  Place  the  triangle  A'  B*  O  upon 

A  ABC,  Wi  that  the   angle  A' 

I    \  will  coincide  with  its  equal  A, 

/      \  Then   B'  will  fall   along  AB 

/         \  and  a  along  A  C,  as  at  B"  and 

/            \         C",  respectively,  and  B'  C  will 
If  ^,/ \^9   take  the  position  B"  C".     The 

angle  B'\  which  is  equal  to  &, 
is  equal  to  B^  and  the  angle  C'\ 
"  ^  which  is  equal  to  C,  is  equal 

^*o-  ®  to  C;  hence,  B'*  C"  is  parallel 

to  BC  (see  Geometry,  Part  1).     Then,  by  Art.  10, 

AB\AB"^AC\AC' 

Substituting   A'  B'   and   A'  C   for   their    respective    equals   A  B* 

and  A  C", 

AB.A'B'  =  AC\A'a 

In  like  manner,  it  can  be  proved  that 

AB\A'B'  ^  BC'.B'O 

Therefore,  the  triangles,  having  their  angles  equal  and  their  corre- 
sponding sides  proportional,  are  similar. 

16.  Two  triangles  are  similar  when  two  angles  of  the 
one  are  equal  respectively  to  two  angles  of  the  other. 

17.  Two  right  triangles  are  similar  when  an  acute  angle 
of  one  is  equal  to  an  acute  angle  of  the  other. 

18.  A  triangle  is  similar  to  any  triangle  formed  by  a  line 
parallel  to  one  of  its  sides  and  the  segments  it  intercepts  on 
the  other  two  sides  oi  the  other  two  sides  prolonged. 

19.  Two  triangles  are  similar  when  the  three  sides  of 
one  are  either  parallel  or  perpendicular  to  the  three  sides  of 
the  other. 

20.  Two  triangles  are  similar  when  their  corresponding 
sides  are  proportional. 

In  Fig.  9,  AB'.A'B'^AC'.A'C=  B  C  \  B' C 
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I  A  B,  lay  oE  A  D  equal 
•  ff-.ori  A  C.  lay  oS  A  E 
1  to  WC.  and  join  DE. 
I.  since  AB-.AD^AC 
■.AE.  VEis  parallel  to  B  C. 
HcDce,  by  Art.  18.  triarglw 
ABC  aztA  ADE  are  simi- 
lar, and,  consequently,  tri- 
angles ABC  and  A'  B"  O  arc 
similar  if  it  can  t>e  shown  thai 
^£  =  B-C.     Now, 


AB  :AD  = 


BC:DE,o\ 
AB-.A'B'  = 


BC:. 


The  last  two  proportions  I 
term;  heace./>E  is  equnl  t" 
are  equal.     Therefore,  the  ti 


tifor 


excepting  the  last 
ngXea  A  D  E  an<]  A' /f  C 

id  W^  Care  similar. 


?- C.  and  the  ti 
[riangles  .-(  B  C 

21.  Two  triangles  are  similar  when  an  angle  of  the  one 
is  equal  to  an  angle  of  the  other  and  the  including  sides  are 
proportional. 

122.     tn    two    similar    triangles,    corresponding    altitudes 
,ve  the  same  ratio  as  any  two  corresponding  sides. 
Let  CD  and  CI>,  Pig.  10,   be  the  corresponding  altitudes  of  the 
g,  two  similar  Irianglt 


and  A'  B'  C.  The  right 
triangles  W  C/Jand  W  C'/y, 
having  angle  A  equal  to  the 
angle.-I'.  aresimilar;  hence. 
CD:  CD  =AC:A'a 
But.  since  the  triangles 
ABC  and .('  B'  C  are  sim- 


ACiA'C  =  AB 


.A'B' 


Therefore, 

CD  ■.CD' 


AC:  A'  C'=  AB:  A'B-  =  BC:fi'C' 
As  stated  in  Art.  14,  two  polygons  are  similar  when 
leir  corresponding  angles  are  equal  and  their  correspond- 
l  sides  are  proportional.  It  has  now  been  shown  that,  in 
{angles,  either  of  these  conditions  includes  the  other.  This 
itald  have  been  expected  from  the  fact  that  either  the  three 
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angles  or  the  three  sides  of  a  triansfle  fix  its  shape.  This  is 
not  true  of  a  polysfon  of  more  than  three  sides,  as  the  angles 
can  be  changed  without  altering  the  sides,  or  the  proportions 
of  the  sides  can  be  changed  without  altering  the  angles. 

Example  1.— In  the  triangles  ABC  and  A' B* C,  Fig.  11.  angle 
A  a  angle  A'^  angle  B  =  angle  B'^  and  angle  C  »  angle  C^  and  the 


Pig.  U 

sides  B  C  CA,  A  B,  and  B*  C*  have  the  dimensions  that  are  marked 
on  them;  find  the  lengths  of  the  sides  O  A*  and  A* B*, 

Solution.— Since  the  two  triangles  are  equiangular,  they  are  similar, 

and  hence  the  value  of  A'  B*  and  that  of  A*  C  are  conveniently  found 

as  follows: 

2.75  :  2.42  =  2.6  :  A*  ff 

2.42  X  2.5 


whence 


A*Bi 


whence 


A'C 


2.75 

2.75  :  2.09  =  2.5  :  A*  O 
2.09  X  2.5 


2.2  in.    Ans. 


2.75 


=  1.9  in.    Ans. 


Pig.  12 


BxAMPLB  2. — ^In  Fig. 
12,  CD  is  perpendicular 
to  ^C  and  is  170  feet 
long;  DB  is  60  feet;  and 
B  Ef  perpendicular  to 
B  D,  is  55  feet  long;  find 
the  distance  A  C. 

Solution.— The  right 
triangles  A  C  D  and 
DBE  have  the  angles 
ADCoji^BDEw\!OL9X\ 
hence,  they  are  similar, 
and 

AC:  CD  =  BRiBD, 
or     ^C:  170 -56:60 
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ylC"  ^^^-^  =  165.83  ft.     Ans, 

EXAHP1.B  3.— It  is  required  to  cut 
Erom  A  IrfaOKUlar  plate  ABC. 
Pig.  13,  having  the  dimensions  shown, 
a  trapewJidiJ  plaie  B  D  E  C  whose 
upper  base  D E  shail  tie  0  inches;  find 
the  distances  A  D  and  A  E  that  muF^i 
be  cut  off. 


SoLPTiox.— The     si 
W /?£  and /4*C  give 

AD  ^DE 

AE       DE 

A  C"  BC' 


AE 


lilar    triangN 


AB-KDE 

EC 
ACXDE 

BC 


-  ™  7.0  in.     Ana. 


10 


'  uin. 


ExAHPLB  4.— In  order  to  measure  the  height  fff/ola  pier  A.PQJi, 
Fig.  14.  whose  base  and  ti>p  are,  respectively,  22  feet  and  \2  feet 
square  and  whose  sides  all  have  the  same  inclination,  a  transit  was  set 
at  a  point  O  distant  250  feet  from  the  side  .-J,  of  the  pier;  that  is.  so  that 
031,  =  350  leet.  .-/,  ff,  was  a  rod  ou  which  the  horiKoatal  line  of 
igbt  Ojt/iintercepIedadistaQce^,  j>A  =  4.5fee<.     The  s: 


beM  at  a  dlsiancc  OM  =  20  feet  from  the  instrument,  and  the 
height  A  JV  nbave  the  ground  noted.  Then  (he  telescope  of  the  tran- 
sit mas  directed  to  Ihe  top  J?Kif  (he  pier,  and,  with  the  rod  sti!!  held  at  A, 
the  height  A  Af  was  read  on  Ihe  rod.  By  subtracting  A  M  from  A  N, 
the  distance  At N  intercepted  between  the  lines  O M,  and  OH  was 
found  to  be  6  feet.    What  was  the  height  R  Hi 
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SoLxrriON.— The  inclination  of  /I,  R  and  that  of  PQ  being  equal, 
we  have,  A^H  ^  J  P,  and  HJ  ^  R  Q  ^  VI  ft.     Now, 


whence, 


^./,=  ^<^-L2=?2-_12^5^ 


The  similar  triangles  O  MN&nd  O  K R  give 

OM 

MN 


OM         OK    „^       OKXMN 
A' A"  6>iV 


_  {OAT^Jf,  K)  XjfN  _  (OAf,-\-A,H)XMN 
OAf"  "  C>ylf 

(250  +  5)_X^  ^  256  X  6 
20     "  20 


76.5  ft. 


Finally, 

RH  ^  RK-\'KH  ^  RK-^M^A^  =  76.5  +  4.5  =  81  ft.    Ans. 


EXAMPLES    FOR   PRACTICB 


0 

.•I 


.,T 


?-' 


s 


too- 


^y 


'-^  I 


•Jp 


1.  In  Pig.  15,  the  lines 
of  sight  O  P  and  C?  (?  of  a 
transit  intercept  on  a  rod 
distances,  A  R  =  2  feet 
and  Ax  B^  =  4.75  feet;  if 
the  distance  O  A  is  100 
feet,  what   is  the  distance 


OA,} 


Ans.  237.5  ft. 


Fk;.  1ft 


2.     In  order  to  find  the  stress  in  the  member  B  P,  Pig.  16,  by  the 
method  of  moments,  it  is  necessar>*  to  find  the  distance  D  O  from  Dto 


the  point  of  intersection  ^of  DA  and  CB^  both  produced;  the  dimen- 
sions being  as  shown,  what  is  that  distance?  Ans.  DO  =■  80  ft* 


GEOMETRY 

S.     A  BCD.  Fig.  17.  is  a  trapeaoid  whose  non-parallel  b 
duced  meet  a(  0\  ihe  lino  M  N  is  parallel  - 

to  the  bases  A  D  and  B  C\  the  dimensions  A 

q\   A  D,   B  C.B  M,   and    M  A    beir'g   as  /   \ 

shown,  and  O  B  Ant  M  N.  /        * 

iOB    =  315  ft. 

\AI  N  =  85.714  ft. 


Ans.{ 


jfA" 


55 


The  base  of  a  right  triangle  is  24  inches,  and  its  a 
'hat  distaoce  from  the  (op  is  the  triangle  ID  inches 


4.  la  a  triangle  ABC.  aide  A  B 
■=  32  feet,  fi  C  =  34  (eot,  and  AC  =  i».  feet; 
if  side  A'  B"  ot  A  similar  triangle  A'  B"  C  is 

II  feet  long,  trhal  are  tlie  lengths  of  Ibe 
lfi4.  When  the  first  of  three  quantities  is  to  the  second 
S  Ihe  second  is  to  the  third,  the  three  quantities  are  in 
continued  proporti on ^  the  second  is  a  luean  propor- 
tional between  the  first  and  third;  and  the  third  is  a  tblrd 
propnri tonal  to  the  first  and  second.  Thus.  \i  a  :  b  =  b".  c, 
the  three  quantities  a.  b,  and  c  are  in  continued  proportion;' 
i  is  a  mean  proportional  between  a  and  r;  and  f  is  a  third 
proportional  to  a  and  b. 

25.  In  a  right  triangle,  as  ABC,  Fig,  18.  the  per- 
pendicular CD  drawn  from  the  vertex  of  the  right  angle 
to  the  hypotenuse,  divides  the  triangle  into  two  triangles 
AC  P  and  C  D  B  that  are  similar  to  the  whole  triangle  and 
to  each  other. 

The  right  triangles  ABC  and  A  CD 
are  similar,  by  Art.  \1,  as  the  angle  .4 
is  common.  Also,  the  triangles  ABC 
and  r^Z*.  having  angle  .fi  in  common, 
are  similar.  Again,  the  triangles^  CD 
and  CRD.  being  each  similar  toABC, 
Pio.  i!i  are  similar  to  each  other. 

In  a  right  triangle,  the  perpendicular  to  the  hypote- 
from    the    vertex    of    the    right    angle    is    a    mean 
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^  ji'oi>5jttonal    between    the    two    parts    or    sesfments    into 
^^^hic^rit  divides  the  hypotenuse;  that  is,  Fig.  18,  AD: CD 

•  As  tlte  triangles  BCD  and  A B C  SLte  similar,  and  the  angle  B 
^"  is  com mon,\.,the; angle  BCD  must  equal  the  angle  A,  and  similarly, 
-^  -  "ihe  angle  A  CO,  must  equal  the  angle  B,    The  triangles  A  C D  and 

^  C^jl^are  ^similar,  hence  the  sides  opposite  equal  angles  are  in 
.1., "proportion;  that  is, 

rf^  A  /^jt^jie  opposite  A  CD) CD  (side  opposite  A) 

V  CZftSide  opposite  B)      "  DB  (side  opposite  B  CD) 


^     Or 


AD:  CD  =  CDiDB 


« ->     SE^   'Ql^  side   A  C    Fig.    18,   is   a   mean   proportional 
^-befjron  the 'whole  hypotenuse  and  the  segment  AD  on  the 

sanqjf^side  of  CD  as  the  side  A  C;  that  is^  AB  \  AC  =^  AC 

lA^Of    Similarly,  ABiBC  =  BCiBD. 

The  triangles  ABC  and  A  CD  are  similar,  hence  the  sides  oppo- 
site equal  angles  are  proportional;  that  is, 

A  B  (opposite  right  angle)  _       A  C  (opposite  B) 
A  C  (opposite  right  angle)  "^  A  D  (opposite  A  CD) 

Or,  AB:AC=AC:AD 

Example  1.— In  the  right  triangle -^  J9  C,  Fig.  19,  find  the  length 
of  the  perpendicular  CD. 

Solution.— The  perpendicular  is  a  mean 
proportional  between  the  parts  A  D  and 
D  B  into  which  it  divides  the  hypotenuse; 
therefore, 

6.4  :  CD  =  CZ?:  3.6 

\B  whence. 


CD    =  6.4  X3.6 


Fio.  19 


and  CD  =  V674  X  3.6  =  4.8  in.   Ans. 


Example  2. — Find  the  length  of  the  sides  of  the  right  triangle  ABC, 
Fig.  20,  in  which  C/?  is  the  perpendicular 
from  the  vertex  of   the  right  angle   to   the 
hypotenuse. 

Solution. — The  hypotenuse  is  7.2  in. 
+  4.9  in.  =  12.1  in.  The  side  C B  is  a  mean 
proportional  between  the  hypotenuse  A  B 
and  the  part  D  B\  therefore, 

12.1  :  CB  =  C^:4.9 

C~B^  =  12.1X4.9 
CB  =  V12.1  X  4.9  =  7.7  in.    Ans. 


Pio.20 


]  proportional  between  A  B  and  A  Sti^at  t^^ 

\B:AC=  AC-.AD         gfl      6--;     ^3 

^C=^^AB  y.AD  ^2      ^      S 

V12.1  X  7.2  =  9.34  in,    Ansr  ^^      yS 

I.    .Silice  an  angle  inscribed  in  a  semici— fi  is&^jgt^'^ 

ele,  it  follows  from  Arts.  26  and  27,  thatiw^     -BS 

(ti)     A  perpendicular  CD,  Fig.  21,  drawn  fQQBi  aiiPTJoin^^ 


(The  leg  ^  C  is  a 
S8.  nSiDce  ar 
Igle,  it  follows 


<VKlO 


oti  the  circumference  of  a  circle  lo  •■ 
diameter  AB,'\^  a  mean  proportional 
between  the  segments  into  which  it 
divides  the  diameter;  that  is, 

AD.CD  =  CD-.DB 
(A)     A  chord  C A  drawn  from  a  point 
is  a  circumference  to  the  end  of  a  diam- 
eter is  a  mean  proportional  between  the 
whole  diameter  and  the  adjacent  segment  A  D\  that  is, 
AB:AC=  AC:  AD 
29.     If  from  a  point  without  a  circle,  a  tangent  and  a 
secant    are    drawn,    the    tangent    is    a    mean    proportional 
between   the  whole  secant  and   the 
exterior  segment;  that  is,  in  Fig.  22, 
PB:PT=  PT:  PA. 

lu   the   tnaogles  BPTand  APT.  the 


The 


ngle 


Pia.I2 


inscribed  angle,  und  (he  angle  PTA,  an 
angle  formed  by  a  tangent  and  a.  chord, 
are  equal,  since  each  is  measured  by  one- 
half  the  same  arc  A  T.  Henee,  the  tri- 
are  similar  by  Art.  16,  and 

fg  (opposite  angle /Tg)  fT*  (oppositer  angle  B) 

P 7" (opposite  angle /"--rr)  ^  /-^  {opposite  angle /■  7"^) 

pY  =  pbxpa 

py=  <PB  X  PA 
30.     If  from  a  point  without  a  circle  any  two  secants  are 
drawn,  the  product  of  one  secant  and  its  external  segment  is 
equal   to  the  product  of  the  other  secant  and  its  external 
segment. 


Y 
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In  Pig.  23,  PB  and  PC  are  secants.    Draw 
the  tangent  P  T.    Then,  from  Art.  29, 

7t*  ^paxpb 


and  PT  =  PCX  PD 

hence,      PAxPB  -  PCxPD 


Pio.  28 


31.  If  any  two  chords  be  drawn  through  a  point  within  a 
circle,  the  product  of  the  segments  of  one  is  equal  to  the 
product  of  the  segments  of  the  other. 


In  Pig.  24,  the  angles  D  and  B^  being  meas- 
ured by  one-half  the  arc  A  C,  are  equal.  The 
angles  B  PC  and  D  PA^  being  vertical  angles, 
are  equal.  Hence,  by  Art.  I69  the  triangles 
C B  P  and  A  D  P  are  similar.    Therefore, 


AP 
C  P 


PJl 
PB 


and 


APXPB =  CPXPD 


Pio.ai 


EXAMPLES    FOR    PRACTICE 

1.  The  perpendicular  from  the  vertex  of  the  right  angle  of  a  right 

triangle    divides    the    hypotenuse    into    parts    of    23.04    inches    and 

1.96  inches.     Find:  {a)  the  length  of  the  perpendicular;  (b)  the  length 

of  the  two  sides  of  the  triangle.  a„o  /  (^)  ^-72  in. 

^"^•\W  24  in.  and  Tin. 

2.  If,  in  Pig.  22,  the  distance  CPoi  the  point  Pirom  the  center  of 
the  circle  is  65  feet,  and  the  radius  CP  is  25  feet,  what  is  the  length 
of  the  tangent  P  T?  Ans.  60  ft. 

3.  The  chord  of  the  arc  of  a  segment  is  14  inches  long  and  the 
height  of  the  segment  is  2  inches;  what  is  the  radius?         Ans.  13i  in. 


OTHER    SIMILAR    POLYGONS 

32.  Two  polygons  are  similar  when  they  are  composed 
of  the  same  number  of  triangles  similar  each  to  each  and 
similarly  placed. 

Thus,  in  Fig.  25,  the  polygons  ABCDE  and  A'  B' C  ly  E'  ar^ 
composed  of  the  same  number  of  similar  triangles  similarly  placed. 
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SDce  the  trUngle  AED\s  similar  to  the  triangle  A'  E'  ly,  angle  E 

«■  angle  JP  and  angle  ADE  =  angle  A' !> E' .     Also,  in  the  similar 

triangles    ADC  and 

A'  D>  C.  angle  ADC 

=  angle    A'  D'  C . 

Hence,  the  sum  of  the 

angles    ADE    and 

ADC.    or    the  angle 

E DC,  is  equal  to  the 

sam    o(    the  angles 

A-  D'E'  and  A'  D>  C . 

or  the  angle  E'DC. 

In   like  manner,   angle 

/Jrfl  =  angle  ZyC'ff. 

angle    fl  =  angle  E',  an 

triangles  are  similar, 

ED:E'D  =  AD  .  A' D  a.nA  AD:  A' D 
hence.  E  D  :  E' C  "  D  C :  D"  C 

In  like  manaer. 

DC;  DC  =  CB:C'B'  =  BA:B'A'  = 

Therefore,  as  the  angles  of  the  one  polygon  art 
spondtDg  angles  of  the  other  and  the  sides  of  the  t 
portiona]  to  the  sides  of  the  other,  the  polygons  ai 

33.  Two  similar  polygons  can  be  divided  into  the  same 
number  of  similar  triangles  similarly  placed. 

34.  The  perimeters  of  two  similar  polygons  are  in  the 
same  ratio  as  any  two  homologous  sides. 

In  Fig.  25,  let  /"be  the  perimeter  of  the  polygon  ABC  DE,  and  P 
ihe  perimeter  of  the  polygon  A'  B'  C  D  E'.    Since  the  polygons  are 


ingle  BAE 


B'  A'E'.     Since  the 


AE:  A'  E- 
equal  to  the 
ne  polygon  a 


AE    _   ED 

A-  E'       E'  D 

A  each  of  these  equal  i 

A' E'  ■  E' D 


DC    _   CB    _  BA 

DC       C  B'       ff  A'  '  ' 

atios  be  denoted  by  R.  that  is,  let 

.    O^  -  jf     C.^   -  A'     ^--'    - 

■  DC  '  CB'  •  if  A'  ~  ' 


Ete. 
.4 
>m  these  equations  ne  obtain. 
A£  =  ffxA'E'.ED  =  /^xE'D.DC  =  KxDC. 
CB  =  RxC'&.BA  =  KxB'  A' 
Adding  the  sides  of  the.se  equalities. 

AE+ED+DC+CB+BA 
'jexA'E'  +  RxE'D+ExDC  +  RxCB'  +  Ex  ffA' 
.  /^iA'E'  +  E'D  +  IJ'C  +  C'B'  +  S'A') 
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when«  A~ET+W^^irD'~C'-+  O  W+WA'  =  ^ 

AE        ED         DC      , 
Bu.  R  =  -^,-g.  -  -^ly  -  ^c-  '»■=•  = 

,.       ,  P       AE         ED         DC      , 

therefore.  -p  '  aTb  '  W^  "  WO'  *"=' 

36.  Equation  (1)  of  the  preceding  article  is  a  series  of 
equal  ratios,  of  which  the  numerators  are  the  antecedents 
and  the  denominators  the  consequents.  The  general  truth 
was  shown  in  that  article,  that  in  a  series  of  equal  ratios  the 
sum  of  the  antecedents  is  to  the  sum  of  tlie  consequents  as 
any  antecedent  is  to  its  consequent. 

AREAS    OF    POLYGONS 

36.  Definitions. — The  area  of  a  surface  is  the  super- 
ficial  space   included   within   its   boundary   lines.     Area 
expressed  by  the  ratio  of  the  surface  to  a  surface  of  fixed 
value  chosen  as  a  unit  and  called  the  unit  of  area, 

37.  A  square  whose  side  is  equal  in  length  to  the  unit  of 
length  is  usually  taken  as  the  unit  of  area,  and  its  area  ta 
called  the  square  uult.  For  example,  if  the  unit  of  length 
is  1  inch,  the  unit  of  area,  or  square  inch,  is  the  square  whose 
sides  measure  1  inch,  and  the  area  of  any  surface  is  expressed 
by  the  number  of  square  inches  that  the  surface  contains. 
If  the  unit  of  length  were  1  foot,  the  unit  of  area  woul 
measure  1  foot  on  each  side,  and  the  area  of  the  surface 
would  be  expressed  in  square  feet.  Square  inch  and  squara. 
fool  are  abbreviated  to  sq.  in.  and  sq.  ft.,  respectively,  and 
are  often  indicated  by  the  symbols  D"  and  Q'. 

38.  Two  surfaces  are  equivalent  when  their  areas  are 
equal. 

39.  CorapnrlBon  of  the  Areas  of  IHvo  Kectanfflea. 
The  areas  of  two  rectangles  A  B  CD  and  A'  B'  C  D',  Fig. 
having  equal  altitudes  are  to  each  other  as  their  bases;  thi 
is,  areA  A  B  C D  :  ZVQA  A'  B'  C  D'  =  A  B:  A'  B'. 

Suppose  that  A'  ff  is  four-fifths  of  A  B,  or  that  A  B  :  A'  ff  =  6  . 
Divide  AB  into  five  equal  parts  A  E,  E  E.  etc.,  and  A'  ff  inio  (ouf 
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equal  parts  A'E',  E'  F',  etc.  It  is  evident  that  A'  E'  =  A  E,  (or, 
since  A  B  is  la  A' ff  m  Ihe  ratio  of  5  to  4.  any  quantity.  a.%AE.  that 
is  coataiaed  Bve  times  ia  A  B  must  be  coolained  four  times  in  A'  A". 

Ihrougb  the  points  of  division  E,  F,  E',  F',  etc.,  draw  perpendiculars 
i  AB  and  A'B".  Each  large  rectangle  is  thug  divided  into  small 
Kctangles,  all  of  which  are  equal.  As  A  BCD  contains  tive,  and 
A'  B'C  !>  contains  four,  of  the  small  rectangles,  the  ratio  of  tbc  two 
large  rectangles  is  that  of  5  to  4.  which  is  also  the  ratio  of  their  bases. 

40.  Since  any  of  the  sides  of  a  rectangle  can  be  consid- 
ered as  the  base,  it  follows  that  the  area  of  two  rectangles 
having  equal  bases  are  to  each  other  as  their  altitudes. 

41,  The  areas  of  any  two  rectangles  are  to  each  other  as 
the  products  of  their  bases  by  their  altitudes. 


Let  A  and  B,  Fig,  27,  be  two  rectangles  whose  altitudes  are  a  and  i** 
and  whose  bases  are  b  and  A',  respectively.     Construct  a  rectangle  C 
with  •□  altitude  a  and  a  base  b'.     Then,  by  Arts.  3I>  and  40, 
A:C=b:b>  (1) 

C:B  =  a:a'  (2) 

K  Multiplying  equation  (1)  by  equation  (2). 

AC-.BC  =  ab  ■.a'f  (3) 

I  Dividing  the  terms  of  the  first  member  of  equation  (3)  by  C, 
A-.B'-ab-.a'l^ 
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42.  Area  of  a  Bectansle. — The  area  of  a  rectangfle  is 
equal  to  its  base  multiplied  by  its  altitude;  that  is,  in  Figf.  28, 

Construct  a  unit 
square  a.  Then  (Art. 
41), 

I  A       kXd 

But  a  is  a  unit  square, 
and  its  area  is  therefore 
^  equal  to  1;  hence, 

Fio.  28 

A  ^  dh 

43.  Area  of  a  Trlangrle. — The 

area  of  a  right  triangle  is  equal  to 
one-half  the  product  of  the  two 
legs  of  the  triangle;  that  is,  in 
Fig.  29,  area  ABC^^iad. 

For  the  triangle  A  B  C  is  one-half 
the  rectangle  A  B  CD  and  the  area  of 
the  latter  is  a  b, 

44.  The  area  of  any  triangle  is  equal  to  one-half  the 
product  of  its  base  and  altitude. 

In  Pig.  30  (a),  let  .r^  C  be  the  base  and  BH  the  altitude  of  the 
triangle  ABC.  The  area  A  B  C  \s  equal  to  the  sum  of  the  right  tri- 
angles A  H B  and  C H B^  which,  by  the  last  article,  is 

^BHxAH-\-\BHxHC=  \BHX(AHJrHC)  =  \BHxAC 


Pio.80 


Kb) 


In  Fig.  30  {b) ,  the  area  A'  B*  C  is  the  diflFerence  between  the  areas 
of  the  right  triangles  B*  H'  C  and  &  H'  A'\  that  is, 

\B*H'XH'0''\B'H'XH'A'  =  \  B' ff  X  {IT  O  -  IT  A') 

=  \B'H'XAC' 


I  Let  b  be  the  base,  h  the  altitude,  and  A  the  area  of  anyl 


Two  triangles  having  the  same  base  are  to  each 
Sier  as  their  altitudes,  and  two  triangles  having  tl^^  same 
titude  are  to  each  other  as  their  bases. 

Two  triangles  having  the  same  base  and  the  same 
titude  are  equivalent. 

It  should  be  borne  in  mind  that  any  side  of  a  triangle  can 
be  taken  as  the  base,  the  altitude  being  the  perpendicular  to 
that  side  from  the  opposite  vertex. 

47,  To  find  the  area  of  a  triangle  from  the  lengths  of 
its  three  sides,  apply  the  following: 

»Riile. — From  half  the  sum  of  the  three  sides  sublract  each 
te  separately:  multiply  together  the  half  sum  and  the  three 
tiairtders  and  extract  the  square  root  of  the  product. 
Let  a,  b,  and  c  be  the  three  sides  of  a  triangle,  and  A  the 
Ba:  let 


■-iia 


b  +  c) 


Then  A  =  <s{s -a){s  -  b){s -c) 

The   geometrical    proof  of    this  rule   is   very  laborious, 
will   not   be   given   here.     A   proof  will   be   found    in 
^try. 
lExAMPLK, — What  is  the  area  of  a  triangle  having  two  sides  19.8  feet 


feet  long? 

immaterial    which    side 


I  -  o  =  33.8  -  28  =  6.8,  and  s 
Ttten.  spplytng  the  fnrraula 
■■  V7(7 


called  a.  6,  or  c. 
33. S;  taking  b  and  c  as  the  short 
-  d  and  J  -  <r  are  each  33.8  -  19.8 


-b){s 


-)  ~   V33.8X5  8X14X  14   =   106  sq.  (t.. 


nearly.  Aos. 

48.  A  triangle  equivalent  to  any  given  polygon  may  be 
constructed  as  follows: 

Let  A  B  CDBF.  Fig.  31,  he  the  given  polygon.  Produce  any  of 
the  sides,  as  .,4  F,  in  both  directions,  as  indicated  by  X  Y.    This  line 
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will  be  referred  to  as  the  base.  StaTttDK  from  one  of  the  ends  <A  A  F, 
as  A,  draw  a  diagonal  ^  C  formitig  a  triangle  with  AB  and  B  C. 
Diaw  BB,  parallel  to  CA,  meeting  the  base  at  B„  and  join  Cto  B,. 


The  polygon  B.CDFFhas  one  side  less  than  the  given  polygon, 
and  is  equivalent  to  it.    For 

ABCDF.F=  B,B CD EF+ triangle  B,3  A 
BxCDEF     =  B,BCDEF+  triangle  B,BC 

The  two  triangles  B^B  A  and  B,B  C  are  equivalent,  for  they  have 
the  common  base  B,  B,  and  Iheir  altitudes,  being  each  equal  to  the 
distance  between  the  parallels  A  Cand  B,  B,  are  equal.  Proceeding 
with  the  polygon  B,  C D F  F  as.  with  the  original  polygon,  draw  the 
diagonal  B,  D,  forming  a  triangle  with  B, C  and  CD.  Draw  CC, 
parallel  to  DB,.  and  join  D  and  €,.  It  can  t>e  shown  as  before  that 
the  polygon  dD  F  F  is  equivalent  to  B,C  DE  F.  and,  thefefore.  to 
the  original  polygon.  Finally,  draw  the  diagonal  C,F.  and  DD, 
parallel  to  it,  meeting  the  base  at  D,.  Then  will  the  triangle  D^EP 
be  the  required  triangle  equivalent  to  the  given  polygon. 

In  practice,  it  is  more  convenient,  as  well  as  more  accurate,  to 
reduce  about  one-half  of  the  polygon  on  one  side  of  A  and  the  rest  on 
the  other  side  of  F.  Thus,  having  reduced  the  polygon  to  the  quadri- 
lateral COEF.  the  diagonal  FD  is  drawn  from  F;  E E^  is  drawn 
through  E  parallel  to  OF,  and  E^  joined  to  D.  This  gives  dDE, 
as  the  required  triangle. 

49.  Area  of  a  Parallelofrram. — The  area  of  a  parallelo- 
gram is  equal  to  its  base  mul* 
tiplied  by  its  altitude;  that  is, 
in  Fig.  32.  area  ABCD  =  AD 

XMN. 

For  ABCD  is  equal  to   the  sum 
of   the    equal    triangles   ABC   and 
A  DC,  or  lo  twice  either  of  them,  as 
^"^^  ADC.  that  is,  ABCD  =  2Xk  AD 

X  C//-  A  Dx  C//-  ADXA/JV. 
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is  the  cost  of  paving  a  street  l.SOO  feet  long 
asphalt,  the  price  being  ?2  per  square  yard? 
Solution. — The  surface  to  be  covered  is  a  rectangle  whose  sides 
"are  3(i  ft.  and  1,800  ft.,  or  12  yd.  and  BOO  yd.,  and  whose  area  is,  there- 
fore, 12  X  «00  =  7,200  sq,  yd-  The  cost  of  paving  is,  then,  2  X  7.200 
=-  tU.JOO.    Ads. 

ExAMPi-E  2  —One  side  of  a  triangular  plot  of  land  is  125  feet  long 
and  the  perpendicular  distance  from  the  opposite  vertex  to  this  side  is 
174.24  (eet:  it  is  desired  to  &Dd  a  side  of  a  rectangle  that  has  the  same 
^^«rea  as  the  triangle  and  one  side  75  feet  long, 

^^L  Solution.— The  area  of  the  triangle  is  1  X  126  X  174.24  =  10,800 
^^■j.  ft.     Then  the  other  side  of  the  rectangle  is  1D,S90  -i- 15  =  145.2  ft. 

^^1  Example  .1.— Divide  a  triangular  plot  of  land  into  any  number  of 
^^^bual  parts  by  lines  from  a  vertex  to  the  opposite  side, 
^^r  Sot-imoN. — Divide  the  side  opposite  the  vertex  through  which  the 
lines  are  to  be  run  into  the  required  number  of  equal  parts  and  run 
lines  from  the  vertex  of  the  triangle  to  the  points  of  division,  Then, 
since  the  triangles  thus  formed  have  equal  bases  and  their  verlexes  in 
the  same  point,  they  are  equivalent.     Ans. 

ExAUPLB  4.— Divide  a  given  triangle  into  parts  proporiional  to  any 
given  numbers  by  lines  run  through  a  vertex.  j 

SoLimoN.— Let  the  given  triangle  be  ABC. 
.  33,  and   let   it   be   required   to   divide  it  into 
s  proportional  to  3,  4,  and  5,  by  lines  drawn 
1  the  vertex  A. 
I  The  base  *  C*  is  divided  into  parts  proportional 
I   the   numbers   3.  4,  and  fl,  by  dividing  it  into 
I-  4  -(-  g  =  13  equal  parts,  and  then  marking  the 
hrd   and   the  seventh   points  of   division.     From 
I   points    thus    marked,    lines   are   run    to    the 
Then,  by  Art.  45, 

CA  D:  ADE  =  3:4 
ADE:  AB  E  =  4:5    Ans. 


[  1.    Find  the 
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rea  of  a  square  whose  side  is  5  feet  9  inches. 


2.    Find  the  ar« 
beight  is  9,35  feet, 
lis— a 


■^(f" 
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3.  One  side  of  a  room  is  16  feet  long;  if  the  floor  contains  2i0  square 
feet,  what  is  the  length  of  the  other  side?  Ans.  15  ft. 

4.  In  a  trapezium  two  not  adjacent  sides  are  16  and  14  inches, 
respectively.  A  diagonal  divides  the  trapesium  into  two  triangles 
whose  altitudes  from  their  vertexes  to  the  given  sides  as  bases  are 
17  inches  and  3  inches,  respectively;  what  is  the  area  of  the  trapesium? 

Ans.  157  sq.  in. 

5.  The  base  B Cot  a,  triangle  is  150  chains  and  the  perpendicular 
from  the  opposite  vertex  A  to  B  C  is  4b  chains;  it  is  desired  to  divide 
the  triangle  into  two  parts  equal  in  area  by  a  line  from  A  to  B  O, 
how  far  from  B  is  D,  the  intersection  of  this  line  with  B  C? 

Ans.  75  ch. 

6.  From  the  mid-point  E  of  the  side  A  Bota.  parallelogram  A  B  CD, 
lines  are  drawn  to  the  vertexes  D  and  C  and  to  the  mid-point  of  the 
side  CD;  show  that  these  lines  divide  the  parallelogram  into  four  tri- 
angles that  are  equal  in  area. 

7.  Find  the  area  of  a  triangle  whose  three  sides  are  13,  14,  and 
15  feet.  Ans.  84  sq.  ft. 

8.  Find  the  area  of  a  right  triangle  whose  hypotenuse  is  50  feet 
and  one  of  whose  legs  is  40  feet.  Ans.  600  sq.  ft. 


50.     Area  of  a  Trapezoid. — The  area  of  a  trapezoid  is 

A  equal  to  one-half  the  sum  of 
the  parallel  sides  multiplied 
by  the  altitude;  that  is,  in 
Fig.  34,  area  of  trapezoid 
ABCD  =  iUB  +  DC)  X  A/N. 

^  y  ^  The    area  of    the    trapezoid    is 

^'^•^  equal  to  the  sum  of  the  areas  of 

the  two  triangles  ABC  and  ADC;  hence, 

ABCD  =  iABX  CH-^iDCxAE 
=  iABxAfN-^iDCxMN 
=  i{AB-^DC)xMN 

Let  di  =  length  of  lower  base; 
d,  =  length  of  upper  base; 
h  =  altitude. 
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»Then,  the  area  A  of  the  trapezoid  A  B  C  D  is 
A  =  Hi..  +  b.)h 

51.  Since  the  median  line  FG,  Fig.  34,  joining  the  mid- 
points of  the  non-parallel  sides  is  equal  to  h{A  B  +  D  C), 
the  area  of  a  trapezoid  is  equal  to  the  product  of  the  median 
line  by  the  altitude. 

Example. — Divide  a  plot  o(  ground  in  the  form  of  a  trapezoid  into 
soy  number  o£  equal  parts  by  lines  intersecting  the  two  bases. 

Solution. — Divide  each  of  the  bases  inlothe  same  number  of  equal 
parts  into  which  Ihe  trapezoid  is  to  be  divided  aad  run  lines  tlirougta 
the  corresponding  points  of  division.  The  Irapewids  thus  formed 
hav«  equal  bases  and  the  same  altitude  and  are,  therefore,  equal  in 
area.    Ans. 

kEXAMPI-ES    FOR    PRACTICE 
.     The  parallel  sides  of  a  trapeioid  are  321.51  and  214.24  feet,  and 
perpendicular  distance  between  them  is  171.16  feet;  what  is  the 
tat*  of  the  trapezoid?  Ans.  45,949  sq.  ft. 

2.  Find  the  area  of  a  trapezoid  whose  parallel  sides  are  20.5  and 
12.25  chains,  the  perpendicular  distance  between  them  being  10.75 
chains.  Ans.   17.001  A. 

3.  The  parallel  aides  of  a  trapezoidal  plot  of  ground  are  400  feet 
and  360  feet  long;  the  diBlance  between  the  parallel  sides  is  100  feet. 
It  is  desired  to  divide  this  plot  into  five  lots  by  lines  intersecting  the 
parallel  sides;  what  will  be  tlie  lengih  of  the  front  and  the  rear  of  one 
of  Ihe  lots?  Ans.  80  ft,  and  72  ft. 

14.     How    many   square  feet    are   there   in   a    board   12  feet  long, 
'ilnctiea  wide  at  one  end,  and  12  inches  wide  at  the  other  end? 
•  — 

p2.     Area  of  Any  Polygon. — The  area  of  any  polygon 
ki    be    found    by    dividing    the    polygon    into    triangles, 
termining    the   area   of    each    triangle,    and   adding    the 
results. 

53.     Comparison  of  the  Areas  of  Blmllar  Pol^^ns. 

The  areas  of  two  similar  triangles  are  to  each  other  as  the 
squares  of  their  homologous  sides. 
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In  Fig.  35, 

hxt^ABC    ^\ABy.CD         (1) 

Area  A'^C'  -  \  A' R  X  O  a     (2) 

Dividing  equation   (1)   by   equa- 


tion (2) , 


ABC        AtB        CD 
A'  B'O'"  A'  Bi^  O  £> 


(3) 


\BA'^ 


Pio.  86 

AB    ,       CD      ABC 


CD 


AB 


A'  B' 


for 


but,  by  Art.   22,  ^j-^  =  Zi^'' 

hence,  substituting  in  (3) 
AB 


AB 


that  is, 


CD'  A' B'C  ~  A' B'"^  A'& 
ABC\A'BiC  =  XB^  lATB'* 


AB 


54.  The  areas  of  two  similar  triang^les  are  to  each  other 

as  the  squares  of  any  two  homologous  lines. 

55.  The  areas  of  two  similar  polygons  are  to  each  other 
as  the  squares  of  their  homologous  lines. 

By  Art.  33,  two  similar  polygons  can  be  divided  into  the  same 
number  of  similar  triangles.  The  sums  of  these  triangles  will,  by 
Art.  35,  be  to  each  other  as  any  triangle  of  one  polygon  is  to  the 
corresponding  triangle  of  the  other.  But  these  triangles  are  to  each 
other  as  the  squares  of  any  two  homologous  lines.  Hence,  the  sum  of 
the  triangles,  or  the  polygons,  are  to  each  other  as  the  squares  of  any 
two  homologous  lines. 

Example  1.— Divide  a  given  triangle  by  a  line  parallel  to  the  base 
into  parts  such  that  the  g^ven  triangle  shall  be  to  the  triangle  cut 
off  as  fn  :  n. 

Solution.— Let  ABC,  Fig.  36,  be  the  given  triangle,  and  A  DE 
be  the  triangle  cut  off  so  that  A  B  C :  A  D E  =  m  :  n.  By  Art.  18, 
A  D  E  and  A  B  Care  similar;  hence,  by  Art.  58, 

ABC\ADE=^  'AB*  :  A^* 
But  by  the  conditions  of  the  problem, 
ABC:  A  DE  =  min 


Therefore,     AB  :  AD   = 
whence,         A  D  t^'  A.Bxj—. 


m  :  n\ 

Ans. 

When  the  triangle  ^  ^  C  is  to  be  divided  into 
two  equal  parts, 

AD'^  ABy^  -  .70711^^ 


Pm.M 
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Example  2.— Let  the  length  ^  Sot  example  I  be  ^2  chaioa  and  the 
are»  of  ^*Cbe  2fi.fi  acres;  what  is  the  leagth  of  A  /J,  it  it  is  desired 
to  make  the  iTiangle  A  D E  contain  15  acres? 

SoLtmoN.— The  area  A  BC  m  \o  be  to  the  area  of  A D E  ^& 
2S.6  :  15;  taeoce,  »t  :  n  =■  2.'>.Q  :  IS. 

Then.  .^j9  «^  SS-W—v  =  24.495  ch.      Ans. 

EXAMTUC  3. — Divide  a  given  triangle  ABC,  by  lines  parallel  to  the 
base,  into  n  equal  parts. 

SoLiinow.— Let  ABC,  Fig.  37.  be 
the  triaaEle,  and  D E.  FC.  HI.  etc.. 
divide  it  i^ito  h  equal  parts.  Then 
A  DE  is  one  part,  AFG  is  two  parts. 
and  to  OD.     Hence, 

ABC-.ADE  =  n:\ 
ASC:AFG  =  n:2:  etc. 

Then,  by  example  I, 


AD"  A 


4 


A  F  =  A 


'4- 


Fio.  »7 


Exxunx  4.— Two  triangles  ABC  and  A'  B*  C  are  similar.  The 
ides  of  the  Iriangle  A  B  C  an:  A  B  =  \0  inches,  B  C  =  2\  inches, 
tC  =  17  inches,  and  in  the  triangle--/'^  C  the  side  jPC  -•  42inchesi 
ih»t  is  the  area  of  the  triangle  A  B  Ci 

IQ  +  17  +  21 


'  SoLC-rioK.— In  the  triangle  A  B  C,  i 

:  —  a  =  3,  s  —  i  =  7,  J  —  f  =  14,  and  the  area  i 

-  M  sq.  in.     By  the  principle  of  Art    53, 

area  otA'  B'  C  :  area  of  A  B  C  =  WV'' 
uea  ot  A' B' C  :  lU  =  42' :  21* 
42"  :  21*  =  4  :  1 
area  of  .-/'  ^  C  :  84  =  4  :  1 
uca  oi  A' £' C  =  1  X  Si  =  33(i  sq.  in. 


Then 


4  X  3  X  7  X  14 


EXAMPLES    FOR    PRACTICE 
lat  the  sides  of  the  triangle  A'  B"  C  in  example  4  of 
L  65  are  ^'  S*  =  20  inches.  B'  C  =  42  inches,  and  C  A'  =  34  inches; 
w  that  the  answer  that  is  given  to  the  example  is  correct. 

The  triangles  ABC  and  A'  B*  C  are  similar;  being  given  B  C 
=  15  inches,  and  B'  C  =  11*. 5  inches; 


b  13  inches,  CA  = 


i  the  a 


B  ol  the  triangle  A'  B'  C. 


Ans.  1811  sq.  i 
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3.  Let  A  B,  one  side  of  a  triangle  ^  f  C,  be  60  cfaaias  toag,  and  1«| 
it  be  required  to  divide,  by  lines  parallel  to  E  C,  the  triangle  ABC 
into  five  equal  parts,  (a)  What  are  the  lengths  of  the  lines  A  D,A  F, 
'a H,  and  A  Tt  (b)  Let  tlie  area  otABCy^lW  acres;  by  means  of 
Art.  6S,  prove  your  resnlts.  sAD  =  2a  ch.  83.3  I. 

*-.  J**^  "  37  ch.  94.71. 

*™1^W=  46  ch.  47.6  1. 

Iy4  r  =  63  ch.  66.6  1. 

4.  Find  the  lengths  ot  A  D  and  A  F  when  the  triangle  of 
example  3  is  divided  into  three  parts,  whose  areas  shall  be  proportional 
to  the  aumbere  3,  4,  and  5.  ^^^  f  AD  -  30  ch, 


•ad  A  D  E  coatalDCd  lbie«,  ■ 


le  ikme  >■  II  tbe  tiiansle  w 


45  ch.  82.6  1. 
-f  S  eqoal  pant 


66.  The  Theorem  of  Pythaeoras. — la  any  right  tri- 
angle, the  square  described  on  the  hypotenuse  is  eqiiivalent 
to  the  sum  of.  the  squares  described  on  the  other  two  sides. 

Let  ABC,  Fig.  36,  be  a  right  triangle.  Draw  an  equal  triangle  in 
the  position  C B'  C,  so  that  CB"  will  be  in  the  prolongation  of  B  C. 
Construct  the  squares  A  B  D  E  and  B'  C  F  D  on  A  B  and  ff  C, 
respectively.    Since  M+JV,  (-  Af+JV)  is  a  right  angle,  ACC 


also  a  right  angle.    Produce  E  Fto  A', 


Mag  FA'  -  BA  =  DE. 
Then,  sincef.Fis  thediffer- 
ence  between  i?/^  and  iJfi, 
OT  B  C  and  A  B,  E  A' 
=  BC.  Draw  A  A'  and 
C'A'.  Each  of  the  right 
triangles  T,  and  T,  is  equal 
to  T,  since  their  legs  are 
respectively  equal.  The 
quadrilateral  ACCA', 
having  all  its  sides  equal 
and  a  right  angle  C,  is  a 
square^the  square  on  the 
hypotenuse  AC.  This 
square  is  equal  to  the  shaded 
figure  plus  the  sum  of  the 
triangles  T,  and  T,;  or  to 
P'"'  »  the  shaded  figure  plus  twice 

the  triangle  T.  The  sum  of  the  squares  A  BDE  and  B'C'FD  is 
equal  to  tbe  shaded  figure  plus  the  sum  of  the  triangles  Tand  T„  or 
to  the  shaded  figure  plus  twice  the  triangle  T.  Therefore,  square 
ACCA'  =  square  ABDE+  square  B'C'FD. 
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A  particular  case  of  the  proposition  just  proved  is  shown 
in  Fig.  39. 

Let  e  be  the  hypotenuse,  and 
a  and  b  the  other  two  sides  of 
any  right  triangle. 


=  ^{c-b)U+b) 


BxAMPLS  1.— If  AB  = 
A  B  C  =  i  inches,  what  ' 


3  inches 
5  the  length  of  the  hypotenuse  A  C,  Fig.  3 


W  C  =  ybfB'  +  BC 


:'  +  *• 


ExAHPLS  S.— The  side  given  is  3  inches  {=  b,  say),  the  hypotenuse 
6  inches  (=  f);  what  is  the  length  of  the  other  sidef 
SoLUTTOK. — Applying  formula  4,  Art.  56, 

a  =   V(5-3K5+3)  =   Vl6  =  4  in.     Ans. 
Also.  a  =  -ie'  —  b'  =    v.'i'  -  .V  =  4  in.    Ana. 

BxAMPLB  3. — If,  from  a  church  steeple  that  is  l.Vl  Feet  high,  a  rope 
is  to  be  attached  at  the  top  and  to  a.  slake  in  the 
ground  85  feet  from  Its  foot  (the  ground  being  sup- 
posed to  be  level),  what  must  be  the  length  of  the 

.Solution.  — la  Fig.  40.  ^  5  represents  the  steeple 
150  ft.  high;  C,  a  slake  ft")  ft.  from  the  foot  of  the 
steeple;  and  A  C.  Ihe  rope.  Here  we  have  a  tri- 
angle right-angled  at  B.  of  which  AC  is  Ihe 
hypotenuse.  The  square  of  A  C  =  m'  +  150' 
=  7,22S  +  22,.W0  =  29,725.     Therefore, 


Fig- 40 


AC  =-  >^,7M  =  172,4  ft.. 


Ex*MML.s  4. —Referring  to  Fig.  16,  it  is  required 
>(  tbe  post  A  B  and  that  of  the  member  B  C. 


nearly.    Ans. 

Gnd  the  length 
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SoLimoN.— Draw fi A' parallel  to  ED.     Then,  B K  ^  ED  — 
and  CK  =  CD-  DK  =   CD-  EB  =   16-12  =  3  ft.     The   right 
triaDgles  A  E  B  and  B  CK  give 

AB  "  Sae'  +  E~B'  - 

BC  -  SbJ^  +  C^  - 


Vl6'  +  12'  "  V400  =  20  ft.    Am. 
Vl6'  +  3'  +  ■^65  -  1«.27B  ft.     Ans. 


EXAMPLK8    FOB    PRACTICH 

1.  If  Ihe  two  sides  about  Ihe  righl  angle  In  a  right  triangle  ait 
82  and  39  (eel  long,  how  long  is  the  hypotenuse?  Ana.  66  ft. 

2.  A  ladder  ffi  feet  long  reaches  to  the  top  of  a  house  when  its  foot 
is  25  feet  from  the  house;  how  high  is  the  house,  supposing  the  ground 
to  be  level?  Aas.  60  ft. 

3.  The  shortest  distance  from  a  point  to  a  line  is  25  inches:  tb* 
distances  from  this  point  to  the  ezlreintties  of  the  line  are  64  iiich«s 
and  40  inches,  respectively;  what  is  the  length  of  the  line? 

Ans.  79.08  ia, 


equal  to  the  side  multl- 


4.    Show  that  the  diagonal  of  a  square  t 
plied  by  V2. 

REOtTTLAR  POIiYGONS 

57.  A  rt>KHl»r  polygon  is  a  polygon  that  has  equal  sides 
and  equal  angles,  that  is,  it  is  equilateral  and  equiangular. 

58.  A  circle  can   be  circumscribed   about   any   regular 
polygon. 

Take  any  three  vertexes  of  the  regular  polygon  A  B  C  D  B,. 
Pig.  41,  as  the  vertexes  A,B,C,  and  past' 
a  circle  through  thera.  Let  O  be  the  o 
of  'this  circle.  Join  O  to  A.  B.  C.  D,  aod  S. 
The  polygon  being  equiangular,  the  anglM 
A  BC=  angle  BCD.  The  angles  O C^ 
and  OBC.  being  opposite  equal  sides  OiT 
and  OB  of  the  triangle    OBC.   are  equal. 

ABC- OBC  = BCD- OCB 

P'"  *'  or.  ABO  =  OCD 

The  polygon  being  equilateral,  the  sides  A  B  and  CD  are  eqnat. 

Hence,  the  triangles  A  OB  and  OCD,  having  two  sides  and  included 

angle  of  one  equal  to  two  sides  and  included  angle  of  the  other  equal, 

are  equal.    Therefore,  OD  »  OA,  and  a  circle  passing  through  .^i 
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1  be  shown  that 


B.  and  Cmust  pass  through  D.     In 
the  circle  passes  through  E. 

59.  A  circle  can  be  inscribed  in  any  regular  polygon. 

In  Fig.  M.OA.OB.OC.  OZJ.  and  0£,  being  radii  o£  the  circum- 
scribed circle,  are  equal  and  divide  the  polygon  into  equal  isosceles 
triangles  that  have  a  common  vertex  O.  The  altitudes  of  these 
equal  triangles  are  equal,  hence  the  perpendicular  distances,  as  OF, 
from  O  to  each  of  the  sides  are  the  same.  Therefore,  a  circle  drawn 
with  O  as  center  and  a  radius  equal  Xa  O  F  will  be  inscribed  ia  the 
regular  polygon. 

60.  The  center  of  a  regular  polygon  is  the  common 
center  of  the  circumscribed  and  the  inscribed  circle. 

(>1.     The  radius  of  a  regular  polygon  is  the  radius  of 
le  circumscribed  circle,  as  O  A,  Fig.  41. 

62.  The  npothpin  of  a  regular  polygon  is  the  radius  of 
the  inscribed  circle,  as  OF,  Fig.  41. 

63.  The  angle  at  the  center  of  a  regular  polygoii  is 
the  angle  included  by  the  radii  drawn  to  the  extremities  of 
any  side. 

64.  The  angle  at  the  center  of  any  regular  polygon  is 
equal  to  four  right  angles,  or  360°,  divided  by  the  number  of 
the  sides. 

65.  If  n  is  the  number  of  sides  of  a  regular  polygont,  the 
sum  of  its  interior  angles  is  2(«  —  2)  right  angles  (see 
G^metry,  Part  l),or.  90°  X  2(«  -  2)  =  180°  X  («-2),  and. 

ice   all   the   angles   are   equal,   each    angle    is    equal   to 

^  ^""'^^  =  180°  -  -^.     Since  this  value  depends  only 
«  n 

I  the  number  of  sides,  all  regular  polygons  of  the  same 

mber  of  sides  have  the  same  angles. 

66.  Regular  polygons  of  the  same  number  of  sides  are 
"similar;  their  perimeters  are  to  each  other  as  any  two  homolo- 
gous lines,  and  their  areas  are  to  each  other  as  the  squares 
of  any  two  homologous  lines. 

67.  The  area  of  a  regular  polygon  is  equal  to  one-half 
the  product  of  the  perimeter  and  the  apothem. 
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Let  /  be  the  side  MNoi  a  regular  polygon,  Pig.  42,  n  the  number 

of  sides,  /(«  nl)  the  perimeter,  «(=■  OF)  the 
apothem,  and'yl  the  area.  As  yl  is  equal  to  the 
sum  of  n  triangles,  each  equal  io  MO N^  we  have, 

A  -  (\MNxOF)Xn  ^  ^laXn  ^  \  nlXa, 

or,  ^  =  \pa 

Example. — Find  the  area  of  a  regular  pentagon 
whose  side  is  25  feet  and  apothem  is  17.2  feet. 

Solution. — The  figure  is  a  pentagon,  hence  it 

has  five  sides.      The  perimeter  is  6  X  25  and  the  area  is = '— 

a  1,075  sq.  ft.    Ans. 

68.    The  areas  of  regfular  polygons  each  of  whose  sides 
is  equal  to  1  are  s^ven  in  the  following:  table: 

TABLE  I 
AREAS    OF    REGULAR    POLYGONS 


• 

Name 

Nnmber  of 
Sides 

Area  When 
Side  -  I 

Name 

• 

Number  of 
Sides 

Area  When 
Side  -  1 

Triangle     . 
Square    .   . 
Pentagon   . 
Hexagon^    . 
Heptagon  . 

3 

4 

5 
6 

7 

.4330 

I.OOOO 

1.7205 
2.5981 

36339 

Octagon    . 
Nonagon  . 
Decagon   . 
Undecagon 
Dodecagon 

8 

9 
10 

II 

12 

4.8284 
6.1818 
7.6942 
9.3656 
II. i960 

From  the  principle  of  Art.  55,  the  following  rule  is 
derived: 

Rule. — To  find  the  area  of  any  regular  polyj^on^  square  the 
length  of  a  side  and  multiply  by  the  area  of  the  similar  polygon 
whose  side  is  equal  to  the  unit  of  length. 

Let  A  =  area;  /  =  length  of  side  of  required  polygon; 
a  =  area  of  similar  polygon  whose  side  is  1;  then,  by  Art.  55, 

A:a  ^  r.V 
whence,  A  =  aT 

Example.— The  side  of  a  regular  octagon  is  3  inches,  find  its  area. 

Solution. — From  the  table,  the  area  of  a  regular  octagon  whose 
side  is  1  in.  is  4.8284  sq.  in.  Hence,  the  area  of  the  octagon  whose 
side  is  3  in.  is  4.8284  X  3*  »  43.456  sq.  in.     Ans. 
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69.  If  the  vertexes  of  a  regular  inscribed  polygon  are 
joined  to  the  middle  points  of  the  arcs 
subtended  by  the  sides  of  the  polygon, 
the  joining  lines  form  a  regular  inscribed 
polygon  of  double  the  number  of  sides. 
Thus,  the  octagon  A  FB  G,  etc.,  Fig.  43, 
is  formed  by  joining  the  middle  points 
of  the  arcs  subtended  by  the  sides  of 
the  square  A  B  CD. 

70.  If  tangents  are  drawn  at  the 
middle  points  of  the  arcs  between 
adjacent  points  of  contact  of  the  sides 
of  a  regular  circumscribed  polygon,  a 
regular  circumscribed  polygon  of 
double  the  number  of  sides  is  formed. 
Thus,  in  Fig.  44.  the  octagon  EFGH, 
etc.,  is  formed  by  drawing  tangents  at 
Pio.  44  ^g  middle  points  of  the  arcs  between 

adjacent  points  of  contact  of  the  sides  of  the  circumscribed 

square  A  B  CD. 


K  JT 
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CIRCULAR  MEASUREMENTS 


THE  CIRCLE 


LENGTH    OF    ANY    ARC 

71.  If  any  two  circles  are  taken,  and  two  regular  polygons 
of  the  same  number  of  sides  are  inscribed  in  them,  the  perim- 
eters of  these  polygons  are  to  each  other  as  the  radii  of  the 
circles  (Art.  66).  This  relation  holds  whatever  the  number 
of  sides  of  the  polygon.  Now,  it  is  evident  that,  as  this 
number  increases,  the  perimeters  of  the  two  polygons 
approach  the  circumferences  of  their  respective  circles.  We 
may,  therefore,  consider  these  circumferences  as  extreme 
cases  of  the  perimeters  of  regular  polygons,  in  which  the 
number  of  sides  is  increased  indefinitely;  whence  we  conclude 
that  the  circumferences,  also,  are  to  each  other  as  their  radii. 

If  c  and  d  are  the  circumferences  of  any  two  circles, 
and  r  and  r*  their  respective  radii,  we  may  write, 

whence,  c\r  ^  d  '.r* 

c       d 
or,  -  =  - 

r       r 

Dividing  both  numbers  by  2,  and  denoting  the  diameters 

by  d  and  d'y 

c    ^    d_ 

that  is,  -.  =  1 

d      <t 

As  c  and  d  are  any  two  circumferences,  it  is  seen  that  the 
ratio  obtained  by  dividing  any  circumference  by  its  diameter 
is  the  same  for  all  circumferences.     This  ratio  is  usually 


5a 


denoted  by  the  Greek  letter  ::  (pronounced  fii).     We  have, 
therefore,  for  any  circle, 


whence. 


■  ^  -d  =  2'r 


72.  The  quantity  r  can  be  determined  by  elementary 
^eometrica]  methods,  which  may  be  found  in  treatises  on 
geometry;  bm  these  methods  are  very  laborious.  A  much 
better  method  is  afEorded  by  the  theory  of  series,  which  is 
treated  in  works  on  (rigonoraetry  and  the  differential  calculus. 
It  is  found  that  .t  cannot  be  expressed  as  an  exact  fraction, 
either  decimal  or  vulgar.  Its  value  can,  however,  be  cal- 
culated to  any  desired  degree  of  approximation.  The  foUow- 
iDg  value  is  approximate  to  fifteen  decimal  places: 

-  =  3.14I592653S8979.S  + 
For  nearly  all  practical  purposes,  3.1416  is  a  sufficiently  clase 
value.  This  value  is  used  very  generally,  and  will  be  used 
in  this  Course,  unless  otherwise  stated.  The  student  should 
commit  ii  to  memory.  A  value  that  is  often  used  in  rough 
calculations  is  V;  it  can  be  used  when  no  more  than  three 

^^^rni&cant  figures  are  required  in  the  result. 

^^■73.     The  length  of  an  are,  when  the  number  of  degrees 

^^P  the  arc  and  the  radius  of  the  circle  are  given,  may  be 

^^tind  as  follows: 

The  length  of  the  arc  is  evidently  the  same  part  of  the 
length  of  the  circumference  (2rr)  as  the  number  of  degrees 
in  the  arc  is  of  the  number  of  degrees  in  the  whole  circum- 
ference, or  360°.  Thu^,  if  n  is  the  number  of  degrees  in  the 
arc,  and  /  is  its  length,  we  shall  have, 


In  applying  this  formula,  minutes  and  seconds  should  be 
expressed  as  fractions  of  a  degree. 

a  rope  Ihat  will  go  aroimd  a  wheel 
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SoLunoH. — The  required  length  is  equal  to  the  length  c  of  the  cir- 
cumference of  the  wheel  or  dram.  Here  d  »  7.5  ft.,  and,  taking 
Tz  s  3.1416,  we  haye,  by  formula  of  Art.  71, 

c  =  3.1416  X  7.5  =  23.562  ft.    Ans. 

Using  V  for  r,  the  result,  to  three  signi6cant  figures,  is 

22 
r  =   ..  X  7.5  -  23.6  ft.    Ans. 

Example  2.— Find  the  diameter  of  a  circular  race  track  1  mile 
in  length. 

Solution.— Here  c  is  given  (=1  mi.  =  5,280  ft.)  and  the  quantity 
required  is  d.    Prom  the  formula  c  =  xd,  we  get 

''  =  ^  =  1^6  =  '•«»"'*•    ^"«- 

Example  3.— What  is  the  length  of  a  railroad  circular  curve  having 
a  radius  of  1,540  feet  and  subtending  an  angle  at  the  center  equal 
to  28**  35^? 

Solution.— To  apply  formula  of  Art.  73,  we  have  r  =  1,540  ft., 

n  =  26H°  =  28.583**,  nearly.    Therefore. 

,       3.1416  X  1,540  X  26.583       ., .  ^  ^       ^ 
/  = i«Q =  <14.50ft.    Ans. 

74.  When  only  the  chord  A  B,  Fig.  45,  of  an  arc  and  the 
height,  or  "rise,"  CD  of  the  segment  are  known,  the  follow- 
ing approximate  method  gives  good  results.  A  C,  the  chord 
of  half  the  arc,  has  the  value 

Then,  to  find  the  length  of  the  arc: 

Rule. — /'"ram  eight  times  the  chord  of  half  the  arc^  subtract 
the  chord  of  the  whole  arc  and  divide  the  remainder  by  3. 

That  is. 

c  arc  ACB^  ^^AC:^AB 

3 
Let    c  =  chord  of  whole  arc; 
h  =  height  of  segment; 
/  =  length  of  arc. 

Then,  ^  C  =  J-  -f  ^"  =  ^  Vr' -M  V 

and  /  =  ii^:i>:v--^ 
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This  formula  gives  the  length  of  an  arc  less  than  one-sixth 
of  the  circumference  correct  to  four  figures,  and  it  gives  the 
length  of  an  arc  less  than  one-third  of  the  circumference  cor- 
rect to  three  figures. 

ExAMPLE.—Find  the  length  of  the  arc  A  CB,  Fig.  46. 
Solution. — In  this  example,  ^  =  72,  A  =  8.    Therefore, 

Ans. 
Fig.  46 

h 

75.  For  very  flat  arcs,  that  is,  when  -  is  very  small  (say 

c 

not  greater  than  .1),  the  following  approximate  formula  may 
be  used,  the  notation  being  the  same  as  in  the  preceding 
article: 

'  =  ^+37 
Example  1.— Find  the  length  of  the  arc  A  B,  Fig.  46. 
Solution. — 

/  =  72  -h  |~-^  =  72  -f  2.37  =  74.37.    Ans. 

This  is  not  a  very  ^  close  approximation,  because  the  ratio 
A  (  ~  72  ~  ft)  **  not  very  small;  however,  the  approximate  value  thus 
found  would  be  close  enough  for  most  practical  purposes. 

,  Example  2. — The  chord  of  a  railroad  curve  is  675  feet  long,  and  the 
rise  (or,  "middle  ordinate,*'  as  the  rise  is  called  in  railroad  work)  is 
40  feet;   what  is  the  length  of  the  curve? 

Solution. — Here  c  =  675,  A  =  40,  and  therefore 

^  =  675  -h  ~^  =  675  -h  6.32  =  681.32  ft.    Ans. 
o  X  t)7o 

76.  circular  Measure  of  an  Angfle. — The  following 
equation  follows  from  the  formula  of  Art.  73: 

/   _    Ttn    _     It    y 
r  ""   180  ""   180 

If  we  assume  the  radius  to  be  1,  then 
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liis  equation  eivea  the  length  of  the  arc  that  the  angle 
subtends  on  a  circle  whose  rndius  is  equal  to  unity.  The 
leneth  of  such  arc  is  called  the  rlrnilar  measure  of  the 
angle,  and  the  angle  is  often  referred  to  by  stating  that 
measure.  Thus,  an  angle  of  1.34,  circular  measure,  im 
an  angle  that  subtends  an  arc  of  length  1.34  on  a  circle 
whose  radius  is  1.  An  angle  expressed  in  circular  measure 
is  also  said  to  be  expressed  tn  nidluiis. 

If  in  equation  1  we  make  w  =  180°,  we  obtain,  for  the  cir- 
cular measure  of  ISC'*,  I  =  jz,  that  is,  180"  is  equivalent  to 
a  radians.     Likewise,  90°  is  equivalent  to  |  radians,  etc. 

EXAMPLES    FOB    PBACTICB 

1.  Find  the  distance  around  the  outside  of  a  waterwheel  whote  aat> 
side  diameter  Is  22  feet  8  toches.  Ads,  71.! 

2.  The  wheel  ot  a  carriage  is  observed  to  inm  37S  limes  tn  goins 
fmni  B  certain  place  to  another;  the  diameter  of  the  wheel  is  3.5  feet; 
what  Is  Ibe  distance  between  the  two  places?  Ans.  4,133.4  ft. 

5.  A  circular  column  measures  45.6   inches  «roand   the  out 
what  is  its  diameter?  Aoa.  HAS 

4.  A  belt  covers  an  arc  o(  60"  on  a  pulley  whose  diameter  is  6  (eet; 
what  leng:lh  of  the  belt  is  in  contact  with  the  pulley?      Ans.  2.1817  ft. 

6.  How  long  will  it  take  ft  train  to  move  over  a  curve  sublendiag 
an  angle  of  100°.  the  radius  of  the  curve  being  1, SOU  feet,  and  the  ti 
going  at  the  rate  of  20  miles  an  hour?  Ans.  l.Tff  min. 

6.  The  length  of  arc  of  a  circle  is  equal  to  (he  ntdins;  Sod  tha 
number  of  degrees  In  the  arc.  Ana.  67.3°  =  57°  IS*,  near^ 

7.  The  chord  of  a  railroad  curve  Is  600  feet  long  and  the  middla 
or^nate  is  80  feet;  what  is  the  length  of  the  curve?         Atu.  fE 

ABEAS    BOUNDED    BT    CIBCCLAK    ARCS 

77.  The  area  of  a  circle  is  equal  to  one-half  the  product 
of  its  circumference  and  radius  (Art.  67).  This  at  once 
follows  by  considering  the  circle  as  aa  extreme  case  of  a 
regular  polygon. 

Let    ,-i  =  area  of  circle; 

c  =  circumference  of  circle; 
r  =  radius  of  circle. 
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Then,  A  =  \cr 

or,  since  r  =  2  ;r  r, 

A  =  i2 nrX r 
or,  simplifying, 

^  =  ;rr'  =  3.1416  r"  (1) 

Writing  -   for  r,  we  obtain  for  the  area  in  terms  of  the 

diameter, 

A  =  ^  =  .7854  d'  (2) 

4 

These  formulas  serve  likewise  to  find  r  ov  d  when  A  is 

given.     Since  2  ;r  r  =  c^  we  have 


=  -^,  and  ;r  r'  =  ;r( -^ )  =  -^ 
2;r  \2;r/       4  ;r 


that  is,  ^  =  -A  (3) 

4  n 

This  formula  gives  the  area  of  a  circle  when  its  circum- 
ference is  known. 

Example  1.— The  steam  pressure  on  a  piston  is  75  pounds  per 
square  inch,  and  the  diameter  of  the  piston  is  15  inches;  what  is  the 
pressure  on  the  whole  surface  of  the  piston? 

Solution. — The  required  pressure  is  evidently  seventy-five  times  the 
number  of  square  inches  in  the  surface  of  the  piston,  or  seventy-five 
times  the  area  A  of  the  piston.     Here  d  =  15  in.,  and  formula  2  gives 

A  =  .7a54  X  15* 
whence  the  total  pressure  is 

75  X  .7854  X  15«  =  13,254  lb.    Ans. 

Example  2. — The  distance  around  a  circular  park  is  2.75  miles; 
what  is  the  area  of  the  park,  in  acres? 

Solution.— Here  c  is  given  equal  to  2.75  mi.  =  (2.75x80)  ch. 
Therefore,  the  area  of  the  park,  in  square  chains,  is  (formula  3) 

(2.75X80)* 
4  X  3.1416" 
The  area,  in  acres,  is  one-tenth  of  this,  or 

1        (2.75X80)*  ^    J20^    -.««i«;a      An« 
10^4X3.1416    ~  125.664  ~  *^-^^  ^-     ^^' 

Example  3. — What  must  be  the  diameter  of  a  circular  sewer  pipe 
that  its  cross-section  may  be  12.75  square  feet? 

Solution. — Solving  formula  2  for  d, 

115—7 
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EXAMPLES    FOR    PRACTICE 

1.     The  cable  of  a  suspension  bridge  measures  40  inches  around  its 

circumference;    find:  (a)  the  diameter  d  of  the  cable;  (b)  the  area  A 

of  the  cross-section.  *„«  f{a)d  =  12.732  in. 

^ .  -^°®l(^)  A  -  127.32  sq.  in. 

2.  Find  a  formula  for  the  area  A  of  the 
space  enclosed  between  two  circles  ABC  and 
D  E  F^  Fig.  47,  the  diameter  of  the  outer 
circle  being  Z>,  and  that  of  the  inner  circle  d. 

Ans.«{  ; 

A  =  -{D-{-d)iD^d) 

3.  What  must  be  the  inner  diameter  of  a  circular  chimney,  that 
its  inner  cross-section  may  be  14  square  feet?  Ans.  4.2221  ft. 

4.  The  diameter  of  a  circular  airway  of  a  mine  is  10  feet;   find: 
(a)  the  circumference  c;  {d)  the  area  A  of  the  cross-section. 

Ans  /(^)    ^  =31.416  ft. 
^°^-  \(d)  A  =  78.54  sq.  ft. 


78.  A  sector  is  the  same  part  of  a  circle  as  its  arc  is  of 
the  circumference. 

Let  A  =  area  of  circle; 
A'  =  area  of  sector; 
71  =  number  of  degrees  in  arc  of  sector. 

Then,  A' :  A  =  7i  \  360 

whence.  A'  =  ,^^  =    ^^^- 

Example. — The  angle  of  a  sector  of  a  circle  is  75°;  the  diameter  of 
the  circle  is  12  inches;  what  is  the  area  of  the  sector? 

Solution.— The  area  A  of  the  circle  is  12"  X  .7854  sq.  in.     Then 
the  area  of  the  sector  is 

n  A        7.")  X  12'  X  .7854       „^  „„         .         . 
?^  =    -        -3^0-----  =  23.562  sq.m.    Ans. 

79,  The  area  of  a  sector  is  equal  to  one-half  the  product 
of  its  base  by  the  radius  of  the  circle. 

A'  =  I  rl 
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If   /  is   the  length  of  the  arc,  or   base,  of   a  sector,  we   have 

(Art.  73), 

irrn 


whence, 


n  = 


180 
180/ 


This  value  of  n  substituted  in  formula  of  Art.  78  gives 


A' 


Tcr^ 


X 


180/ 


or,  reducing, 


3()0  TTf 

A'  =irl  ' 


Example. — If  the  radius  of  an  arc  is  5  feet  and  the  length  of  the 
arc  is  4  feet,  what  is  the  area  of  the  sector? 


Solution. — By  formula  of  Art.  79, 

.,       Ir       4X5       -^         -^ 
y4'  =  -^  =  -g—  =  10  sq.  ft. 


Ans. 


80.  The  area  of  a  segment,  as  ADB,  Fig.  48,  is 
evidently  equal  to  the  area  of  the  sector  A  OB D  minus 
the  area  of  the  triangle  A  OB, 

Example  1. — The  diameter  of  a  circle  is  10  inches,  and  the  chord 
of  the  arc  of  a  segment  is  7  inches;  what  is  the  area  of  the  segment? 

Solution. — In  Fig.  48,  let  W  ^  =  7  in.  and  the  diameter  =  10  in. 
Then,  O^  =  5  in.,  and  CB  =  3.5  in.     Hence, 

C7C=   V5^^^3.5^   =   3.57    in.,    and    CD    =   b 
-  3.57  =  1.43  in.     Then,  by  formula  of  Art.  74, 

4  Vt^T^'xTiS"  -  7 


&TC   A  £>  B  = 


7.75  in. 


Hence,  area  of  sector  AOBD  =  ix5X  7.75 
=  19.38  sq.  in.  The  area  of  the  triangle 
AOB  =  iX  3.67  X  7  =  12.50  sq.  in.  There- 
fore, the  area  of  the  segment  is  19.38  —  12.50 
=  6.88  sq.  in.     Ans. 


Pio.  48 


Example  2. — The  chord  of  the  arc  of  a  seg- 
ment is  79  inches  and  the  height  of  the  segment 
is  20  inches;  find  the  area  of  the  segment. 

Solution.— Let  ACBE,  Fig.  49,  be  the 
circle;  let  ^  ^  =  79  in.  and  CD  =  20in.  Then, 
^  />  =  i  X  79  in.  =  39.5  in.     By  Art.  28, 

CD  :  AD  =  AD : DE 
or,  20  :  39.5  =  39.5  :  DE 

whence,  DE  =^  78.01 
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Henoe,  the  diameter  «  20  +  78.01  »  96.01  in.,  and  the  radins  »  49. 

Then  the  arc  ^  C-5  =  3         — ^  "  ^^-^  *°-     H^^ce,  the 

area  of  sector  AOBC  ^  91.7  X  i  X  49  »  2,246.65  sq.  in.  The  area 
of  the  triangle  ^(7^  =  ix79x29=  1.145.5  sq.  in.  Therefore,  the 
area  of  the  segment  »  2.246.65  —  1.145.50  =  1.101.15  sq.  in.    Ans. 


THi:   ElililPBE 

81.  An  ellipse  is  a  plane  figure  bounded  by  a  curved 
line  such  that  the  sum  of  the  distances  of  any  point  on  that 
line  from  two  fixed  points  within  is  always  equal  to  the 
length  of  the  line  passing  through  the  fixed  points  and 
terminating   at   both   ends   in   the   curved   line. 

_         0  In  Fig.  50,  the  fixed  points 

-V.  are  A  and  B^  and  if  C  and  D 

^^--.^^^^     >^       are    any   two   points    on   the 

-^^^Y    ciirve,    AC^-CB    =     AD 

^y^y       +DB  ^  FE.     The  two  fixed 
r::!^--^''^^  points  are  the  foci.     The  line 

F  E  through  the  foci  is  the 
transverse,  or  major,  axis. 
The  line  G  Z7.  which  is  the  perpendicular  bisector  of  FE^  is 
the  conjuiarate,  or  minor,  axis.  The  foci  may  be  located 
from  (7  or  Z>  as  a  center  by  striking  arcs  with  a  radius  equal 
to  one-half  FE. 

82.  There  is  no  simple  and  exact  method  of  finding  the 
periphery  (perimeter)  of  an  ellipse.  The  following  formula 
gives  values  very  nearly  exact: 

Let  C  =  periphery; 

a  =  half  the  major  axis; 
b  =  half  the  minor  axis; 

Then,  C=ff(a  +  *)^~^^ 


64-  lez?" 


ExAVPLB. — What  is  the  periphery  of  an   ellipse  whose  axes  are 
10  inches  and  4  inches  long? 
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Solution. — In  this  example,  a  =  5,  ^  =  2,  Z>  =  r3_  i  ~  7* 

Then.  C  =  3.1416(5  +  2)  ^^^||p  =  23.013 

Therefore,  the  periphery  is  23.013  in.    Ans.  ^■ 

83.     The  area  of  an  ellipse  is  equal  to  the  product  of  its 
two  semiaxes  multiplied  by  ;r. 

Let   a  =  half  the  major  axis; 
b  =  half  the  minor  axis; 
A  =  area. 
Then,  A  =  tz  ab  =^  3.1416  a  b 

Example. — What  is  the  area  of  an  ellipse  whose  axes  are  10  inches 
and  6  inches? 

Solution.— Here,  fl  =  ixi0  =  5,  d  =  iX6  =  3. 
Then,  A  =  3.1416  x  5  X  3  =  47.124 

Therefore,  the  area  is  47.12  sq.  in.     Ans. 


EXAMPLES    FOR    PRACTICE 

1.  The  number  of  degrees  in  the  angle  formed  by  drawing  radii 
from  the  center  of  a  circle  to  the  extremities  of  an  arc  of  the  circle 
is  84;  the  diameter  of  the  circle  is  17  inches;  what  is  the  area  of  the 
sector?  Ans.  52.96  sq.  in. 

2.  Given  the  chord  of  the  arc  of  a  segment  equal  to  24  inches,  and 

the  height  of  the  segment  equal  to  6.5  inches,  find:     (a)  the  diameter 

of  the  circle;  {Jb)  the  area  of  the  segment.  k^^  S  (^)  28.7  in. 

^°^\(^)   109.5  sq.  in. 

3.  (a)  What  is  the  perimeter  of  an  ellipse  whose  axes  are  15  inches 

and  9  inches?     (b)  What  is  the  area?  »„„  /(<»)  38.29  in. 

^"^•\(<^)  106.03  sq.  in. 

4.  The  base  of  a  sector  is  24  inches  and  the  diameter  of  the  circle 
is  54  inches;  what  is  the  area  of  the  sector?  Ans.  324  sq.  in. 
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THE  MENSURATION  OP  SOLIDS 

84.  A  solid,  or  body,  has  three  dimensions:  lensrth. 
breadth,  and  thickness. 

85.  The  entire  area  of  a  solid  is  the  area  of  the  whole 
outside  of  the  solid. 

The  conTcx  area  of  a  solid  having:  one  or  two  flat  ends 
is  the  same  as  the  entire  surface,  except  that  the  areas  of 
the  ends  or  bases  are  not  included. 

86.  The  volume  of  a  solid  is  expressed  by  the  number 
of  times  that  it  will  contain  another  volume,  called  the  unit 
of  volume.  Instead  of  the  word  volume,  the  expression 
cubical  contents  is  frequently  used. 


THE  PRISM  AND  CTIilNDEB 

87.     A  prism  is  a  solid  whose  ends  are  equal  polyg^ons 
in  parallel  planes,  and  whose  sides  are  parallelograms. 


88.     A    paralleloplpedon,     Figf.    51,    is    a 
prism  whose  bases  (ends)   are  parallelograms. 


Pig.  a 


89.     A  cube.  Fig.  52,  is  a  parallelopipedon 
whose  faces  and  ends  are  squares. 


Pio.fiS 

90.  The  cube  whose  edges  are  equal  to  the  unit  of 
length  is  taken  as  the  unit  of  volume  when  finding  the 
volume  of  a  soUd. 
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Thus,  if  the  unit  of  length  is  1  inch,  the  unit  of  volume 
will  be  the  cube  each  of  whose  edges  measures  1  inch,  or 
1  cubic  inch;  and  the  number  of  cubic  inches  the  solid  con- 
tains will  be  its  volume.  If  the  unit  of  length  is  1  foot,  the 
unit  of  volume  will  be  1  cubic  foot.  etc.  Cubic  inch,  cubic 
foot,  and  cubic  yard  are  abbreviated  to  cu.  in.,  cu.  ft.,  and 
CO.  yd.,  respectively. 

91.  Prisms  take  their  names  from  their  bases.  Thus,  a 
triangvlar prism  is  one  whose  bases  are  triangles;  a.  pentago- 
nal prism  is  one  whose  bases  are  pentagons,  etc. 

92.  A  cyllDder,    Fig.  53,  is  a  round  body  of 
uniform  diameter  with  circles  for  its  ends. 

93.  A  rlf^ht  prism,  or  rlRht  cylluder,   is 
one  whose  center  Hue  (axis)  is  perpendicular  to  its 


94.     The  altitude  of  a  prism  or  cylinder 
lar  distance  between  its  two  ends. 


the  perpen- 
area  of  any  right  prism,  or  right 


95.    To  6nd  the 
'Under: 

Bule. — Multiply  the  perimeter  of  the  base  by  the  altitude. 

»Let  p  =  perimeter  of  base; 
k  =  altitude; 
c  =  convex  area. 
Then.  e  =  p  k 

Example  1.— What  is  the  conw 
is  a  square,  one  side  at  which  i 
.  ^W  inches? 

^V  SOLunOK.—    fl  X  4  =  S6  in.,  fl 
P^mnls  of  Art.  95, 
^  .;  =  36  X  18  =  57B  sq.  in.,  Ihe  convex  area.     Ans, 

To  find  the  entire  area,  add  the  areas  of  the  two  end.s  to 
the  convex  area. 


T  of  the  base.    Applying 


EXAMPLK  2.— Wtiat  is 
tioned  Id  Ihe  last  questio 


a  of  Itie  paralletopipedoc 
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Solution. — The  area  of  one  end  is  9*  =  81  sq.  in.  81  X  2  =■  162 
sq.  in.,  is  the  area  of  both  ends.  576 -h  162  =  738  sq.  in.,  the  entire 
area  of  the  parallelopipedon.    Ans. 

Example  3. — What  is  the  entire  area  of  a  right  cylinder  whose  base 
is  16  inches  in  diameter,  and  whose  altitude  is  24  inches? 

Solution.—    16  X  3.1416  =  50.27  in.,  or  the  perimeter  (circumfer- 
ence) of  the  base.    50.27  X  24  ^s  1,206.48  sq.  in.,  the  convex  area. 
16*  X  .7854  X  2  =  402.12  sq.  in.,  the  area  of  the  ends. 
1,206.48  +  402.12  »  1,608.6  sq.  in.,  the  entire  area.    Ans. 

96.     To  find  the  volume  of  a  prism,  or  cylinder: 

Rule. — The  volume  of  any  prism  or  cylinder  is  equal  to  the 
area  of  the  base  multiplied  by  the  altitude. 

Let      A  =  area  of  base; 

h  =  altitude; 

y  =  volume. 
Then,  V  =  Ah 

If  the  given  prism  is  a  cube,  the  three  dimensions  are  all 
equal,  and  the  volume  equals  the  cube  of  one  of  the  edges. 
Hence,  if  the  volume  is  given,  the  length  of  an  edge  is 
found  by  extracting  the  cube  root. 

If  the  volume  and  the  area  of  the  base  are  given,  the 

altitude  is  A  =  - ,     If  the  cylinder  or  prism  is  hollow,  the 

A 

volume  is  equal  to  the  area  of  the  ring  or  base  multiplied  by 

the  altitude. 

Example  1.— What  is  the  volume  of  ti  rectangular  prism  whose 
base  is  6  inches  by  4  inches,  and  whose  altitude  is  12  inches? 

Solution. — The  base  of  a  rectangular  prism  is  a  rectangle;  hence, 
6  X  4  =  ^4  sq.  in.,  the  area  of  the  base.     Applying  formula  of  Art.  06, 
K  =  24  X  12  =  288  cu.  in.,  or  the  volume.     Ans. 

Example  2. — What  is  the  volume  of  a  cube  whose  edge  is  9  inches? 
Solution.—    9'  =  9x9x0  =  729  cu.  in.,  the  volume.    Ans. 

Example  3. — What  is  the  volume  of  a  cylinder  whose  base  is  7  inches 
in  diameter,  and  whose  altitude  is  11  inches? 

Solution. —  7"  X  .7854  =  38.48  sq.  in.,  the  area  of  the  base. 
Applying  formula  of  Art.  96, 

F  =  38.48  X  11  =  423.28  cu.  in.,  the  volume.    Ans. 


§8 


GEOMETRY 


47 


THK  PYRAMID  AND  CONE 

97.  A  pyramid.  Fig.  54,  is  a  solid  whose  base  is  a 
polygon,  and  whose  sides  are  triangles 
uniting  at  a  common  point,  called  the 
vertex.  If  the  base  is  a  regular  polygon, 
and  the  sides  have  the  same  inclination  to 
the  base,  the  pyramid  is  a  regrular  pyr- 
amid. 


98.    A 


Pio.54 


Pio.  55 


cone.  Fig.  55,  is  a  solid  whose 
base  is  a  circle, 'and  whose  convex  surface  tapers 
uniformly  to  a  point  called  the  vertex.  • 

99.  The  altitude  of  a  pyramid  or  cone  is 
the  perpendicular  distance  from  the  vertex  to 
the  base. 

100.  The  slant  heiiarlit  of  a  regular  pyr- 
amid is  a  line  drawn  from  the  vertex  perpen- 
dicular to  one  of  the  sides  of  the  base.  The  slant  height  of 
a  cone  is  a  straight  line  drawn  from  the  vertex  to  the  circum- 
ference of  the  base,  and  lying  on  the  surface  of  the  cone. 

101.  To  find  the  convex  area  of  a  regular  pyramid  or 
a  cone: 

Rule. — The  convex  area  of  a  regular  Pyramid  or  of  a  cone  is 
equal  to  the  perimeter  of  the  base  multiplied  by  one-half  the 
slant  height. 

Let  p  =  perimeter; 
s  =  slant  height; 
c  =  convex  area. 

Then, 


Pa 

^=2 


ExAifPLB  1. — What  is  the  convex  area  of  a  regular  pentagonal 
pyramid,  if  each  side  of  the  base  measures  6  inches  and  the  slant 
height  measures  14  inches? 

Solution. — The  base  of  the  pentagonal  pyramid  is  a  pentagon, 
and  consequently  it  has  five  sides.  6  X  5  =  30  in.,  or  the  perimeter 
of  the  base.     Applying  formula  of  Art.  lOl, 
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^5       30X14       o-^         .       ^,  . 

r  =  ^  =  — s —  =  210  sq.  m.,  the  convex  area.    Ans. 

Example  2. — What  is  the  entire  area  of  a  cone  whose  altitude  is 
15  inches,  and  whose  base  is  16  inches  in  diameter? 

Solution. — The  slant  height  of  the  cone  is  the  hypotenuse  of  a 
right  triangle  whose  legs  are  the  radius  of  the  base  and  altitude  of 
the  cone,    respectively.       Therefore,    the  slant  height    is    equal  to 

Vl5*  -h  8"  =  17  in.  (Art.  56) .    The  perimeter  of  the  base  is  16  X  3.1416 
»  60.2656  in.    Applying  formula  of  Art.  lOl, 

50.2656  X 17       .„^  „        , 
c  = 2 =  427.26  sq.  in. 

The  area  of  the  base  is  16*  X  .7854  =  201.06  sq.  in.    The  entire  area 
.is.  therefore,  427.26  -|-  201.06  =  628.32  sq.  in.    Ans. 

102.  To  find  the  volume  of  any  pyramid  or  cone: 

Rule. — The  volume  of  any  pyramid  or  cone  equals  the  area  oi 
the  base  multiplied  by  one-third  of  the  altitude. 

Let  A  =  area  of  base; 
h  =  altitude; 
V  =  volume. 

Then.  ^  =  4^ 

Example  1. — What  is  the  volume  of  a  triangular  pyramid,  each 
edge  of  whose  base  measures  6  inches,  and  whose  altitude  is  8  inches? 

Solution. — The  base  is  an  equilateral  triangle;  hence,  applying 
the  rule  of  Art.  08,  the  area  is  6*  X  .433  =  15.59  sq.  in.  Applying 
formula  of  Art.  102, 

K  =     „-  =    — .T  —  =  41.57  cu.  in.    Ans. 

Example  2. — What  is  the  volume  of  a  cone  whose  altitude  is 
18  inches,  and  whose  base  is  14  inches  in  diameter? 

Solution. —  14*  X  .7854  =  153.94  sq.  in.,  the  area  of  the  base. 
Applying  formula  of  Art.  102, 

K=  —TV'  =  -     '  .J =  923.64  cu.  in.,  the  volume.    Ans. 

103,  It  has  been  stated  that  the  volume  of  a  cone  or  a 
pyramid  is  equal  to  one-third  the  product  of  the  area  of  the 
base  multiplied  by  the  altitude.  Similarly,  the  volume  of 
any  solid  whose  base  is  a  plane  figure  and  which  tapers  to  a 


GEOMETRY 


t  like  a  cone  or  a  pyramid  is 
product  of  its  base  and  altitude. 


equal  to  one-third  of  the 


^"  SonrnON.— The  area  of  the  ellipse  at  the  base  is  3,H1BX4X3. 
fbc  volume  is  eqaal  to  ooe-thlrd  the  product  of  the  area  of  the  base 
ini  altitude;  that  is, 


BXAUPLB,— Find  the  volume  of  an  elliptical  coae,  whose  base  is  an 
with  diameters  S  incbes   and   6  inches,    and    the   altitude   is 


^X3.W16X4) 


LjBence,  the  volum 


3X7.5 


94.248 


EXAMPLES    FOR   PRACTICE 


trian^rular  pyramid  of  which  the  altitude 
.  an  equilateral  triangle  having  each  side 


ri.  Find  the  volume  of 
b  4  inches  and  the  base 
3  ioelies  long. 

Find  the  weight  of  a  steel  bar    16  feet   long  and  2  inches  in 

r,  the  weight  of  steel  being  taken  as  .28  pound  per  cubic  inch. 

Ans.  168.89  lb. 


s  the  e 


a  of  A  hexagonal  prism  1 


iches  long. 


la)   Find  the  convex 
d  Ihe  circumference  of  w 
Tolntne  of  the  cone. 


THE    FRUSTUM    OF    A    PVRAMID    OR    A    CONE 

104.  If  a  pyramid  is  cut  by  a  plane  parallel  to  the  base, 
as  in  Fig.  66,  so  as  to  form  two  parts,  the  lower 
part  is  called  a  fpustum  of  the  pyramid. 

105.  If  a  cone  is  cut  in  a  similar  manner, 
3S  in  Pig.  S7,  the  lower  part  is  called  a  friis- 
tuin  of  the  cone. 

106.  The  upper  end  of  a  frustum  of  a 
iramid  or  cone  is  called  the  upper  base,  and 
f  lower  end  the  lower  base.     The  altitude         ''""'■ " 

K  frustum  is  the  perpendicular  distance  between  the  bases. 
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107«    To  find  the  convex  area  of  a  frastum  of  a  resfnlar 
pyramid  or  of  a  cone: 

Rule. — The  convex  area  of  a  frustum  of  a  regu- 
lar pyramid  or  of  a  cone  equals  one-half  the  sum 
of  the  perimeters  of  its  bases  multiplied  by  the 
slant  height  of  the  frustum. 

Let  p  =  perimeter  of  lower  base; 
p^  =s  perimeter  of  upper  base; 
s  =   slant  height; 
Pig.  57  c  =  convcx  area. 


Then. 


=m- 


Example  1 . — Given  the  frustum  of  a  triangular  pyramid  in  which 
each  side  of  the  lower  base  measures  10  inches,  each  side  of  the  upper 
base  measures  6  inches,  and  whose  slant  height  is  9  inches;  find  the 
convex  area. 

Solution. —  10  in.  X  3  =  30  in.,  the  perimeter  of  the  lower  base. 
6  in.  X  3  =  18  in.,  the  perimeter  of  the  upper  base.  Applying  formnU 
of  Art.  107, 

c  =  (^^      /-^  =  * — o       X  9  =  216  sq.  in.,  the  convex  area.     Ans. 

KxAMPLB  2. — If  the  diameters  of  the  two  bases  of  a  frustum  of  a 
cone  are  12  inches  and  8  inches,  respectively,  and  the  slant  height  is 
12  inches,  what  is  the  entire  area  of  the  frustum? 

^                          (12X3.1416)  -h  (8  X  3.1416)  ^  ,^       ,-^  ^       ,        . 
Solution. —    ^ 2     -  -  X  12  =  376.99sq.in.,the 

convex  area.  8«  X  .7854  =  50.27  sq.  in. 

12«  X  .7854  =  113.1  sq.  in. 
113.1-1-50.27  «  ia3.37sq.  in.,  the   area   of   the   two  ends.    376.99 
-h  163.37  =  540.36  sq.  in.,  the  entire  area  of  the  frustum.     Ans. 

108.  To  find  the  volume  of  the  frustum  of  a  pyramid  or 
a  cone: 

Rule. — Add  the  areas  of  (he  upper  base,  the  lower  base,  and 
the  square  root  of  the  product  of  the  areas  of  the  two  bases;  mul- 
tiply  this  sum  by  one-third  of  the  altitude. 

Let   A  =  area  of  lower  base; 
a  =  area  of  upper  base; 
h  =  altitude; 
V  =  volume. 
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Then, 


V=  (A-ha  +  ^lA^) 


ExAMPLB  1. — Given  a  frustnra  of  a  hexagonal  pyramid  in  which  each 
edge  of  the  lower  base  measures  8  inches,  and  each  edge  of  the  upper 
base  measures  5  inches,  and  whose  altitude  is  14  inches,  what  is  its 
volume? 

Solution. — ^A  hexagonal  pyramid  is  one  whose  base  is  a  regular 
hexagon,  as  shown  in  Fig.  58.     Hence,  applying 
formula  of  Art.  68, 

^  =  8*  X  2.5981  =  166.28  sq.  in. 

In  a  similar  way,  the  area  of  the  upper  base  is 
found  to  be  64.95  sq.  in.    Then,  applying  formula  ^ 
of  Art.  108, 

K=  (166.28  -h  64.95  -f  V166.28  X  64T«5)~ 

o 

14 


=  335.15  X  -s-  =  l,564.03cu.  in.,  the  volume.  Ans. 


Pig.  58 

Example  2. — What  is  the  volume  of  a  frustum  of  a  cone  whose 
upper  base  is  8  inches  in  diameter,  whose  lower  base  is  12  inches  in 
diameter,  and  whose  altitude  is  15  inches? 

Solution. — The  area  of  the  upper  base  is  8"  X  .7854  =  50.27  sq.  in. 
The  area  of  the  lower  base  is  12'  X  .7854  =  113.1  sq.  in.,  nearly.    The 

square  root  of  their  product  is  V50.27  X  113.1  =  75.4. 

Then,  K  =  (50.27  +  113.1  -|-  75.4) y 

15 
«■  238.77  X  -5-  =  1,193.85  cu.  in.,  the  volume.    Ans. 
«> 


THE  WEDGE 

109.     A  "wedge^  as  here  considered,  is  a  solid  whose 

base  is  a  rectangle,  two  of  whose  oppo- 
site faces  are  parallel  triangles,  and 
two  are  parallelograms  whose  intersec- 
tion is  called  the  ed^e  of  the  wedge. 
A  wedge  may  therefore  be  defined  as  a 
triangular  prism  having  one  rectangu- 
lar face,  called  the  base.  In  Fig.  59, 
A  BCD  is  the  base  and  EF  the  edge 
of  the  wedge. 

110,  The  altitude  of  a  wedge  is 
the  perpendicular  distance  between  the  base  and  the  oppo- 
site edge. 
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111.     To  find  the  volume  of  a  wedc^e: 

Bale. — Tlu  volume  of  any  wedge  is  eqmai  io  ike  mrem  oi  tkt 
hose  multiplied  by  one-half  the  altitude. 

Let   A  =  area  of  base; 
A  =  altitude; 
V  =  volume. 

Then,  ^  •=  4^ 

2 

Example. — What  is  the  volume  of  a  wedge  whose  base  is  a  rect- 
angle 6  feet  long  and  4  feet  wide,  and  whose  altitude  is  10  feet? 

Solution.— The  area  of  the  base  is  4  X  6  «  24  sq.  ft.     Applying 
formula  of  Art.  Ill, 

V  =  ?iAl9  =  120  cu.  ft.    Ans. 


EXAMPLES    FOR    PRACmCX 

1.  Steel  weighs  .28  pound  per  cubic  inch;  find  the  weight  of  a  steel 
wedge  whose  base  is  a  rectangle  3  inches  by  \\  inches  and  whose  alti- 
tude is  8  inches.  Ans.  5.01  lb. 

2.  Find  the  volume  of  the  frustum  of  a  square  p>Tamtd  of  which 
the  larger  base  is  15  inches  square,  the  smaller  base,  14  inches  square, 
and  the  altitude,  3  inches.  Ans.  631  cu.  in. 

3.  A  round  tank  is  8  feet  in  diameter  at  the  top  (inside)  and  10  feet 
at  the  bottom;  if  the  tank  is  12  feet  deep,  how  many  gallons  will  it 
hold,  there  being  231  cubic  inches  in  a  gallon?  Ans.  5,734.2  gal. 

4.  (a)  What  is  the  convex  area  of  the  frustum  of  a  square  pyramid 
whose  altitude  is  16  inches,  one  side  of  whose  lower  base  is  28  inches 
long,  and  of  the  upper  base  10  inches?     (b)  What  is  the  volume  of  the 

frustum. 


.    _  f(tf)   1,395.18  sq.  in. 
^^U^}  6,208  cu.  Si. 


THE  SPHERE 

112.  A  sphere.  Fig.  60,  is  a  solid 
bounded  by  a  uniformly  curved  surface 
every  point  of  which  is  equally  distant 
from  a  point  within,  called  the  center. 

The  w^ord  ball  is  commonly  used  instead 
Fig.  60  of  Sphere. 
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113.  To  find  the  area  of  the  surface  of  a  sphere: 

Rule. — The  area  of  the  surface  of  a  sphere  equals  the  square 
9f  the  diameter  muHiplied  by  ;r.    * 

Let   S  =  surface; 

J  =  diameter. 
Then,  S  ^  t:  d* 

ExAMPLB. — What  is  the  area  of  the  surface  of  a  sphere  whose 
diameter  is  14  inches? 

Solution.— Appljring  formula  of  Art.  113,  5  =  3.1416X14" 
=  3.1416  X  14  X  14  =  615.75  sq.  in.,  the  area.    Ans. 

114.  To  find  the  volume  of  a  sphere: 

Rule. — TTie  volume  of  a  sphere  equals  the  cube  of  the  diameter 
multiplied  by  -. 

Let  V  =  volume; 
d  =  diameter. 

Then,  F  =  V  =  .5236^* 

ExAMPLB. — What  is  the  weight  of  a  lead  cannon  ball  12  inches  in 
diameter,  a  cubic  inch  of  lead  weighing  .41  pound? 

Solution.— Applying  formula  of  Art.  114,  V  =  .5236  X  12  X  12 
X  12  =  904.78  cu.  in.,  the  volume  of  the  ball. 

904.78  X  .41  =  370.96  lb.    Ans. 

The  volume  of  a  spherical  shell,  or  hollow  sphere,  is  equal 
to  the  difference  in  volume  between  two  spheres  having, 
respectively,  the  outer  and  the  inner  diameter  of  the  shell. 

115.  To  find  the  diameter  of  a  sphere  of  known  volume: 

Rule. — Divide  the  volume  by  ,5236  and  extrcu:t  the  cube  root 
of  the  quotient.     The  result  is  the  diameter. 


'' -  <I^e  = '■^''' ^ 


ExAicPLB. — The  volume  of  a  sphere  is  96.1  cubic  inches;  what  is 
its  diameter? 

Solution. — Applying  formula  of  Art.  115, 

-^  =  \S  =  4w^  =  1-2407  ^SO  =  6.68  m.    Ans. 
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116.  If  any  solid  is  cut  into  two  parts  by  a  plane,  the 
surface  of  either  part  exposed  by  the  removal  of  the  other 
part  is  called  a  plane  section  of  the  solid. 

Plane  sections  are  divided  into  three  classes:  longfitudinal 
sections,  cross-sections,  and  right  sections.  A  longrltudlnal 
section  is  any  plane  section  taken  leng:thwise  throus:h  the 
solid.  Any  other  plane  section  is  called  a  cross-section. 
If  the  surface  exposed  by  taking:  a  plane  section  of  a  solid 
is  perpendicular  to  the  center  line  of  the  solid,  the  section 
is  called  a  rf^ht  section.  The  surface  exposed  by  any 
longitudinal  section  of  a  cylinder  is  a  rectangle.  The  sur- 
face exposed  by  a  right  section  of  a  cube  is  a  square;  of  a 
cylinder  or  a  cone,  a  circle.  An  oblique  cross-section  of  a 
cylinder  is  an  ellipse. 

THE   CYIilNDRICAIi   RING 

117.  A  cylindrical  rinf;  is  a  solid  that  maybe  gen- 
erated by  a  circle  revolving  about  an  external  axis  in  its 
plane. 

118.  To  find  the  convex  area  of  a  cylindrical  ring: 

Rule. — Multiply  the  circumference  of  an  imaginary  cross- 
section  on  the  line  A  By  Fig.  61  ^  by  the  length  of  the  center 
line  D. 

Example. — A  piece  of  round  iron  rod  is  bent  into  circular  form  to 
make  a  ring  for  a  chain;  if  the  outside  diameter  of  the  ring  is  12  inches 
and  the  inside  diameter  is  8  inches,  what  is  its  convex  area? 

Solution. — The  diameter  of  the  center  circle  equals  one-half  the 

12  4-  8 
sum  of  the  inside  and  outside  diameters,  —  —  =  10,  and  10  X  3.1416 

=  31.416  in.,  the  length  of  the  center  line.  The  radius  of  the  inside 
circle  is  4  in.,  of  the  outside  circle  6  in.;  therefore,  the  diameter  of 
the  cross-section  on  the  line  ^  ^  is  2  in.  Then.  2  X  3.1416  =  6.2832  in., 
and  6.2832  X  31.416  =  197.4  sq.  in.,  or  the  convex  area.    Ans. 

119.  To  find  the  volume  of  a  cylindrical  ring: 

Rule. — The  volume  will  be  the  same  as  that  of  a  cylinder 
whose  altitude  equals  the  length  of  the  dotted  center  line  Z?, 
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Fig.  61,  artti  whose  base  is  the  same  as  a  cross-section  of  (he  ring 

<m  the  litte  A  B,  drawn  from  the  center  O. 

Hence,  to  find  the  volume  of  a  cylindrical 

ring,  multiply  the  area  of  an  imaginary 

eross-setlian  on  a  lint  A  B,  by  the  length 

of  the  center  line  D. 

ExASJPLB.— What  is  the  volume  of  a  cylin- 
drical  ring  whose  outside  diameter  is  12  inches. 
and  whose  inside  diameter  is  8  inches? 

Solution.— The  diameter  of  the  center  circle  equals  ooe-half  the 
Gam  of  the  inside  and  outside  diameters,  — ~-  =  10.  10  X  3.U18 
=  31.416  in.,  the  length  al  the  center  line.  The  radius  of  the  outside 
circle  is  6  in.,  of  the  inside  circle,  4  in.;  therefore,  the  diameter  of  the 
the  line  A  B  \s  2  in.  Then,  2*  X  .78.14  =  3.1418 
the  area  of  the  imaginary  cross-section;  and  3.1410x31.416 
-u.  in.,  the  volume.    Ans. 


EXAMPLES    FOR    PRACTICE 

1,     (a)   What  is  the  area  of  the  surface  of  a  sphere  30  inches  in 
diameter?     (A)  What  is  the  volume  of  the  sphere? 


w 

^^^  The  volume  of  a  sphere  is  606.132  cubic  inches;  what  is  the  con- 
res  Brea  of  a  cone  whose  slant  height  is  10  inches,  and  the  diameter 
of  whose  base  is  tlie  same  as  the  diameter  of  the  sphere? 

Ans.  164.934  sq.  in. 


\(b)  14.137,: 

(a)  What  is  the  convex  area  of  a  cylindrical  ring,  the  outside 
leierof  the  ring  being  10  inches  and  the  inside  diameler  Tj  inches? 
Wliat  is  the  volume  of  the  ring?  .        i  {a)   107, a^  sq.  in. 

^"^■'(«)  33.734  cu.  in. 


Aus.f 


PTHE  PRISMOIt) 
ISO.  A  prtsmold  is  a  solid  whose  two  bases  are  any 
polygons  in  parallel  planes,  and  whose  lateral  faces  may  be 
divided  into  triangles  and  trapezoids  by  lines  joining  the 
%'erlexes  of  one  base  with  those  of  ttie  other.  Thns,  the 
solid  shown  m  Fig.  62  is  a  prismoid;  its  bases  are  the  penta- 
gon A B C D E  and  the  quadrilateral  FGHI,  which  lie  in 
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its  faces  are  the  triangle  G  B  C  and  the  I 
trapezoids  G C D H.  HDEI,  lEAF,  \ 
and  FA  B  G. 

121.  The  altitude  of  a  pHsmoid  I 
is  the  perpendicular  distance  between 
the  bases  or  parallel  faces. 

122.  The  parallel  faces  or  bases 
f}i  a  prismoid  are  convnooly  called  its 
end  Bt'ctlons. 

A  prismoid  is  also  defined  as  a  solid 
having  two  parallel  end  faces,  and  composed  of  any  com- 
bination of  prisms,  wedges,  and  pyramids,  whose  common 
altitude  is  the  perpendicular  distance 
between  the  parallel  faces. 

123.  The    iiiiddlo   Hcctton    of    a 

prismoid  is  the  polygon  formed  by  a 
plane,  parallel  to  the  bases,  and  cutting 
the  prismoid  at  equal  distances  from 
the  two  bases  or  end  sections.  Thus, 
polygon  PQJiS  is  the  middle  section 
of  the  prismoid  shown  in  Fig.  63. 

124.  Any  dimension  of  the  middle  section  of  a  prismoid 
may  be  taken  equal  to  one-half  the  sum  of  the  corresponding 
dimensions  of  the  two  end  sections  or  bases.  Thus,  in  Fig.  63, 
PQ=  i(AB  +  FG).  QR  =  hBCRS  =  \{Gfi-\-  CD), 
aadSP  =  i{f/F+  DA). 

125.  The  area  of  the  middle  section  of  a  prismoid  tnay 
be  measured  directly,  or  calculated  from  its  dimensions  as 
detennined  from  the  dimensions  of  the  end  sections.  It  ia 
not.  in  general,  equal  to  one-half  the  sum  of  the  areas  of 
the^  bases. 

The  area  of  the  middle  section  of  a  prism  is  the  same  as 
the  area  of  either  base;  the  area  of  the  middle  section  of  a 
wedge  is  equal  to  one-half  the  area  of  the  base;  the  area  of 
the  middle  section  of  a  pyramid  is  equal  to  one-fourth  the 
area  of  the  base. 


Pio.  a 
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126,     To  find  the  volume  of  a  prismoid: 
Rnle. — MuHiply  the  sum  of  the  areas  of  the  two  end  sections 
plus  (our  limes  the  area  ol  the  middle  section  by  one-sixth  the 
altitude. 

Let    A  =  area  of  one  base  or  end  section; 
^L      _         ,-/'  —  area  of  opposite  base  or  end  section; 
^1  Af  =  area  of  middle  section; 

^H  h   =  altitude; 

^^M  ['  =  volume  of  pnsmotd. 

^■'Tben.  F=  ^U  - 

I' 


-4Af) 


I  This  formula  for  finding  the  volume  of  a  prismoid  is  known 
I  the  prtsmoldal  foriuula.      It  is  theoretically  exact  for 
letennioing  the  volumes  of  those  solids  to  which  it  applies. 
The  derivation  of  [his  formuln  is  as  follows: 

A  prismoid  can  alnays  be  divided  into  elementary  parts  that  will  be 
prisms,  wedges,  and  pyramids.  Prom  formula  of  Art.  90,  the  volume 
of  a  prism  is  t' =1  A  A:  from  formula  of  Art,  111,  the  volume  of  a. 
wedge  is  Cri  —s~:  and  from  formula  of  Art.  102,  the  volume  of  a 
pyramid  is  K  =  -5-.  If  these  expressioos  are  reduced  to  t 
dcDontinator,  there  will  result, 

For  a  prism,  K  ^  -  —  (1) 

,       3^A 


For  a  wedge, 
For  a  pyramid. 


2^A 


(2) 


(3) 


s- section  throughout  its  length, 
a  A,  and  equation   (1)  may  be 


Pot  a  wedge,  evidently  A'  >^  0,  and  M  =  \  A,    Hence,  equation  (2) 
r  a  pyramid,  A'  =  0,  and  M  '^  \  A.     Hence,  equation  (3)  may 


=  .(.-J  +  0+/*)    ^ 


U,A->rA'  +  \m 
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Bacfa   of   these   (orratilas   is  the  same  as  the  tormula  ^ven    ii 
article'  which  shows  that   the  latter  formula  applies  correctly  I 
volume  of  a  prism,  p/rami(l,  or  wedge,  and  since  it  applies  to  each,  it 
applies  also  to  their  sum.  or  the  volume  of  a  prismoid. 


SoLuiioN.— Let  PQJf  be  the  n 


iddle  section.     Then, 

PQ  '  HAB  +  DE)  -  i{l» 

+  4)  =  8.5  in. 
QR  =  \{B  C  +  EF)  =i(J 

+  13J  =  25  in. 
PP  =  \{AC+  DF)  -  iO 
+  15)  =  27.5  in. 
The  areas  of  the  Iriang;Ii 
are  calculated  by  formula  < 
Art.  47i  which  gives  the  an 
o(  A  B  C  =HQ  sq,  in.,  an 
of   D  E  F  *1\    sq-    in,,    ai 

;u.  in.,  nearly.     Aos. 

127.  A  familiar  example  of  a  prismoid  is  a  railway  cut. 
ting  where  the  roadway  is  a  horizonlal  plane,  the  side  slopefl 
are  inclined  planes,  and  the  original  surface  of  the  ground  ii 
more  or  less  inclined  and  irregular. 

For  calculating  the  volume  of  cuts  and  fills  the  prismoidal 
formula,  though  theoretically  exact,  gives  results  that  ; 
only  approximate,  on  account  of  the  inequalities  of  the  s 
face  of  the  ground.  The  nearer  to  each  other  the  crosfl* 
sections  are  taken,  the  more  accurate  will  be  the  result. 

ExAMPUi  l.^Fiud,  by  the  prismoidal  forranla,  the  volume  ot  ttaa 
frustum  of  a  square   pyramid    ot   which   the  larger  base   is  2.5 
square,   the  smaller  base  is  1  foot  square,  and  the  altitude  is  16  feet> 

Solution,— The  area  of  the  larger  base  is  2.5  X  2.5  i»  6.25  sq,  ft. 
the  area  of  ilie  smaller  base  is  1  X  1  =  1  sq.  ft.  The  middle  section 
is  a  square  whose  side  is  one-half  the  sum  of  the  side  ot  the  upper  and 
Lower  base;  that  is,  \  X  (2-5  +  1)  =  l.i5  ft.  The  area  of  the  middle 
section  is  1,75'  =  3.0625  sq.  ft.  Applying  formula  of  Art.  136,  tho 
volume  of  the  frustum  is 

i  X  IS  X  (6.26  4- 1  +  4  X  3.0625)  =  52  cu.  ft.    Ans.' 
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EXAUn-B  2. — In  a  railway  cutting  200  feet  long,  the  following  are 
the  areas,  in  square  feet,  of  the  cross -sec  [ions  taken  every  60  fe«t, 
nnraely:  2.700,  2.tH9,  2.566,  2.484,  2.010.    What  is  its  volume? 

SoiuTiON. — The  volume  between  the  first  and  the  third  cross-section 
is,  by  formula  of  Art.  120, 


¥ 


y  =,  1^(2,700  +  2,556  +  4  X  2,619)   =  262,200  ci 

The  volume  between  the  third  and  the  fifth  section  Is 

y  =  ^(2,656  +  2,filO  +  4  X  2,4M)  =  251,700  d 


ft. 


The  volume  of  the  cutting  is  the 
prismoids,  which  is  513,900  cu.  ft.  = 


I  of  the  volumes  of  the  two 
S3  eu.  yd.    Ans. 


128.  AvemKe  End  Areas. — In  practice,  the  volume  of 
cuts  and  fills  is  often  calculated  by  what  is  known  as  the 
method  by  avcra^re  end  arens.  or  simply  as  the  end  urea 

metliod.  By  this  method,  the  volume  of  the  solid  is  found 
by  multiplying  one-half  the  sum  of  the  two  end  areas  by  the 
distance  between  the  two  sections.     Thus,  let 


^KTbe 


A  =  area  of  one  cross-section; 
A'  =  area  of  next  cross-section; 

h   =  perpendicular  distance  between  sections; 

V  =  volume. 


Results  obtained  by  this  formula  are  approximate  and 
slightly  larger  than  those  given  by  the  prismoidal  formula. 
On  account  of  its  simplicity,  the  average  end  area  formula  is 
much  used  in  practical  earth-work  calculations.  The  inequal- 
ities of  the  surface  of  the  ground  make  it  impossible  to 
find  the  exact  volume  of  a  cut  or  fill,  however  accurate  may 
be  the  formula  applied. 

EXAUfLE.— The  areas  of  two  cross-sectioDS  of  a  (ill  50  feet  apart 
are  2,700  and  2.619  square  feet  respectively:  find  the  volume  of  the 
tection.  in  cubic  yards. 

SOLCTION.— In  this  case,  A  =  2,700;  A'  =  2.61!l;  and  A  =  50;  then 


I' =  ^(2,700 -I- 2,61fi)   =  132,975 


Heuce,  the  volum 
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EXAMPLJtS    FOR    PRACTICES 

1.  Find  the  volume  of  a  right  prismoid  whose  bases  are  rectangles 
that  measure  10  inches  by  8  inches  and  8  inches  by  6  inches,  and 
whose  height  is  40  inches.  Ans.%,S33.3  cu.  in. 

2.  A  railway  cutting  is  800  feet  in  length;  the  areas,  in  square 

yards,  of  cross-sections  taken  every  100  feet  are:    237,  220,  204,  187, 

171.  186.  304. 210.  220.     Find  the  number  of  cubic  yards  in  the  cutting: 

(a)  by  the  prismoidal  formula;  (d)  by  average  end  areas. 

.        r  fa)  63.633  cu.  yd. 
^^*l(*)  63,683  cu.  yd. 

3.  Find,  by  the  prismoidal  formula,  the  volume  of  a  frustum  of  a 
hexagonal  pyramid,  each  side  of  the  lower  base  being  12  inches;  of 
the  upper  base,  8  inches;  and  the  altitude  being  12  inches. 

Ans.  3,159.3  cu.  in. 

4.  Find,  by  the  prismoidal  formula,  the  volume  of  a  wedge  whose 
base  is  a  rectangle  15  feet  in  length  and  9  feet  in  width,  and  whose 
altitude  is  12  feet.  Ans.  810  cu.  ft. 
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THE  TRIGONOMETRIC  FUNCTIONS 


DEFINITIONS 
TrlKonometrir  Functions  and  TriKonometry 
ieftnod. — Let  ,^,  Fie-  1,  be  any  acute  angle;  ^  Af  and  A  JV, 
its  sides;  ffC,  a  perpendicular  drawn  to  the  side  .-/A' from 
any  point  on  the  side  A  M\  and  B'  C,  a  perpendicular  drawn 
to  the  side  AM  from  any  point  on  the  side  AN.     In  the 

■feht  triangle  A  B  C,  one  of  the 

^^■ftexes  of  which  i&  the  vertex 

^Pt  the  angle  A,  the  hypotenuse 
j1  B  will  be  referred  to  as  Me 
iypolenuse:   the  perpendicular  ' 
B  C,  opposite  the  vertex  of  the  '""  ' 

angle  A.  as  the  side  opposite:  and  the  leg  A  C.  containing 
the  vertex  of  the  angle  A,  as  the  side  adjacent.  Likewise,  in 
the  right  triangle  A  B'  C,  the  hypotenuse  is  A  B'\  the  side 

Kosite  is  B*  C;  and  the  side  adjacent,  or  the  leg  containing 
vertex  of  the  angle  A,  is  A  C.     It  should  be  borne  io 
d  that  these  terms  are  used  in  connection  with,  or  with 
reference  to,  the  angle  .-/. 

The   two   right   triangles  ABC  and  AB'C,  having  thtt] 
acute  angle  A  in  common,  are  similar.     Therefore, 

kAB  ^  A_ff      BC  ^  ffC^      BC  ^  B^C 
AC       AC'     AB       AB-'    AC       AC 
I  will  be  observed  that,  from  whichever  side  the  perpen- 
dicular  is   drawn,   and   whatever   the   point   from   which   it 
is  drawn,  the  t^tio  of  the  hypotenuse  to  the  side  adjacent 
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remains  unchanj^ed,  or  is  constant.  The  same  is  true  of 
the  ratio  of  the  side  opposite  to  the  side  adjacent,  and,  in 
S:eneral,  of  the  ratio  of  any  two  of  the  three  lines — ^hypotenuse, 
side  adjacent,  and  side  opposite.  Evidently,  these  ratios  are 
different  for  different  ans:les.  Thus,  if  A  is  45°,  both  acute 
ans:les  B  and  B'  are  also  45*=;  the  triangles  ABC  and  A&  C 
are  isosceles;  and  therefore 

BC  ^  B'  O  ^  . 

AC        AC 

If  A  is  greater  than  45°.  iff  C  is  greater  than  A  C,  and  the 

B  C 
ratio       ~  ,  having  its  numerator  greater  than  its  denominator, 

A  C 
is  greater  than  1. 

Confining  ourselves  to  the  ratio  — -  of  the  side  opposite 

to  the  side  adjacent,  it  is  seen  that  the  value  of  this  ratio 
depends  on  the  magnitude  of  the  angle,  and  may,  therefore, 

be  used  for  the  determination 
of  the  angle.  Thus,  it  has  just 
been  shown  that  when  the  angle 
is  45°  the  ratio  is  equal  to  1; 
hence,  if  in  the  solution  of  a 
problem  it  is  found  that  the 
two  legs  of  a  right  triangle  are 
equal,  or  that  their  ratio  is  1,  it  can  be  at  once  concluded 
that  each  of  the  acute  angles  is  45°. 

Consider  now  an  angle  A,  Fig.  2,  of  30°.  The  right  tri- 
angle ABC  having  been  constructed,  iff  C  is  the  side  oppo- 
site and  A  C  the  side  adjacent.     If  /^  is  the  middle  point 

A  B 

of  the  hypotenuse,  the  line  H  C  is  equal  to  A  H^  or  -—-; 

for,  if  a  semicircle  is  described  on  A  B  sls  a  diameter,  with 
//A  as  a  radius,  that  semicircle  must  pass  through  C,  since 
the  angle  A  C  B  is  a.  right  angle.  Now,  //C  being  equal  to 
///y,  the  angle  H  C  B  is  equal  to  B,  or  60°;  and,  as  the  sum 
of  the  three  angles  of  the  triangle  B  /j^  is  180°,  the  angle 
B  H  C  must  be  60°.     The  triangle  //B  C  being  equiangular, 

A  B 

it  is  also  equilateral,  and  therefore  B  C  =  B  H  ^  ~o~"»  ^^^ 
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BC 
AB 


Suppose,  now,  that  in  dealing  with  a  right 


the   ratio  ol   the  side  opposite   to  the   hypotenuse 
^\AB 
AB 

triangle  the  hypotenuse  is  found,  by  measurement,  to  be 
1,-500  feet  and  one  of  the  sides  750  feet.  Since  the  ratio  of 
750  lo  1,600  is  -,  we  at  once  conclude  that  the  angle  opposite 

the  760-foot  side  is  30°,  and  the  other  angle  of  the  triangle,  60". 
These  illustrations  give  a  general  idea  of  the  practical 
value  and  use  of  the  ratios  under  consideration.  These  ratios 
are  determined  for  each  angle,  by  methods  that  will  be  again 
referred  to  further  on,  and  collected  together  in  a  table, 
from  which  the  angle  corresponding  to  any  given  ratio  can  1 
be  determined.     Thus,  if  in  a  certain  angle  the  ratio  of  the^fl 


opposite  side  to  the  hypotenuse 


ratio  i 


SlAt  adJac»Ht  = 


for  in  the  table,  where  it  is  found  as  that  belongin 
In  this  manner,  the  value  of 
ibe  angle  is  determined  from 
the  ratio  in  question,  that 
ratio  being  obtained  from 
the  measured  lengths  of  cer- 
tain lines. 

2.  The  ratios  considered 
in  the  preceding  article  are 
called  tFlgononietrtc  fuDC- 
Itous  of  the  angle  A.    In  the 

triangle  A  B  C,  Fig.  3,  two  ratios  are  obtained  by  dividing 
any  of  three  sides  by  each  of  the  other  two.  Hence,  there 
are  six  trigonometric  functions  of  the  angle  A.  This  is  true 
of  any  angle,  since  A  is  here  used  to  represent  any  angle 
whatever.  These  functions  have  very  important  and  useful 
perties,  which  make  them  exceedingly  valuable  for  the 
iiion  of  geometrical  problems  by  computation. 

Trl^ononietry  is  thai  branch  of  mathematics  that 
treats  of  the  properties  of  trigonometric  functions  and  of 
their  application  to  the  solution  of  triangles. 
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4.  The  Sine  and  the  Tanffrent. — Two  of  the  most 
important  of  the  trig^onometric  functions  are  the  ratio  of  the 
side  opposite  to  the  hypotenuse,  and  that  of  the  side  opposite 

to  the  side  adjacent;    that  is,   -  and  ^,  Fig.  3.     They  are 

c  h 

called,  respectively,  the  sine  of  A  and  the  tangent  of  A, 

The  words  sine  and  tangent  are  abbreviated  to  sin  and  ian\ 

respectively,  and  the  expressions  sin  A,  tan  A,  are  for  brevity 

read  sine  A,  tangent  A^  instead  of  sine  of  A,  and  tangent  of  A. 

We  have,  then, 

side  opposite 


sin  A  = 


tan  A  = 


hypotenuse 
side  opposite 


a 
c 
a 
b 


(1) 
(2) 


side  adjacent 

If  these  formulas  are  fixed  in  the  mind,  little  difficulty  will 
be  experienced  in  remembering  the  others  that  will  be  given. 
It  should  be  noticed  that  the  side  opposite  is  the  numerator 
in  both  ratios.  The  occurrence  of  the  letter  a  in  both  tlje 
words  adjacent  and  tangent  will  help  one  to  remember  which  of 
the  two  fractions  represents  the  tangent  and  which  the  sine. 
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Example  1. — In  the  right  trianjrle  ABC,  Fig.  4,  the  lengths  of  the 
sides  are  shown;  find  the  sine  and  the  tangent  of  A. 

Solution.— In  this  case,  the  hypotenuse  AB^  10;  the  side  adja- 
cent, y^  C  =  8;  side  opposite,  i?  C  =  6.     These  values  in  formulas 

1  and  2  give 

6 

lb 

6 

8 

Example  2. — In  the  right  triangle  A  B  C,  Fig.  5,  the  hypotenuse  is 
12  chains,  and  the  side  A  C  is  9  chains;  find:  {a)  the  sine  and  the  tan- 
gent of  y^;   (b)  the  sine  and  the  tangent  of  B. 


sin  ^  =  ,A  =  .6.    Ans. 


tan  /^  =   ;:    =  .75.    Ans. 
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F.SoLtTioK, — (a)  For  the  angle  A,  we  have 
hypotenuse       A  B  =  12 
side  adjacent,  A  C  =  9 

«ide  opposite.  BC  =  \a~b'  -  AC'=   Vl2*^9' 
I  Sobstitnting  in  (ormulas  I  and  2, 

7-9372 

'  AB 

-AC 9^       ■^^^'' 

I  (*)     Por  angle  B,  we  have 

hypotenuse       B  A  =  12 
side  opposite.  A  C  =  9 
side  adjacent,  BC  =  7.at72 
_  AC 
'  AB 

AC      

'  B  C^  7.9372 


i  A  =-^~=-  '^'-  =  mU3.    Ans. 


irefore,         sin  B  =  -^-^  =  —  =  ,75.    Ans. 

133S.    Ans. 


BXAUPLES    FOR    PBACTtCE 

Id   ■  right   triangle   WJC(raake   a   sketch  of   Ibis  triangle), 
I  «nd  B  are  the  two  acuic  angles;   the  hvpotenuste  ^  40  feet;  aide 
=  \h  feet;  And:  (a)  sin  A  and  tan  A\  (b)  sin  B  and  tan  B. 
1(a)  sin  A  =  .92703.  tan  ^  =  2.47207 
^■\{b)  sin  *  =  .37500,  Ian  fl  =  .VA^2 


Ans.i 


3.  Prom  a  point  on  one  side  of  an  an^le  M.  a  perpendicular  Is 
itrawn  on  the  other  side;  it  is  found  that  this  perpendicular  is  12.5 
inciies  long,  and  that  it  meets  the  other  side  at  a  distance  of  T.TS 
les  from  the  vertex;  Bnd  the  sine  and  Che  tangent  of  the  angle  Af. 


I 


,ke  a  sketch  of  this  triangle.)  .       /! 


taniJ/  =  1. 61290 


From  a  point  on  one  side  of  an  angle  A  distant  10  inches  from 

reitez,  a  perpendicatar  is  drawn  on  the  other  side;    the  distance 

the  vertex  to  the  foot  of  the  perpendicular  is  (i  inches;  find  sin  A 

tSLD  A.  j^,  fsio  A  =  .80000 

'^^■Xtanv^  =  1.33333 

4.    The  two  acute  angles  of  a  right  triangle  are  /"and  Q;  the  side 
opposite  P  is  150  feet,  and  that  opposite  g  is  225  feet;   find:  (a)  sin  P 
a  P.  Ifl)  sin  Q  and  tan  0. 

.        I  (a)  sin  P  =  .55469,  tan  P  =  .606flT 
'^"^'U*}  sin  g  =  .KiSO*.  tan  Q  =  1.50000 
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S*  The  Cosine  and  Cotangent. — The  cosine  and 
cotanf^ent  of  an  angle  are,  respectively,  the  sine  and  the 
tang:ent  of  the  complement  of  the  angle.  The  words  costru 
and  cotangent  are  abbreviated  to  cos  and  cot^  respectively,  and 
the  expressions  cos  A,  cot  A  are  read  cosine  A^  cotangent  A, 
Denoting  any  angle  by  A,  its  complement  is  90®  —  A\  there- 
fore, according  to  the  definitions  just  given, 

cos^  =  sin  (90°-^)  (1) 

cot  A  =  tan  (90°  -  A)  (2) 

Since  the  complement  of  90°  —  A  is  A,  it  also  follows  that 

cos  (90°  -  ^)  =  sin  A  (3) 

cot  (90°  -  ^)  =  tan  A  (4) 

With  reference  to  the  angle  B,  Fig.  3,  i9  C  is  the  side 
adjacent  and  A  C  the  side  opposite.  Therefore,  by  formulas 
1  and  2,  Art.  4, 

sin  B  =   -,  tan  B  =  - 
c  a 

and  therefore,  since  A  is  the  complement  of  B^ 

cos  A  =  sin  B  ==  - 

c 

cot  A  =  tan  B  =  - 

a 

or,  again  referring  to  the  angle  Ay  which  is  the  angle  under 
consideration, 

cos  A  =  ^'^^  ^-^i^'^-^^t  (5) 

hypotenuse 

cot  A  =  5i^5-  ?i-%cent  (gj 

side  opposite 

The  student  will,  after  some  practice,  become  familiar 
with  these  formulas.  Whenever  he  forgets  them,  he  should 
refer  to  the  definitions  of  the  cosine  and  cotangent,  which 
will  at  once  enable  him  to  write  down  the  formulas,  pro- 
vided that  he  remembers  those  for  the  sine  and  the  tangent. 

6.     The    Secant   and    Cosecant. — The   secant   of   an 

angle  is  the  reciprocal  of  the  cosine  of  the  angle;  that  is, 
1  divided  by  the  cosine. 
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The  word  seeani  is  abbreviated  to 
defiaition,  we  have 

1 

tsec  A  =  
cos  ,4 
It  follows  that 
cos  A 


According  to  tbeJ 

(1) 

(2) 


sec  A 
7.     The  coset^ant  of  an  angle  is  the  secant  of  the  comple- 
iDt  of  the  angle.     The  abbreviations  cosec  and  esc  are  used 
ir  eostxanl.    According  to  the  defiaition,  we  have 
A)  (1) 


\ 


CSC  A  =  sec  (90*^ 
StDce  A  is  the  comidement  of  90°  —  A,  we  have  also 

CSC  (90" -y^)  =  sec -4  (2) 

By  means  of  formula  1 ,  Art.  6,  this  relation  may  be  written 


CSC  A  =  sec  (ftO° 

E  cos  (90°  -A)=; 

CSC  A  = 


-A) 


\ 


cos  (90°-^) 
A  (formula  3,  Art.  5), 


Therefore,  the  cosecant  of  an  angle  may  also  be  defined  as 

the  reciprocal  of  the  sine.     Notice  very  particularly  that 

secant  =  reciprocal  of  mtsine 

ctysecant  —  reciprocal  of  sine 

From  formula  3  above  follows 

1 


sin  A  = 


(4) 


8.     Cofnnctions     and    Complementary    Functions. 

i  functions  cosine,  cotangent,  and  cosecant  are  sometimes 

jlled  cntuncflons  of  the  angle  considered;  while  the  sine, 

igent,   and   secant  are  called  fun  da  mental   functions. 

s  has  been,  explained,  the  cofunctions  of  an  angle  are  the 

:csponding  fundamental  functions  of  the  complement  of 

the  angle.     Thus,  the  cosine  of  A  is  the  sine  of  90°  -  A; 

the  cotangent  of  A  is  the  tangent  of  90°  —  A;  etc. 
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A  fundamental  function  and  its  corresponding:  cofunc- 
tion  are  called  eomplemeiitary  functions  of  each  other. 
The  sine,  for  example,  is  the  complementary  function  of 
the  cosine;  and  the  cosine  is  the  complementary  fmiction 
of  the  sine. 

ExAVPLB  1.— Find:  fa)  the  cosine  of  the  angle  A^  Pig.  5;  {b)  the 
cotangent;  ic)  the  secant;  {d)  the  cosecant. 

SoLtrriON.— (a)    The  cosine  of  A  is  eqoal  to  the  sine  of  B^  or 

A  C        9  _      ^ 

AB°  \2'  •'^-    ^"- 

{b)     The  cotangent  of  /I  is  equal   to  the  tangent  of  B,  or   (see 
example  2,  Art.  4) 

B  C"  779372  "  ^•^^'    ^°■• 

The  secant  of  ^  is  1  divided  by  cos  A,  or 

9        12 
1  +  J 2  "  V  ""  ^•3^^^-    Ans. 

The  cosecant  of  /I  is  1  divided  by  sin  A,  or 
BC 


(c) 


(d) 


^^'ab-bc^i.Si^-^'^^^^''  ^- 


Example  2.— Find  the  functions  of  30**. 

,jf  Solution.— Let  the  angle  AfA  /*,  Fig.  6, 
be  30°.  Draw  B  C  perpendicnlar  to  A  P, 
produce  it  to  B\  making  CB'  ^  CB^  and 
draw  AB.  The  triangle  BAB'  thus 
formed  i.s  isosceles,  and  angle  CAB 
=  CAB  =  30°.  Therefore.  BAB  =  30° 
4-  30°  =  60°.  Also,  angle  ^  «  90°  -  30° 
=  60°;  and  angle  B'  =  angle  B  «  60°.  As 
the  three  angles  ot  A  B  B*  are  equal,  the 
sides  are  also  equal,  and  c  ^  BB'  ^2a. 
Now,  the  figure  gives. 

Bearing  these  values  in  mind,  we  have 


Fio.  6 


sm  30    =       =  s— 
c        2a 


tan30°=f  =     ^, 
*        aV3 


X.    Ans. 

1         >S      . 
r  =  -o'    Ans. 
V3         3 


cos  30' 


b 
c 


aV3 
~2a 


V3 


Ans. 
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cot  30*  =  -  =  -^  =   >S.    Ans. 
a  a 

sec  30**  =  — ^  =  1  ^  :f  =  A  =  |>g.    Ans. 
cos  30  2-^3 

1  1   ' 

CSC  30*^  =    .    oTko  =  1  -5-  s  =  2.    Ans. 
sin  30  2 

Note.  — It  is  only  in  a  few  cases  that  the  values  of  the  triironometric  functions  of 
an  anit:Ie  can  be  derived  by  elementary  principles,  as  above.  The  general  method  for 
determining  the  functions  of  any  ansrle  is  comparatively  complicated,  and  is  beyond 
the  scope  of  this  work.  The  trijronometric  functions  of  any  anffle  can  be  obtained 
from  a  table,  as  will  be  presently  explained. 


EXAMPLES    FOR    PRACTICE 

1.  The   acute   angles  of   a   right  triangle   are  B  and  C;  the  side 

opposite  ^  is  1,200  feet;   and  that  opposite  Cis  1,500  feet;    find  the 

fundamental  functions  of  B,  and  from  them  the  cofunctions  of  C. 

A«e  /sin  B  =  .62471,  tan  B  =  .8,  sec  ^  =  1.2806 
^°^- Icos  C  =  .62471,  cot  C  =  .8,  esc  C  =  1.2806 

2.  From    example     2,    Art.    8,     derive    the    functions    of     60° 
(=  90°  -  30°).  f  .^  ^^  ^  V3   ^^^  ^o  ^  ^3   ^^g  gQO  ^  1 

Ans.  I  j-  I 

I  cot  60°  =   ;^,  sec  60°  =  2,    esc    60°  =  |  >5 

2  4 

3.  Given  sin  A  ^  ^  and  cos  ^  =  .,  find  esc  A  and  sec  B. 

6  o 


A«o  fcscA  =  1.5 
-^^^Isec^  =  1.2 


25 

4.     Find  the  trigonometric  functions  of  45°.     (Notice  that  here  the 

side  opposite  is  equal  to  the  side  adjacent.     Denote  th6  hypotenuse  by  r, 

and  express  the  other  two  sides  in  terms  of  c.) 

fsin  45°  =  cos  45°  =  iV2 
Ans.  I  tan  45°  =  cot  45°  =  1 

Isec  45°  =  CSC  45°  =  V2 


9.  The  Versed  Sine  and  Coversed  Sine. — The  versed 
sine  (vers)  of  an  angle  is  1  minus  the  cosine;  and  the 
coYersed  sine  {cavers)  is  1  minus  the  sine. 

vers  A  =  1  —  cos  A  ( 1 ) 

covers  A  =  1  —  sin  A  (2) 

These  two  functions  are  not  much  used,  except  in  raikoad 
work. 


10 
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10.     Summingr    Up. — The    fores:oins:    definitions   are 

summed  up  in  the  table  g^iven  be- 
low, which  contains  the  expressions 
for  the  functions  of  the  ans^le  A, 
Fig.  7,  in  terms  of  the  hypotenuse  r, 
•^^  the  side  opposite,  a,  and  the  side 
adjacent,  b. 


TABLE  I 


Fanction 

sin 

tan 

cos 

cot 

sec 

CSC 

vers 

covers 

Value .    .    . 

a 
c 

a 
b 

b_ 

c 

b_ 
a 

c 
b 

a 

b 

I  —  - 

c 

a 

I  — - 

c 

The   ratios  7  and  -   for    the    secant    and    cosecant   are 

b  a 

obtained  from  the  formulas  sec  A  —  \-^  cos  A  ^  1  -5-  -  =  f 

c      0 

CSC  /^  =  l-^sin/^  =  l-5--  =  -. 

c       a 

11.     Representation  of  the    Trigronometrlo   Fanc- 
tions  by  Liines. — Let  A,  Fig.  8,  be  any  angle.     From  its 


Fig.  8 


vertex  O,  describe  a  circle  of  radius  1;  or,  otherwise,  describe 
any  circle  and  take  its  radius  as  unity.     This  circle  intersects 
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the  sides  of  the  angle  at  B  and  C  Draw  the  tangent  CT. 
meeting  OB  produced  at  T\  the  radius  OC  perpendicular  to 
C;  the  lines  B  P  and  B  P'  perpendicular  lo  O  C  and  O  C, 
lectively;  and  the  tangent  C  T',  meeting  OB  produced 
T, 

r  Since  the  angle  A  is  measured  by  the  arc  CB,  the  trigo- 
nometric functions  of  the  angle  are  said  to  be  likewise  the 
trigonometric  functions  of  the  arc.  It  is,  for  instance, 
immaterial  whether  we  say  that  1  is  the  tangent  of  an  angle 
of  45°  or  of  an  arc  of  45°. 

In  the  figure  constructed  as  Just  explained,  the  trigono- 
metric functions  of  the  angle  A,  or  of  the  arc  CB,  may  be 
represented  by  lines,  as  marked.  For,  in  the  right  triangle 
OPB.  in  which  B P.  OP,  and  OB  are,  respectively,  the  side 
opposite,  the  side  adjacent,  and  the  hypotenuse,  we  have 
OP 


Wtt  since  OB  = 
sin  A 


sin  A  = 

'  1. 
BP 


=  B  P,  cos  A 


OP 
1 


=  OP 


tan^  = 


sec  A  =  - 


:  CT 


■■  or 


I  the  triangle  OCT,  in  which  C T  and  O C  are,  respect- 
fcly.  the  side  opposite  and  the  side  adjacent,  and  O  T  is  the 
Kitenase, 

CT  ^  CT  ^ 
OC         1 
OT  ^  OT  ^ 
''  OC         1 

By  the  same  reasoning,  it  can  be  shown  that  C  T  and 
0  7*  are,  respectively,  the  tangent  and  the  secant  of  the 
angle  COT',  or  the  cotangent  and  the  cosecant  of  A,  since 
(70  T'  is  the  complement  of  A. 

Let  the  student  verify  that,  according  to   the  definitions 
of  the  versed  sine   and  coversed  sine,   these  functions  are 
,  respectively. 
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^'mf  mCATIONS   AMONG   THE   FUNCTIONS   OP 

:^'      h  7?     ^e^-  -^^^   ANGIiE 

:'^vL2.'i4|ke^^  of  Marking:  a  Triangle. — The  triangle 
A  B  C^^iZ^Ji^hsLS  the  angles  marked  by  the  capital  letters 
^l4,  ByS^d  (SISA  the  sides  opposite  these  angles  marked  by  tVie 
.  1- .  sm^ttJ^tten^ii,  d,  and  c,  respectively.    This  method  of  mair\. 
^^   ineaj^iatejfe  is  very  useful  and  convenient,  as  it  points  c^i^t 
j^  at  oncie  tS^elative  position  of  the  sides  and  the  angles.         j^ 
-^    a  rigjjt  triSiigle,  the  right  angle  is  usually  designated  by^     f 
_rji*    l^'t^  ^Ss*^^  that  follow,  when  only  the  angles  are  mart^j 
W^t      a(k5id§#<5Pposite  are  taken  as  marked  by  the  small  letfc^fj 
"  isfjotiSing  to  the  capital  letters  that  mark  the  angles. 

3.     Relation    Bet^ween    Tangr^nt    and    Cotani^^n^ 

Fig.  7, 

tan  A  =  ^,  cot  A  =  - 
0  a 

Multiplying  these  equations  together  gives 

tan  /^  X  cot  /^  =  ^  X   -  =  1* 

0  a 

whence,  cot  A  = 

tan  A 

1  1 

tan  A  = I 

cot  A 

\ 

That  is,  the  tangent  and  cotangent  are  each  the  reciprocal 

of  the  other.  This  is  a  very  important  relation,  and  should 
be  committed  to  memory,  together  with  those  given  in  the 
two  articles  following. 

14.     Tangent  and  Cotangent  in  Terms  of  Sine  and 
Cosine. — In  Fig.  7, 

A  O.  A  -^ 

sm  /4  =  -,  cos  /4  =  - 
c  c 

Dividing  these  equations  member  by  member  gives 

sin^  —  ^  ^  ^  _  ? 
cos  A       c       c       b 

that  is,  since  -  =  tan  Ay 

b 
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the  top  with  the  given  number  of  degrees,  in  the  subdivi- 
sion of  that  column  headed  by  the  name  of  the  given  func- 
tion, and  horizontally  opposite  the  number  in  the  left-hand 
column  (marked  ')  that  expresses  the  number  of  odd  min- 
utes in  the  angle.  When  the  function  considered  is  a  sine 
or  a  cosine,  it  is  taken  from  the  table  headed  Natural  Sines 
and  Cosines;  when  a  tangent  or  cotangent,  from  the  table 
headed  Natural  Tangents  and  Cotangents. 

EXAMPI.S.— Find  the  nalural  functions  of  an  angle  o£  37°  23'. 

SonrriON. — On  page  31)  of  the  lable  headed  Natural  Sines  and 
Cosines,  the  double  column  headed  37°  is  found.  Looking  in  the  left- 
hand  minute  cnlumn  (or^l  i  number  of  odd  minutes  in  the  given  angle), 
and  glancing  along  tbe  borizoutal  row  to  the  right  of  23,  the  number 
.60714  is  found  in  the  single  column  marked  Sine  under  37°;  and  the 
number  .7&l5fl  is  found  in  the  column  marked  Cosine.  Therefore, 
Bin  37°  Si'  =  .«07H.  Ans. 
cos  37°  23'  =  .7iM.5fl.     Ans. 

The  tangent  and  cotangent  are  taken  in  a  similar  manner  tram  the 
table  headed  Natural  Tangents  and  Cotangents,  page  30.  The  results 
■re;  tan  37°  23'  =  .TBllO.     Ans. 

cot  37'  23'  =  1.30873.    Ans. 


SXAMPLES    FOR    PRACTICE 

Mify  (he  following  vali 
b)    sin8»'.'>6'  =  .(H1B7 

=  1.19528. 
K)    Ian  16°  32'  ■=  .29683 

I'aa'  =  3,51407, 


30°  .'..V  =  .76698;  tan  39"  56'  =  .83662; 
16=32'  =  ,9586.'i;  sec  16° 32'  =  I.WJUS; 
4,1"  2'   =   I.4K37;  tan  43°  2'  =  .93360; 


19.     To  Piud   the   Natural   Fun<^tlons  of  an  Ansl^ 
Greater  Than    45'^  and  Contalulnfc  No  Odd  Seooiifls. 

The  required  function  is  found  in  the  double  column  marked 
at  the  bottom  with  the  given  number  of  degrees,  in  the  sub- 
division of  that  column  having  at  the  bottom  the  name  of  the 
given  function,  and  horizontally  opposite  the  number  in  the 
right-hand  column  (marked  ')  that  expresses  the  odd  minutes 
in  the  angle.  It  will  be  observed  thai  the  number  of  degrees 
at  tbe  bottom  of  the  pages  decrease  as  the  pages  ii 
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and  that  the  number  of  minutes  in  the  right-hand  column 
increase  from  bottom  to  top. 

Ex.\MPLE.— Find  Ihe  funclioos  of  63°  «', 

Solution. — The  double  cohimn  marked  S3°  at  the  bottom  is  fonnd 
on  page  30  of  Natural  Sines  aod  Cosines.  Looking;  along  tlie  hori- 
zoDlal  row  determined  by  the  number  43  in  the  right-hand  minut« 
column,  the  number  .80610  is  found  in  the  single  column  marked  Sine 
at  the  bottom,  and  the  number  .riOlTS  in  the  single  column  marked 
Cosine  ai  the  l>oitom.  these  two  columns  forming  the  double  column 
marked  53°  at  the  Ijottora.     Therefore, 

sin  53"  43'  =  .80610.     Ans. 
cos  63"  43'  -  .5917B.    Ana. 
The  tangent  and  cotnogeot  are  sJrailBriy  taken  from  page  39  of 
Natural  Tangents  and  Cotangents.     The  results  are: 
tan  63°  43'  =  1.36217.    Ans. 
cot  63°  43'  =  .73413.     Ans. 

RXAMPLEB    FUR    PRACTICE 

Verify  the  foltoving  values; 
(o)     sin  67° 46'  =  .112554;  co9H7''  45'  -  .3780.5;  Un  «7''45'  =  2.44433; 
cot  B7°  45'  =  ,40011. 

[fi)     cot  74"  3'  =  .38580;    esc  74°  3'  =  1.04004;  sin  74°  3'  =  .JWISO. 
ie)     cos  48°  if  =  .66718;  cot  48°  9  =  .80687;    esc  48°  ^  -  I.94M8. 

20.     To   Find    the  Natural    Functions  of  an    Anfcl« 

ContnlnloK  Odd  Seconds. — The  method  of  solving  thift 
problem  by  means  of  the  table  is  founded  on  the  following 
principle,  which  applies  within  the  limits  of  approximatioD 
with  which  the  table  is  constructed; 

If  several  angles  are  taken  within  an  interval  not  greater 
than  1';  thai  is.  so  that  the  difference  between  the  greatest 
and  the  smallest  shall  not  exceed  1',  the  ratio  of  tlie  differ- 
ence between  any  two  of  these  angles  to  the  difference. 
between  any  other  two  is  the  same  as  the  ratio  obtained  by 
dividing  the  difference  between  the  values  of  any  trigono- 
metric function  for  the  first  pair  of  angles,  by  the  difference 
between  the  values  of  the  same  function  for  the  second  pair 
of  angles.  For  instance,  if  the  angles  43°  46'  32".  43*  4V 
34".  43°  46'  40",  and  43°  47'  are  taken  between  43°  46'  and 
43°  47',  then 
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43°  47'  -  43°  46'  40" 


sin  43''  47' 


13°  46'  40" 


-  sin  D       cos  C  —  cos  D 
tan^W^-^an  B  _  cgX  A  —  cot^ 
tan  C  -  tan  ZJ  ~  cot  C  -  cot  D 


I  Similarly, 


sin  A  — 

sin  B 

cos  /f  —  COS  5 

sinfi- 

sin  C 

cos  B  -  cos  C 

43°  46'  34"  -  43"  46'  32"        sin  43°  46'  34"  -  sin  43°  46'  32" 
In  general,  if  A,  B,  C,  D  are  any  angles  within  an  interval 

II',  then 
A  —  B  _  sin  A  —  sin  B  _  cos  A  —  cos  B 
C-D~  sin  C- 
Let  A  be  the  number  of  degrees  and  minutes  in  any  angle, 
and  s  the  number  of  odd  seconds.  Then  the  angle,  which 
will  be  represented  by  ^  +  s",  lies  between  A  and  A  +  1' 
or  between  A  and  .'/  +  60".  For  instance,  if  the  angle  is 
2rt°  16'  37",  it  lies  between  25°  15',  which  is  represented  by 
A,  and  26°  16',  which  is  25°  15'  +  1',  or  A  +V.  or  A  +  60". 

tthis  case  s  represents  37".     From  the  principle  stated 
ve  we  have, 
(A +  60") -A  ^  sin  (A  +  60")  -  sin  A 
{A  +  s")  -A         sin  (a  +  s")  -  sin  A 
60  ^  sin  (A  +  1')  — sin  A 
J         sin  (A  +  s")  —  sin  A 
:nce,  solving  this  equation  for  sin  (A  +  s"), 
sin  lA  +  s")  =  sin.^  +  [sin(^  +  l')-sin^]  J-  (1) 


Similarly, 

tan  {A  +  s")  =  tan  ^  +  [tan  (A  +  V) 

For  the  cosine,  we  have 

cos  {A  +  s")  =  cos  A  +  [cos  {A  +  V) 


Ian  A] 


60 
cos.-J]„- 


(2) 


bat,  since  the  cosine  of  an  angle  decreases  as  the  angle 

increases,  cos  A  is   greater  than  cos   (A  +  1'),  and  there- 

s  it  is  better  to  write  the  formula  thus. 

tos  (A  +  s")  ^cosA-  [cos  A  -  cos  (A  +  1')]^         (3) 

60 
lilarly, 

bt  (A  +  s")  =  cotA-  [cot  A  -  cot  {A  +  1')]]-         (4) 
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The  functions  of  A  and  A  -{-  V  can  be  readily  taken  from 
the  table,  as  explained  in  the  preceding  articles,  and  from 
them  the  functions  oi  A  -^  sf'  are  determined  by  the  formulas 
jnst  ^iven,  or  by  the  following  mle,  which  states  in  words 
what  the  formulas  express  in  symbols: 

Rale. — Find^  in  the  tabU^  the  sine,  cosine,  tangent,  or  cotan- 
gent corresponding  to  the  degrees  and  minutes  in  the  angle. 

For  the  seconds,  find  the  difference  between  this  value  and  the 
value  of  the  sine,  cosine,  tangent,  or  cotangent  of  an  angle  1 
minute  greater;  multiply  this  difference  by  a  fraction  whose 
numerator  is  the  number  of  seconds  in  the  given  angle  and  whose 
denominator  is  SO. 

If  the  sine  or  tangent  is  sought,  cuLd  this  correction  to. the  v^ut 
first  found;  if  the  cosine  or  cotangent  is  sought,  subtract  ihi 
correction. 

Example.— Find:  (a)  the  sine  of  66**  43^  17";  {b)  the  cosine;  (r)  the 
tangent;  and  (d)  the  cotangent. 

SoLunoK.— (a)  Here  /^  =  5«^  4^.  5  =  17,  ^  +  1'  »  68*  44^. 

sin  {j4  4-  1')  =  «in  66°  44^  =  .KJ613 
sin  A  »  sin  66"*  43^  »  .83697 

Difference  »  .00016 

^^60 


.00005,  nearly 
Adding;  this  product  to  sin  A,  we  have 

sin  66°  43^  17"  =  .83697  -f  .00006  =  .83602.     Ans. 
{d)  cos  ^  =  cos  66°  43'  =  .64878 

cos  (A  4-  1')  =  cos  66°  44'  =  .64864 

Difference  »  .00024 

^60 


.00007,  nearly 
Subtracting^  this  product  from  cos  A,  we  have 

cos  66°  43'  17"  =  .64878  -  .00007  =  .54871.    Ans.   "^ 
(c)  Un  (A  -f  1')  =  tan  66°  44'  =  1.62429 

Un  ^  =  tan  56°  43'  =  1.62332 

Difference  =    .00097 

^60 


.00027,  nearly 
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mduci  to  tao  A,  we  have 
'  43'  17"  =  1,52332  +  ,0U027  =  1,52359.    Ans. 
cot  A  =  cot  56°  43'  =  .B6ft4(i 
cot  (A  +  1')  =.  cot  50"  44'  =  .1)5604 
Difference  =  .00042 

.00012,  nearly 
'  .00012  ~  ,^634.     Aub. 
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^  Veri(v  the  following  values: 

(B)  sin  18"  54'  45"  =  ,32412;  tan  18°  64'  46"  =  .94262. 

(ft)  cos  84"  17'  18"  =■  .82821;  cot  34"  IT'  18"  ==  1.48659. 

(rl  sin  72"  26*  20"  =  .96340;  cot  72°  28'  20"  =  .31647. 

\d)  cos  85°  ly  9"  -  .42100;  tan  65°  ff  »"  =  2.15457. 

(c)  sin  80"  tf  3"  =  .08481;  cot  80°  C  3"  =  .17831. 

(/)  tan  W°  14'  14"  =  .25373;  cos  14°  14'  14"  =  .96928. 


21.  To  Fliid  tbo  Angle  Corroepondlng  to  a  GiTen 
Fiiuftlon,  When  the  Ftmctlon  Is  In  the  Table.— This 
case  does  not  present  any  difficulty.  Having  found  the 
given  function  in  the  table,  the  degrees  in  the  angle  are 
taken  from  the  top  or  the  bottom,  and  the  minutes  from 
ihe  left-  or  the  right-hand  column,  according  as  the  name 
of  the  function  is  at  the  top  or  at  the  bottom  of  the  page. 

ExAUPi-E  1.— The  sine  of  an  angle  is  .47486;  what  is  the  angle? 

Solution. — Glancing  down  the  columns  marked  Sine  in  the  table 
of  Natural  Sines  and  Cosines,  .47486  is  founil  (on  page  28)  in  the 
colnmn  headed  28°.  The  number  of  miijutes,  21,  is  found  in  the  left- 
hand  minute  column,  horizontally  opposite  .47486.  Therefore,  .47486 
-  sia28°2l'.     Ans. 

ExAtiPLS  2.  — Find  the  angle  whose  cosine  is  .210X2. 

Solution. — Looking  in  the  columns  marked  Cosine  at  the  top  of 
(he  page,  the  given  cosine  is  not  found;  hence,  the  angle  is  greater 
than  45°.  Consequently,  looking  in  the  columns  marked  Cosine  at  the 
bottom  of  the  page,  .27032  is  found  (on  page  28)  in  the  douhle  column 
niATked  74"  at  the  bottom,  and  in  the  horizontal  row  beginning  with 
ID  in  the  rigbt-hand  miuute  column.  Therefore,  Ihe  angle  whose 
costoe  ia  .27032  is  74"  19';  or,  ,27032  >  cos  74°  19',    Aiis. 
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Example  3.— Find  the  aaKlc  whose  lanKcnt  i%  2JMI2S. 

Solution, — Od    Ecarching-    the    table    of    Natural    Tangents, 
given  tangent  is  tonnd  to  belong  to  an  angle  greater  than  H",  h>  that 
it  RiuEt  be  looked  /or  in  the  column  marked  Tangent  at  the  bottota. 
It  is  [onnd  in  the  column  having  HH"  at  the  bottom  and  opposite  V 
the  right-hand  mionle  (.-olumn.     Therefore.  2. I5C^  ■=>  tan(!&'9'.    Aas. 

EXAMFLS  4. —Find  the  angle  whose  cotangent  Is  AMIS. 

SoLDTiON.— From  the  table  of  Natural  Colsngeats,  it  is  found  that 
thii  value  is  less  than  the  cotangent  of  in",  so  it  mnst  be  found  ii 
column  marked  Cotangent  at  the  bottom.  Looking  there,  it  is  Tound 
in  the  column  having  66"  at  the  t>oItom.  and  opposite  3?,  in  the  right- 
hand  column  of  minutes.  Therefore,  the  angle  whoce  cotangeol  !■ 
.434la  is  W  32*.  or  AMVi  =  cot  W  ■.Of.     Ans. 

KXAHPLRS    POR    PRACTICB 

1.  Find  the  angle  whose  sine  is  .47486.  Ans.  28°  21' 

2.  Find  the  angle  whose  cosine  is  .74353.  Ans.  41°  E» 

5.  Find  the  angle  whose  tangent  is  2,06317,  Ans.  61°  1 
4.  Find  the  angle  whose  cotangent  is  1.20665.  An».  39°  39^ 

6.  Find  the  angle  whose  sine  is  .70903.  Ana.  60"  t9 
e.  Find  the  angle  whose  tangent  is  U.83101.  Aiu.  84"*  15^ 

23,     To  Find  the  Anffle  CorroBpondlnfc  to  a  Gtvei 
FtinctloM,   Wtipu  the   Fiiiic-tlon  In  Not    In   the  Table. 

Since  the  table  includes  Ihe  functions  of  all  angles  containing: 
no  odd  seconds,  a  function  not  found  in  the  table  must  corre- 
spond to  an  angle  having  odd  seconds.  Let  the  odd  seconds 
that  are  to  be  determined  be  denoted  by  s,  and  the  degrees 
and  tninutes  by  .-1,  as  in  Art.  20.  Now,  two  consecuti 
functions  including  the  given  function  can  always  be  found 
in  the  table;  that  is,  two  consecutive  functions  of  which  one 
is  grpaler  and  the  other  less  than  the  given  function.  The 
required  angle  must,  therefore,  lie  between  the  two  angles 
corresponding  to  these  two  consecutive  functions,  and  its 
number  of  degrees  and  minutes,  A,  is  the  number  of  degrees 
and  minutes  in  the  smaller  of  the  two  angles.  The  larger 
angle  is  ^  +  1',  or  ,^  +  GO",  while  the  required  angle  is 
A  +  i".  Having  determined  A,  it  only  remains  to  determine- 
the  number  of  odd  seconds,  or  s.     This  is  done  by  means  of 
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the   following  formulas,  obtained  by  solving  for 
mulas  found  in  Art.  20. 

I  If  the  given  function  is  a  sine  or  tangent, 
_  sin  jA  +  s")  —  sin  .4 


sin  {j4  +  V )  —  sin  yf 

C60  (2) 


.  tan  (.-f  +  j")-  tanv^  ^ 
Ian  ( ^  + 1' )  —  tan  /^ 


Elf  the  given  function  is  a  cosine  or  cotangent, 


s/j  —  cos  (.4  +  s")  , 
cos  A  —  cos  (W  +  1' ) 
cot  A  -  cot  {.-1  +  s"i 


(3) 


X60  (4) 


cot  W  -cot  {y4  +  V)  ' 

Observe  that,  although  A  +  s"  is  not  known,  its  sine, 
cosine,  etc.,  as  the  case  may  be,  is  known,  or  given.  Thns, 
if  the  problem  is  to  find  the  angle  whose  cotangent  is  .97888, 
we  have  cot  (A  +  s")  =  .97888. 

The  foregoing  formulas  lead  to  the  following  general  mle 
for  finding  the  angle  corresponding  to  a  given  function: 

Role. — Find  the  difference  of  the  two  numbers  in  the  table 
bttu-tcn  which  the  given  funciion  lies,  and  use  that  difference  as 
the  denominator  of  a  fraction. 

Find  the  difference  between  the  function  belonging  la  the 
smaller  angle  and  the  given  function,  and  use  that  difference  as 
ike  numerator  of  the  fraction  mentioned  above.  Multiply  this 
fraelion  by  60.  The  result  will  be  the  number  of  seconds  to  be 
added  to  the  smaller  angle  in  order  to  obtain  the  required  angle. 

ExAUPLB  1. — Find  the  angle  whose  sine  is  .57698, 

SoupnoN. — Looking  in  Ihe  table  of  Natural  Sines,  in  the  coliiniDB 
iBftrkcd  Sine,  it  is  found  that  the  given  sine  lies  between  .67691 
(=  sin  85°  14')  and  .57Tir)(=  sin  ?£>"  15').  The  difference  between 
UiemK.5T716-  .57(«'l  =  ,00024.  The  difference  between  the  sine  of  tbe 
smaUer  angle,  or  .57681,  and  the  given  sine,  or  .57698,  is  .57698  -  .57691 
.00007, 
■-OOOM  ' 
ugle  is  SS"  \V  18";  or,  ,67698  =  ain  35"  14*  18".    Ana. 

(10T»,  -1o  poeiice,  only  tbe  sljCDiScBni  Akiuvi  oI  thr  dittereoccs  (otralne  ths  lentil 

■ ....        .,  .  ^1,1      lb<a.   .S771S- 

0  Hllta  decimal  older, 


.  .00007.    Then.  ^^^  X  60  =  ^  X  60  =  18",  nearly,  and  the  required 


(  tDDcIlon  are  DHd.  Itie  dei^lmol  i»ln(  bt-lne  ddpcnsed  wlib.     Tbm 
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ExAMPLS  2. — Find  the  anji^le  whose  cosine  is  .27062. 

Solution. — Looking  in  the  table  of  Cosines,  the  given  cosine  is  fonnd 
to  belong  to  a  greater  angle  than  4^°  and  therefore  it  must  be  looked 
for  in  the  columns  marked  Cosine  at  the  bottom  of  the  page.  It  is  found 
between  the  numbers  .27060(=»  cos  74''  18')  and  .27e32(->  cos  74"*  19^). 
The  difference  between  the  two  numbers  is  .27060  -  .27032  s  28  units  of 
the  fifth  order.  The  cosine  of  the  smaller  angle,  or  74^  18^,  is  .27060, 
and  the  difference  between  this  and  the  given  cosine  is  .27060  —  .27032 
s  8  units  of  the  fifth  order.  Hence,  A  X  60  »  17'^  and,  therefore, 
.27052  =  cos  74°  18'  17".    Ans. 

Example  3. — Find  the  angle  whose  tangent  is  2.15841. 

Solution.—  2.15841  falU  between  2.15760( »  tan  65''  OS')  and  2.15925 
(=tan  65°  9^).    The   difference   between    these    numbers   is  2.15925 

-  2.15760  =  165  units  of  the  fifth  order;  2.15841  -  2.15760  »=  81  units 
of  the  fifth  order.  Hence,  ^  x  GO  -  30",  nearly,  and  therefore 
2.15841  =  tan  65°  8'  30".    Ans. 

Example  4. — Find  the  angle  whose  cotangent  is  1.26342. 

Solution—  1.26342  falls  between  1.26395(»  cot  38°  21')  and  1.26319 
(=  cot  38°  22').     The  difference   between  these  numbers  is  1.26395 

-  1.26319  =  .00076.  Also,  1.26395  -  1.26342  =  .00053.  ^  X  60  -  42^', 
and  therefore  1.26342  »  cot  38°  21'  42".    Ans. 
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1.     Find:  (a)  the  sine  of  48°  17';  {d)  the  cosine;  {c)  the  tangent. 

.74644 
Ans.{(^)   .66545 
12172 


2.     Find:  (a)  the  sine  of  13°  11'  6";  (d)  the  cosine;  (c)  the  tangent. 

.22810 

Ans.{(^)   .97364 

.23427 


\ia)   .7 

Uc)  1. 
the  tan) 


3.     Find:  (a)  the  sine  of  72°  0'  2";  {d)  the  cosine;  {c)  the  tangent. 

Ans. 


{{a)   .95106 
iAld)   .30901 
[{c)  3.0777fi 


•8 

4.     (a)  Of  what  angle  is  .2G489  the  sine?     {d)  Of  what  angle  is  it 
the  cosine? 


Ans/^«^  15°  21' 37" 
^^'  \  (d)  74°  38'  23" 


5.     (a)  Of  what  angle  is  .688  the  sine?     id)  Of  what  angle  is  it  the 

cosine?     (c)  Of  what  angle  is  it  the  tangent?  {(a)  43°  28'  20" 

Ans.  {  id)  46°  31' 40" 
I  (c)  34°  31'  40" 


\ 


s» 
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TABLE    OF    LOGARITHMIC    FUNCTIONS 

23.  The  student  is  already  familiar  with  the  use  of  the 
table  of  logarithms  of  numbers.  As  stated  in  Art.  17,  a 
table  or  loti:arIttaintc  riiuctioiiB  is  a  table  containing 
the  logarithms  of  the  natural  functions,  these  logarithms 
being,  for  convenience,  called  logarithmic  fuuctloiis. 
Thus,  the  logarithm  of  the  sine  of  an  angle  is  referred  to  as 
the  lof^rlthmlc  slue  of  the  angle. 

The  connection  between  the  tables  can  be  seen  from  the 
following: 

From  table  of  natural  functions,  col  44° =   1,03553 

From  table  of  logarithms,  log  1.03553 =     .01516 

From  table  of  logarithmic  functions,  log  cot  44°     =     .01516 

Few  tables  give  the  logarithmic  secants  and  cosecants. 
These  logarithmic  functions  may  be  obtained  from  the 
relations. 


sec  /4  = 


1 


,  CSC  ^  - 


1 


COS  ^'  """"  "       sin  A 
which  give, 

log  sec  i4  =  —  log  cos  v^,  log  esc  A  =  —  log  sin  A 
That  is.  instead  of  adding  the  logarithmic  secant  or  cose- 
cant, the  logarithmic  cosine  or  sine,  respectively,  may  be 
subtracted.  Likewise,  instead  of  subtracting  the  logarithmic 
secant,  the  logarithmic  cosine  may  be  added,  and  instead  of 
subtracting  the  logarithmic  cosecant,  the  logarithmic  sine 
may  be  added. 

24.  Description  of  the  Table.— The  table  of  loga- 
rithmic functions  contains  for  every  minute  the  logarithms, 
to  five  decimal  places,  of  the  trigonometric  sines,  cosines, 
tangents,  and  cotangents  of  angles  from  0°  to  90°.  From 
0°  to  45°,  the  degrees  are  placed  at  the  top  of  the  page 
and  the  minutes  in  the  column  headed  '  on  the  left. 
From  45°  to  90°,  the  degrees  are  at  the  bottom  of  the 
page,  the  minutes  in  the  last  whole  column  at  the  right, 
and  the  name  of  the  trigonometric  function  is  placed  at 
the  bottom  of  the  column. 
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St 


This  arrangement  is  similar  to  that  io  the  table  of  nattml 
functions.  It  will  be  observed  that  the  numbers  of  degree! 
at  the  lop  of  the  pages  increase  in  the  order  of  the  pages 
from  0"  to  44°,  while  those  at  the  bottom  decrease  froai 
89'  to  44°. 

The  general  description  of  the  table  will  be  better  under- 
stood by  referring  to  one  of  its  pages.  Take,  for  instance, 
the  page  marked  11°  at  the  top  and  78°  at  the  bottom, 
first  column  on  the  left  (marked  ')  contains  the  natural  num- 
bers from  1  to  60.  These  numbers  represent  minutes. 
Horizontally  opposite  to  these  numbers,  and  in  the  columns 
mariced  at  the  top  log  sin,  log  tan.  etc..  are  printed  the  lo^* 
aritbmic  functions,  each  function  being  in  the  same  horizootal 
line  as  the  number  of  minutes  by  which  the  correspondinj 
angle  exceeds  IP.  Thus,  the  logarithmic  tangent 
11"  \W.  which  is  T.3142''>,  is  found  in  the  column  marked 
log  tan  at  the  top,  and  in  tbe  same  horizontal  line  as  tb« 
number  39  in  the  left-hand  column.  Similarly,  the  num* 
l)er  I.99n7'i,  being  in  the  column  marked  at  the  top  log  cos, 
and  in  the  same  horizontal  line  as  48  in  the  left-hand  coIuniD, 
is  tbe  logarithmic  cosine  of  11°  48'.  In  some  tables,  several 
mantissas  are  printed  under  and  to  the  right  of  the  samck 
characteristic,  and  arc  understood  to  belong  with  that  chap 
acteristic.  Thus,  in  the  logarithm  just  considered,  only  th^ 
mantissa  .99072  is  printed,  the  characteristic  being  the  sanu 
as  the  first  one  found  above  that  mantissa. 

The  last  column  but  one  (marked  '  at  the  bottom)  coi 
tains  the  natural  numbers  from  1  to  60,  increasing  froi 
bottom  to  top.  It  will  be  observed  that  any  angle  det« 
mined  by  the  number  of  degrees  at  the  bottom  (78  in  thi 
case)  and  any  number  of  minutes  in  the  right-hand  minol 
column,  is  the  complement  of  the  angle  determined  by  tb 
number  of  degrees  at  the  top  (II  in  this  case)  and  the  nun 
ber  of  minutes  in  the  left-hand  minute  column,  horizontally 
opposite  the  number  of  minutes  in  the  right-hand  minute 
column.  Thus,  the  number  18  in  the  right-hand  minute  cot 
umn  is  horizontally  opposite  the  number  42  in  the  left-hand 
column,  and  we  have.  78"  18'  +  11°  42'  =  90°,     Thereforej 
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since  the  fundamental  functions  of  an  angle  are  equal  to  the 
cofuactions  of  Us  complement, 

sin  11°  42'  =  cos  78°  18' 
cot  11°  42'  =  tan  78°  18',  etc. 
sad  log  sin  11"  42'  =  log  cos  78°  18',  etc. 

For  this  reason,  the  notation  log  tan  is  written  at  the  bot- 
tom of  the  column  headed  log  cot,  to  indicate  that  the  loga- 
rithms in  this  column  are  the  logarithmic  tangents  of  angles 
whose  number  of  degrees  is  the  number  (78  in  this  case}  at 
(he  bottom  of  the  page,  and  whose  number  of  minutes  is 
opposite  those  logarithms  in  the  right-hand  minute  column. 
Similariy,  the  columns  marked  log  sin.  log  tan,  and  log  co3 
at  the  top  are  marked,  respectively,  log  cos,  log  cot,  and 
log  sin  at  the  bottom. 

25.  After  the  column  marked  log  sin  there  is  a  column 
marked  d.  This  column  contains  the  differences,  expressed 
in  units  of  the  fifth  decimal  order,  between  the  consecutive 
logarithmic  sines  given  in  the  sine  column.  Thus,  referring 
to  the  page  headed  11°,  the  first  number  in  the  d-column 
following  the  sine  column  is  65;  it  will  be  observed  that  this 
number  is  opposite  the  space  between  the  logarithmic  sines 
1.28125  and  T.28060,  and  is  the  difference,  in  units  of  the 
fifth  decimal  order,  or  expressed  in  hundred  thousandths, 
between  these  two  logarithmic  sines.  These  differences  are 
called  tabulat*  dtrferc-uces.  Similar  differences  are  printed 
in  the  column  marked  d  after  the  cosine  column,  and  in  the 
column  marked  c.  d.  between  the  tangent  and  the  cotangent 
colomn.  The  notation  c.  d.  means  (ommon  diHereme,  as  the 
differences  between  the  successive  logarithmic  tangents  are 
the  same  as  those  between  the  corresponding  cotangents, 
although  obtained  by  reversing  the  order  in  which  the  func- 
tions are  subtracted;  that  is  to  say,  log  tan  A  —  log  tan  B 
=  log  cot  B  —  log  cot  A. 

The  tabular  differences  for  the  cosines  are  not  given  in  the 
first  ten  pages,  both  for  want  of  space  and  because  they  are 
so  small  that  they  can  be  readily  determined  by  mental 
subtraction. 

lis— 10 
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The  use  of  the  tabular  differences,  the  use  and  contents  of 
the  column  marked  p.  p.  in  all  pages  but  the  first  three,  and 
the  peculiarities  and  applications  of  these  first  three  pages 
of  the  table  will  be  explained  further  on. 

26.  To  Find  tlie  liOgrapItliinic  Functions  of  an 
Angrie  Having^  No  Odd  Seconds. 

Role. — For  an  angle  less  than  45^,  look  for  the  degrees  at 
the  top  of  the  page  and  for  the  minutes  in  the  column  {marked') 
at  the  left  of  the  Page  on  which  the  number  of  degrees  is  found. 
Then  look  across  the  Page  along  the  horizontal  row  containing 
the  given  number  of  minutes^  into  the  column  headed  by  the 
name  of  the  fmution  whose  logarithm  is  required,  Tfu  desired 
logarithm  is  found  in  this  row  and  column. 

For  an  angle  between  45^  and  90^,  find  the  degrees  at  the  bot' 
tom  of  the  page  and  the  m unites  in  the  column  (marked  ')  at  the 
right  of  the  Page,  Then  look  across  the  Page^  along  the  horizon- 
tal row  containing  the  gii*en  number  of  minutes^  into  the  column 
marked  at  the  bottom  with  the  name  of  the  function  whose 
logarithm  is  to  be  found.  The  row  and  column  thus  determined 
contain  the  desired  logarithm. 

Example  1. — Find  the  logarithmic  sine  and  the  logarithmic  tan- 
gent of  15°  24'. 

Solution. — On  the  page  marked  15°  at  the  top,  in  the  column 
headed  log  sin,  and  in  the  same  horizontal  row  with  24,  the  number 
1.42416  is  found;  and  in  the  column  headed  log  tan,  the  number 
1. 44004  is  found.     Hence, 

log  sin  15°  24'  =  1.42416.     Ans. 

log  tan  15°  24'  =  T.44004.     Ans. 

Example  2. — Find  the  logarithmic  tangent  and  cosine  of  73®  IC. 

Solution. —As  7.3  is  greater  than  45,  it  is  found  at  the  bottom  of 
the  page.  Looking  for  the  number  of  minutes  (KK)  in  the  right-hand 
minute  column,  and  following  the  horizontal  row  determined  by  this 
number  into  the  column  marked  log  tan  at  the  bottom,  the  num- 
ber .51920  is  found.  Likewise,  the  number  1.46178  is  found  in  the 
column  marked  log  cos  at  the  bottom,  and  horizontally  opposite  the 
number  10  in  the  right-hand  minute  column.     Therefore, 

log  tan  78°  lO'  =     .51920.     Ans. 

log  cos  73°  10'  =  T.46178.     Ans. 
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EXAMPLES    FOR    PRACTICE 

1.     Piod:    (a)  the  logarilhmic  cosineof  36°58';  (d)  the  logarithm 


a.     Find: 
GOtangcDl. 

|<i)  [be  logarithir 

3.     Find: 
cosine. 

(a)  the  lagarith 

4.     Find: 
cotangent. 

(a)  tbelogarithrt 

.        f(«)   I-H0254 
■*°^-U*)    1.8Ttt59 


ctangenl  of  23'';tft';   (ft)  the  logaritbtnjc 

An,  /'"'  T.WNO 
'^"*-Uft)   .35860 

ic  sine  of  79°  45';  (ft)  the  logtanlhraie 
.  f(a)  1.90301 
^"^■\(«)  1.35028  J 

c  tangent  of  <«''59';  (4)  thelogBrithmieJ 


A'ii  a 


27.     To    Find    the    Lofnirlthmlc    Functions    of    an 
Angle  Contalntug  an  0<1<1    Niiiulter  of  Kccoiias. — Let 

the  nuraber  of  degrees  and  miniues  in  an  angle  any  ot 
whose  togarithmic  functions  is  required  be  denoted  by  A, 
and  the  number  of  odd  seconds  by  5.  Thus,  if  the  angle 
is  37'"  43'  19".  A  will  equal  37°  43',  and  s  will  equal  19"; 
also.  A  +  I'.OT  A  +  60".  will  equal  37°  43'  +  1',  or  37°  44'. 
(See  Art.  20.)  Since  the  table  gives  the  logarithmic 
functions  of  any  angle  containing  no  odd  seconds,  the 
logarithmic  functions  of  A  and  A  +  V  may  be  readily  found, 
as  explained  in  the  last  article.  Let  these  logarithmic 
functions  be  denoted  by  /  and  /', 
required  logarithmic  function  by  L. 
of  logarithms,  treated  in  advanced  w 
is  shown  that  if  two  consecutive  1 
37°  44')  are  taken  from  the  table,  the  difference  between  any 
logarithmic  function  of  the  greater  and  the  same  logarithmic 
function  of  the  smaller  angle  is  to  the  difference  between  the 
snme  logarithmic  function  of  any  intermediate  angle  (as 
37*  43'  19")  and  the  same  function  of  the  smaller  angle,  as 
the  difference  between  the  greater  and  the  smaller  angle  is 
to  the  difference  between  the  intermediate  and  the  smaller 
MUle.  If  the  notation /"(/J),  read  fiuiclian  0/  A,  is  employed 
B  denote  any  logarithmic  function  of  an  angle  A,  we  have, 
riting  A  +  W  instead  of  A  +  1'. 


respectively,  and   the 
In  the  eeheral  theory 

orks  on  mathematics,  it 
ingles  (as  37°  43'  and 
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F{A  +  6(y')  -  F(A)        (A  +  60")  -A       60 


that  is, 


F(A+s)-'F(A)     '        (A^-s)-A  s 

V  "l  ^  60 
L-i        s 


whence,  L  -  i  =  (/'  -  /)^ 

and  L  =  /  +  (/'_/)A 

The  difference  between  /'  and  /,  being  the  difference 
between  two  consecutive  logarithmic  functions,  may  be  taken 
from  the  column  of  tabular  differences  in  the  table.  (See 
Art.  25.)  Denoting  the  tabular  difference  /'  —  /  by  Z?,  the 
preceding  equation  becomes 

It  should  be  observed  that,  since  the  sine  and  the  tangent 
increase  with  the  angle,  while  the  cosine  and  cotangent 
decrease  as  the  angle  increases,  /'  —  /  is  positive  ornegative 
according  as  the  functions  considered  are  fundamental  func- 
tions (sine,  tangent)  or  cofunctions  (cosine,  cotangent).  In 
the  latter  case,  D  in  the  formula  should  be  treated  as  nega- 
tive; that  is,  the  product/?  X  ^  should  be  subtracted  from  /. 

It  should  also  be  borne  in  mind  that  the  tabular  difference  D 
is  expressed  in  units  of  the  fifth  order  of  decimals,  or  hundred 
thousandths:  Thus,  if  the  number  of  seconds  s  is  15,  and  the 
tabular  difference  is  36,  the  quantity  to  be  added  to  /  is 
.00036  X  U  =  .00009. 

If  /  =  1.59812,  the  work  is  arranged  as  follows: 

/  =  1.59812 


L  =  T.59821 

When,  as  in  this  case,  the  product  Z?  X  7^   is   small,  it:; 

60 

can   readily   be   added   or   subtracted   mentally.     Only   th^ 

significant  figures  of  D  (those  given  in  the  d-column)   arc^ 

used,  it  being  understood  that  the  result  expresses  units  o£ 
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the  fifth  order  of   decimals. 
=  .00036,  and  iP  X  ^  =  .00( 

ated  notation  is  used:  D  =  36; 


Thus,   instead  of   writing  D 
S  X  „„■  the  following  abbrevi- 


ZJX- 


,  the 


latter  product  expressing  decimal  units  of  the  fifth  order,  or 
hundred  thousandths. 

The  foregoing  formula  indicates  the  process  by  which  the 
logarithmic  functions  of  an  angle  containing  odd  seconds  are 
obtained.     It  may  be  stated  in  words  as  follows: 

Rule. — /}rofi  the  seconds,  and  find  the  logarithmic  lunction  ot 
i/u  remaining  angle.  Find  the  tabular  difference  between  this 
logarithmic  (unction  and  the  same  function  of  the  angle  next 
higher  in  the  table.  Multiply  this  tabular  difference  by  the 
number  of  seconds  in  the  angle  and  divide  the  product  by  60. 
Add  this  result  to  or  subtract  it  from  the  logarithm  found, 
according  as  the  logarithm  to  be  determined  is  that  of  a  funda- 
mental futulion  or  that  of  a  cofumtion.  The  result  thus 
obtained  is  the  required  logarithmic  function. 


Piad:     (a)  tbelogariibmicsine  of  I5°40' 32":  (A)  the 


Example  1 

logatilhmic  c( 

SoLvnon. — (o)  Dropping  the  secondG.  15°  iff  is  obtained,  wbosc' 
logarithmic  sine.  (ouDd  as  in  Art.  85,  is  T.43H3;  that  is.  I  =  T.43M3. 
Opposite  the  space  belweeti  this  loganthm  and  the  following,  and  in 
[be  coiurao  marked  d,  is  found  the  tabular  difference  45(  =  D). 
Applyidg  the  formula  given  in  Art.  37, 

L  =  I.43I43  +  .00045  X  H 

I  =  I.43I43 


Ux 


■■  45  X 


60  " 


24 


)  practice,  it  is  nc 


L  =  1.43167 
=  I.4316T.     Aas. 
write  all  the  figures  of  /  before 


n  15"  40'  32"  = 
t  necessary  to 

tag  Ibe  correction  ^  X  ^j;.     Having  found  the  value  of  /  in  the 

:,  DDe  places  and  keeps  the  finger  on  tbat  value  and  calculates  the 

^.    In  the  majority  ot  cases,  this  correction  can  be 

J  tnentally  to  I.     Thus,  in  the  example  just  explained,  the  correc- 

■  fa  H,  which,  being  memaily  added  to  the  number  43  formed  by  tb« 
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Ust  two  fibres  of  /,  ctvcs  €7  as  flie  faut  tvo  fipn**  ^.  ^-     ^^  <><to 
fiS^nres  of  Z,  are  tbe  suoe  as  tboae  of  /. 

id)  Tbe  losamtluDic  oostne  of  15'  ^QT  b  JjmOSiU  »  /).  Horim- 
tally  opi>osite  tbe  space  bcf  ecu  tliis  logMirshm  aad  tbe  foOoving,  tbe 
tabular  difference  4(  ^  />>  is  loimd  ia  tbe  oohnaai  aiarlDed  d  on  the 
right  of  the  oosioe  oohimo.     As  tbe  fnactioB  mider  consideration  i& 


a  cofnDCtkm.  tbe  correctjon  DX^i  musBL  be  sobciacled  for  /.   We  ha^re. 


tben, 

/»  1.98356 

/>xi«4X^»  2,  totbe 


ot 


Tberefore,  log  cos  IS""  4(r  ST  -  I.9S3IM.    Aos. 

In  practice,  tbe  correctioii  2  would  be  sobtraded  mentally,  witbo>««^.Qt 
previously  writing  tbe  Taloe  of  /. 

ExAMPue  2. — Find  the  logarithmic  tangent  of  63*  99^  27^. 

SoLCTTO?!. — Dropping    the    seconds,  and    icfeiiiitg    to    tbe 

marked  63^  at  tbe  bottom,  tbe  logarithmic  tangent  of  63*  39^  is  fo 

to   be    .30512(  =  /).     Since  in   this  case  tbe   angles  increase  ^^ 

bottom  to  top,  tbe  tabular  difference  to  be  used  is  that  bori3Eont^^^]]y 

opposite  the  space  between  tbe  logarithm  just  taken  and   tbe  ^^^>Qe 

immediately  above  it  in  the  column  (that  is,  .dOM3).    This  diffeie        ^^ 

is  31,  printed  in  the  column  marked  c.  d.  on  the  left  of  the  cotan^^^^ 

column.     We  have,  therefore, 

/=  .30512 

s  27 

i^  X  Z?  =  i^  X  31  =         14,  to  the  nearest  unit 
60  60  

L  =  .30626 
Therefore.  log  tan  63^  39^  27"  =  .30626.    Ans. 

Example  3.— Find  the  logarithmic  cotangent  of  54®  8'  9^. 

Solution.— Dropping  the  seconds,  the  value  of  /  is  found  to  be 
1.85913.  The  tabular  difference  in  the  c.  d.  column  and  horizon C:^]]y 
opposite  tbe  space  between  this  logarithm  and  the  one  immedta.tely 

above  it  is  26.    As  the  cotangent  is  a  cofunction,  the  correction  s:  X  /) 

is  to  l>e  subtracted  from  /.     Then, 

/  =  1.85913 

^XZ>=  Jx26= 4 

A  =  T.a5909 
Therefore,  log  cot  54°  8'  9"  =  1.85909.    Ans. 
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KXAMPIJiS    FOR    PRACTICE 

1.  Fiud  the  logarithmic  sine,  taagent,  and  cosine  of  33°  Ml'  46". 

(logsiD  =  I.7^032 

AnsJioglan  =  l.S18f.2 

[log  cos  =  i.9217» 

2.  Find  the  logariihinic  sine  and  cotangenl  of  23°  3'  17". 

Ans  /'"eain  =  U3286 
'^•'^- 1  log  cot  =  .37100 
^  8.     Find  the  logarithraic  rangent  and  cosine  of  40"  12'  12". 

An=  /log  tan  =  .Oaiffi> 
'^"^■llogcos  =  I.8I516 

Find  tbe  logarithmic  sine,  tangent,  and  cosine  of  T2°  52'  W. 

flog  sin  =  1.518031 

ADS.jlog  tan  =  .51143 

(log  cos  =  1.48889 

Find  the  logarithmic  sine  and  cotangent  of  81"  38'  28". 

Ans  /'"K  sin  =  T.99536 
^"^■liogcot  =  1.16712 

Find  Ihe  logarithmic  tangent  and  cosine  of  m"  (V  47". 

A„..  /log  'an  =  .33159 
'^"^■llogcoa  =  I.fl2574 

and  cosecant  of  5r  ff  9". 

.„,,  /log  sec  =  .28819 
""^' I  log  CSC  =  -06692 


Find  Ihe  logarilhra 


08.     Use  of  the  Colama  of  Proportional  Parts. — The 

I  described  in  the  preceding  article  can  be  applied  to 
any  table  o£  logarithmic  ftinctions.     Some  talaleg,  however, 
amone  them  the  table  furnished  with  this  Course,  contain  a 
column  Eiving  the  products  of  the  tabular  differences  by  the 
fractions  iV.  «V.  vV.  aV  iS,  S5,  U,  JS.  and  U.     These  prod- 
ucts are  called  proportfonnl  parts,  and  are   given  in  the 
tJEht-hand  column  {marked  p.  p.  at  the  top)   of  each  page, 
jgitiDing  with  3°.     The  labular  differences  are  here  printed 
y  figures.     Under  each  tabular  difference  are  given 
!  products  of  it  by  A.  A,  etc..  the  number  of  sixtieths 
Bng  printed  horizontally  opposite  the  product,  on  the  left 
1  vertical  line.     Thus,  referring  to  the  right-hand  column 
[the  page  marked  1.1°  at  Ihe  top,  the  numbers  54,  53,  52, 
[tiled  in  heavy  type,  are   labular  differences.     The  num- 
'  27,  directly  under  54,  and  horinontally  opposite  the 


PLANE  TRIGONOMETRY  |9 

number  30  on  the  left  of  the  vertical  line,  ia  the  product 
of  54  by  JS.  Likewise.  17.3,  found  under  52,  and  horizontally 
opposite  20,  is  the  product  of  .52  by  ii.  The  proportional 
parts  for  1,  2,  3,  4,  5  are  obtained  from  those  for  10.  20,  30, 
etc.,  by  moving  the  decimal  point  one  place  to  the  left. 
Thus,  the  proportional  part  for  20,  under  the  tabular  differ- 
ence 62,  is  17.3,  as  just  explained.  The  proportional  part 
for  2.  that  is,  the  product  of  52  by  ^a.  is  1.73. 

In  the  first  three  pages  of  the  logarithmic  table,  no  propor- 
tional parts  are  given,  the  use  of  these  pages  being  different 
from  that  of  the  others.  In  pages  45,  46,  and  47,  not  all  tfae 
tabular  differences  are  given  in  the  p.  p.  column,  owing  to 
want  of  space;  but  the  proportional  part  for  any  tabular 
difference  is  easily  obtained  by  means  of  the  proportional 
parts  for  digits  given  at  the  bottom  of  the  p.  p.  column. 
Referring,  for  example,  to  page  45,  the  tabular  difference  215, 
which  is  found  in  the  e.  d.  column,  does  not  appear  in  the 
p.  p.  column.  If  wc  wish  to  find  the  product  of  215  by  I5, 
we  look  in  the  p.  p.  cnlnmn  for  the  tabular  difference  next 
lower  than  2l-'>,  which  is  212.  Horizontally  opposite  30,  and 
under  212,  we  find  106;  that  is.  212  X  I!  =  106.  As  215 
=  212  +  3,  we  must  add  to  the  product  just  found  (106),  the 
product  of  3  X  ii-  This  is  taken  from  the  column  headed  3 
near  the  bottom  of  the  p.  p.  column:  there  we  find  1.5  hori- 
zontally opposite  30;  that  is.  3  X  18  =  1.6.  Therefore, 
215  X  i*  =  106  +  1.5  =  107.5.  The  addition  of  these  two 
products  can  usually  be  effected  mentally. 

The  correction  Z>  X  ^  to  be  applied  to  /  in  order  to  find  L 

(formula  of  Art.  27)  is  found  from  the  table  of  proportional 
parts  as  follows: 

Rule. — Having  found  the  tabular  difference  D,  look  for  this 
difference  in  the  column  of  proportional  parts.  If  this  diffcretue 
is  found  in  that  column  and  the  number  of  seconds  is  a  digit 
greater  than  5  or  a  digit  followed  by  a  cipher,  took  for  it  en 
the  left  of  the  vertical  line  under  D;  the  correction  is  then  fcmnd 
korixontally  apposite  this  number,  and  directly  under  D.    If  the 
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number  of  seconds  h  a  digit  Uss  tfian  C,  add  a  cipher,  find  iht 
proportional  part  corresponding  to  the  resultitig  numier,  and 
move  the  decimal  point  one  place  (o  (he  left.  If  the  number  of 
seconds  consists  of  two  significant  digits  {as  53),  find  the  correc- 
tion for  the  first  digit  followed  by  a  cipher,  and  thai  for  the 
second  digit,  and  add  the  two  corrections.  (  Thus,  if  the  number 
ef  seconds  is  43,  the  correction  is  found  by  oddtTig  the  corrections 
lor  iO  and  3.) 

II  the  tabular  difference  D  is  not  found  in  the  p.  p.  column 
(which  may  happen  only  on  pages  45  to  47),  take,  as  just  explained, 
tfie  proportional  part  corresponding  to  the  next  lower  tabular 
differenee  found  in  the  p.  p.  column;  then,  from  the  digit  columns 
foHKd  at  the  bottom  of  the  p.  p.  column,  find  the  proportional 
^arl  corresponding  to  the  difference  between  D  and  the  tabular 
^ifferetue  just  used.     Add  the  two  proportional  parts  thus  found, 

ExAMPLB  1.— Find:  (n)  the  iogarithmjc  tangent  0(22"  17' 8";  (A)  the 
logarithmic  cosicie. 

SoLCTioN.— (a)  Dropping  tiie  seconds,   we   find   log    tan  22°  17' 
-  I.61266(=  /);    /?  =   36,      Turning  to   the  column  oj   proportions 


ir  Ihe  top  of  the  page.     Follow- 
ith  8  (number  of  sec 


the 


parts,  36  is  found  in  heavy  type 

ing  (he  horiEontal  row  that  begin! 

left  of  the  vertical  line  under  36, 

under  3fi.  the  correction  4.8,  which  may  l>e  called  5, 

otlier  DDinbets  to  be  combined  with  it.    ThereFore, 

»I  =  I.6I256 
^X/>  =  p.p,  =  ^_^ 
L  =  I.6126I 
That  is,  log  tan  22' 17' 8"  =  1.61261.    Ans. 

(ft)     /  =  log  cos  22°  17'  =  1.96620;  Z)  =  5.     Looking  for  the  column 
headed  fi  among  the  proportional  parts,  the  correction  .7  (or  say  1)  is 

td  directly  under  5  and  horizontally  opposite  8.     Therefore, 
.,  '-'"^ 

XA] 


=    p.   p.     : 


log  COS  22°  17' 8"  =  I.96C28. 
—Find  the  logarithmic 
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SoLctrios.—  /  =  sin  3°  18'  =  2.76015;  D  =  21!l.  The  difference 
2)9  is  not  found  in  the  p.  p. column;  the  tabular  difference  in  the  p.  p. 
column  next  lower  is  216.     Under  216,  and  horizontally  opposite  9,  is 
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found  32.4.  The  difference  between  219  and  216  is  3.  Looking  for  3 
in  the  digit  columns  at  the  bottom  of  the  p.  p.  column,  .5  is  fonnd 
under  3,  and  horizontally  opposite  9.  Therefore,  219  X  A  ""  32.4  +  .5 
—  83,  nearly. 

/  =  2.76016 

L  =  2.76048 
That  is,  log  3^  W  9"  «  2.76048.    Ans. 

Example   3.— Find:    (a)  the  logarithmic    tongent   of  58®  47' 04''; 
{fi)  the  logarithmic  cosine. 

Solution.— (fl)    /  =»  log   tan  53**  47'  -  .13529;  Z>  »  26;   the   pro- 
portional part  for  40,  under  Z>,  that  is,  under  26,  is  17.3;  the  proper- 

17  8 
tional  part  for  4  is  -^^  or  2,  nearly. 

/  »  .13529 

L  =  .13531 

That  is,  log  tan  53**  47'  4"  =  .13531..   Ans. 

(h)    I  -  log  cos  53**  47'  =  T.77147;  D  «  17.   The  number  horiion tally   ^ 

opposite  40,  in  the  column  headed  17  among  the  proportional  parts,  ^ 

11  3 
is  11.3;  the  proportional  part  for  4  is,  therefore,  -—■  =  1,  nearly. 


1.77147 


i^x^ 


L  =  1.77146 
That  is.  log  cos  53**  \r  4"  =  T.77146.    Ans. 

Example  4.— To  find  the  logarithmic  cotangent  of  72**  35^  47''. 

Solution.—    /  =  log    cot    72**  35'  =  1.49652;   Z>  -  45.     Looking 
among  the  proportional  parts  for  the  column  headed  45.  the  correctioi} 
for  40  is  found  to  be  30,  and  that  for  7  is  found  to  be  5.3.    Therefore, 

/  »  1.49652 
p.  p.  for  40  =  30.0 
p.  p.  for    7  =    5.3 
p.  p.  for  47  =  35 

L  =  T.49617 
That  is.  log  cot  72**  35'  47"  =  1.49617.    Ans. 

In  practice,  it  would  not  be  necessary  to  write  down  the  corrections 

30  and   5.3,  which  would   be   added   mentally.     The  same   remark 

applies  to  all  similar  cases. 
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EXAMTLES    FOR    PRACTICE 


1.  Find  the  logarithmic 

2,  Find  the  logarithmic 


tuangcnl  of  0"  :W  17". 


AnsJ 


=  1.23456 
\  log  col  =  .76924 

:,  tangent,  and  cosine  of  39°  8'  52". 

flog  sin  =  T.80026 

Ans,|logIan  =  1.1)1065 

llogcos  =  I.S8059 


I  a.     Find  the  logarithmic  cotangent  and  cosecant  of  80°  3'  46". 


■  4.     Find  the  logarithm 


md  tangent  of  49°  ly  54". 

flog  sin  =  1,87788 

Ans.nogsec  =  .18318 

(log  lan  =  .06107 


ftC     Find  ttae  logarithmic  tangent  and  c 


\logc. 


!  =    1.9 


Qa.  To  Flud  the  Alible  Corresponding  to  Any 
X^oiearltbinlc  Ftiuction  When  the  Given  Function  Is 
*'onnd  In  the  Table. — la  this  case,  the  angle,,  which  con- 
tains no  odd  seconds,  is  found  as  follows: 

Rale. — J^ind  i fie  given  logarithm  in  the  column  marked  by 
the  name  ol  the  (unction  whose  logarithm  is  given.     Then,  if  the 
name  ol  the  given  lutution  is  at  the  top  of  the  column,  the  num- 
ber of  degrees  in  the  angle  is  that  at  the  top  ol  the  Page,  and  the 
ftumder  of  minutes  is  horizontally  opposite  the  logarithm,  in  the 
lett-ketnd  minute  column.     If  the  natne  of  the  function  is  at 
the  foot  of  the  column,  tlie  number  of  degrees  in  the  angle  is  that 
at  ifte  foot  of  the  page,  and  the  number  of  minutes  is  in  the  right- 
hand  minute  column,  horizontally  opposite  the  given  logarithm. 
In  searching  the  table  for  a  given  logarithm,  it  should  be 
bome  in   mind    that   the    logarithmic    sines   and    tangents 
increase,  and  the  cosines  and  cotangents  decrease,  from  0° 
to  90°.    Therefore,  in  the  columns  marked  log  sin  and  log 
tan  at  the  top,  the  logarithms  increase,  and  in  the  eolumns 
headed  log  cos  and  log  cot  the  logarithms  decrease,  from  the 
first  to  the  last  page.     The  sines  and  tangents  continue  to 
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,  and  the  cosines  and  cotangents  to  decrease,  from 
the  last  page  to  the  first,  in  the  irolumns  marked  with  the 
names  of  these  functions,  respectively,  at  the  bottom.  Thus, 
the  last  page  contains,  in  the  column  headed  log  sin,  the 
logarithmic  sines  of  the  angles  between  4i°  and  45°.  The 
sines  are  continued  in  the  column  marked  log  sin  at  the  bot- 
tom, which  contains  the  logarithmic  sines  of  the  angles 
between  45°  and  46°;  the  preceding  page  contains  the  sines 
of  angles  between  46°  and  47°,  etc.  Here  the  logarithmic 
sines  increase  from  bottom  to  top,  and  in  the  inverse  order 
of  the  pages. 

When  looking  for  a  given  logarithmic  sine,  open  the  table 
at  random.  Glance  at  both  of  the  sine  colnmns,  that  is,  the 
column  marked  log  sin  at  the  top  and  the  column  marked 
log  sin  at  the  bottom,  and  compare  the  logarithms  in  them 
with  the  given  logarithm.  If  the  given  logarithm  is  less 
than  those  found  in  the  column  marked  log  sin  at  the  top, 
said  given  logarithm  must  be  in  that  column,  but  in  a  pre- 
ceding page.  If  the  given  logarithm  is  greater  than  those 
in  the  column  marked  log  sin  at  the  bottom,  said  given  loga- 
rithm must  be  in  that  column,  but  in  a  preceding  page, 
neither  of  these  is  the  case,  the  given  logarithm  must  be  in 
a  subsequent  page.  Turn  a  few  pages  forwards  or  back- 
wards, as  the  case  may  be,  and  repeat  the  operation.  The 
comparison  of  the  two  columns,  however,  is  not  usually 
necessary  after  the  first  three  figures  of  Ihe  given  logarithm 
have  been  found  in  one  of  them,  as  that  logarithm  is  then 
found  in  that  column,  and  can  be  readily  seen  among  the 
logarithms  beginning  with  those  three  figures. 

Proceed  exactly  in  the  same  manner  when  the  given  func- 
tion is  a  cosine:  that  is.  treat  the  cosine  as  though  it  were  a 
sine;  but,  having  found  the  given  logarithm,  treat  it  as  that ' 
of  a  cosine  and  take  the  angle  accordingly. 

As  the  tangents  of  angles  less  than  45°  are  less  than  1, 
their  logarithmic  tangents  have  negative  characteristics,  and 
as  the  tangents  of  angles  greater  than  45°  are  greater  than  1, 
their  logarithmic  tangents  have  positive  characteristics. 
Therefore,  a  logarithmic  tangent  should  be  looked  for  in  the 


s» 
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columD  marked  log  tan  at  the  top  or  at  the  bottom,  accord- 
ing as  its  characteristic  is  negative  or  positive.  For  a  loga- 
rithmic cotangent,  the  rule  should  be  reversed. 

ExAMpLS  1.— Find  the  aogie  whose  logarilhmic  sine  is  1,57669. 

Solution. — Opening  the  table  at  random,  say  at  the  page  marked 
36°  at  the  top,  it  is  at  once  seen  that  the  logarithms  id  the  column 
loarked  log  sin  at  the  top  are  greater  than  the  given  logarithni.  This 
logarittam  must.  IhereEore,  be  in  that  columo,  but  in  a  preceding  pa^. 
Turning  the  pages  backwards,  a  tew  al  a  time,  the  given  logarithm  is 
found  ou  page  (M,  among  those  logarithms  whose  first  three  figures 
are  1.57.  As  the  name  of  the  function  is  at  the  head  of  the  column, 
the  number  of  degrees  (22)  is  taken  from  the  top  of  the  page,  and  that 
of  minutes  (ID)  from  the  left-hand  minute  column.  Therefore,  the  angle 
whose  logarilhmic  sine  is  T.57B69  is  22°  KX,  or  I.5766S  =  log  sin  22°  W. 

Suppose  that  the  tatile  had  first  been  opened  at  page  56,  Since  the 
given  logarithm  is  greater  than  those  in  the  column  marked  log  sin 
at  the  top  and  less  than  those  in  the  column  marked  log  sin  al  the 
txtllom  {or  log  cos  at  the  lop),  the  given  logarithm  is  to  be  found  in  a 
sul>seqiient  page.  Suppose  also  that,  turning  the  pages  forwards,  a 
few  al  a  time,  we  come  to  page  6!t,  and  find  the  first  three  figures 
(T.57)  ol  the  given  logarithm  in  (he  column  marked  log  sin  at  (he  top. 
Th«o,  without  consulting  the  other  column,  we  follow  the  former 
cotuiiin  to  the  l>ottom,  and  into  the  next  page,  where  we  find  the 
given  logarithm,  and  take  the  corresponding  angle  as   before. 

ExAUPL£  2.— To  find  the  angle  whose  logarithmic  sine  is  1. 89610. 

Solution. — Open  Ihe  table  at  random,  say  at  page  73.  Since  the 
given  logantbro  is  greater  than  those  in  the  column  marked  log  sin  at 
Ibe  top,  and  less  than  Chose  in  the  column  marked  log  sin  at  the  bot- 
tom, it  must  be  found  in  a  subsequent  page.  Suppose  that  we  turn 
to  page  85.  We  see  at  once  that  the  given  logarithm  is  greater 
those  in  the  colnmn  headed  log  sin,  and  also  than  those  in  the 

itnmn  marked  log  sin  at  the  bottom.  Therefore,  it  must  be  in  the 
ttler  column  in  some  preceding  page.  Turning  the  pages  back- 
'Wards,  we  find  the  first  three  figures  (1.89)  of  the  given  logarithm  oa 
page  79.  and  among  the  logarithms  to  which  these  three  figures  are 
eommon,  we  find  T.8D810.  As  this  is  a  logarithmic  sine,  and  the  name 
sine  is  at  the  bottom  of  the  column,  the  degrees  in  the  corresponding 

igle  are  taken  from  the  bottom  of  Ihe  page,  and  the  minutes  from 
right-hand  minute  column.     Therefore.  52°  16'  is  the  angle  whose 

:anthmic  sine  is  I.89S10;  that  is,  I.SilSlO  =  log  sin  52°  16'.     Ans. 

ExAMPLB  3.— Find  the  angle  whose  logarithmic  cosine  is  1.86024. 

Solution. — Treating  this  as  though  it  were  a  logarithmic  sine,  it  is 
fetind,  as  esplaioed  above,  on  page  84.  in  the  column  marked  log  sin 
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at  the  botlom,     Sinte  the  pame  cosine  is  «t  the  lop  of  the  columo,  thtl 
required  nugle  is  42"  10'.     Thnt  is,  I.86B24  =  log  cos  42"  16'.     Ans. 

ExAUPLB  4, — Find  the  angle  whose  logarillimic  cotangent  is  .15U3S, 
SoLtmoN.— As  the  characteristic  Is  positive,  the  logarithm  should 
be  looked  (or  in  the  column  marked  log  col  at  llie  top.  After  looking 
in  a  lew  pa(;es,  the  first  three  figures  <0.1-'i)  of  the  logarithm  are  fouod 
on  page  7U,  and  among  them  is  found  Ihe  given  logarithtn.  The 
name  "I  Ihe  function  being  ai  the  head  of  Ihe  column ,  the  degrees  in 
the  angle  are  taken  from  the  top  of  the  puge,  and  the  minutes  from 
theleft-bandminulecolumn.    Therefore,  .I56.'ra=>  logcot3i°54'.   Ani, 


EXAMPLES    FOR    f 

1.  Pind  the  angle  whose  logarithmic 

2.  Find  the  angle  whose  logarithmic 

3.  Find  the  angle  whose  logarithmic 

4.  Find  the  angle  whose  logarithmic 
6,  Find  the  angle  whose  logarithmic 


6.  Pind  the  angle  whose  logarithmic 

7.  Find  the  angle  whose  logarithmic 

8.  Find  the  angle  whose  logarithmic 

9.  Find  the  angle  whose  logariihmic 

10.  Find  the  angle  whose  logarilhmii 

11.  Find  the  angle  whose  loganthraii 

12.  Find  the  angle  whose  togarithmii 


sine  is  1.67385. 

Ans. 

22 

17* 

sine  is  1.66731. 

Ans. 

27 

42* 

sine  is  2.83740 

Ana 

.  4 

Stf 

sine  is  r.08345. 

Ans. 

74 

ir 

cosine  is  1.92086 

Ans. 

33" 

3V 

cosine  ia  1.67232 

Ana 

es 

"V 

cosine  is  1,84949 

Ans 

45 

OQ, 

tangent  Is  I.97(M9. 

Ans. 

43' 

BT* 

cotangent  is  3.89274. 
Ans. 

85° 

as^ 

c  tangent  is  .87377. 

Ans 

78 

"» 

c  cotangent  is  .3o5I7. 
Ans, 

23= 

49 

tangent  is  1.28060. 


Ana.  87"  { 


30,     To  PIiiU  llie  Aiiprle  CorrespondluB  to  b  Gtveit 

LoKiirltliiiilc  Fiin<?tIoii  When  the  Function  Is  Not  la 

the  Tiiblr. —  Willioul  llie  Use  of  Proportional  Paris. — From 

the  formula  given  in  Arl    27,  the  following  may  be  obtaiaed: 

,        (A  -  /)  X  60        {L-D  X  60 
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Therefore,  if  Ihe  function  L  is  given  and  it  is  found  to  lie 
between  the  consecutive  logarithms  /  and  /',  the  correspond- 
ine  angle  .^  4-  J  is  that  corresponding  to  /  increased  by  the 
number  of  seconds  determined  by  the  formula  just  given.  It 
will  be  remembered  (see  Art.  37)  that  /  and  /'  are,  respect- 
ively, the  logarithmic  functions  of  two  angles  {A  and 
A  +  I')  differing  by  one  minute.  If  the  function  is  a  funda- 
mental function  (sine  or  tangent)  /'  is  greater  than  /;  and 
since  L  lies  between  /  and  /',  /,  is  also  greater  than  /;  there- 
fore, both  L  —  I  and  /'  —  /  are  positive.  If  the  function  is  a 
cofunctioD,  /  is  greater  than  /',  and  also  greater  than  L\ 
therefore,  both  L  ~  I  and  /'  —  /  are  negative,  and  — —  -  is 
positive.  In  such  case,  however,  it  is  better  to  write  this 
-fraction  in  the  form  -  -     . 

From  the  formula  and  the  explanations  just  given,  the  fol- 
lowing rule  is  derived  for  finding  the  angle  corresponding  to 
K given  logarithmic  function: 
nle. — Find  in  the  table  the  two  consecutive  logarithmic 
iions  between  which  (he  given  imution  lies.  The  degrees 
and  minutes  in  the  smaller  of  the  angles  corresponding  to  these 
two  functions  are  the  degrees  and  minutes  in  ike  required  angle. 
Find  the  difference  between  the  given  function  and  that  of  the 
smaller  angle;  multiply  that  difference  by  60,  and  divide 
the  produtt  by  the  tabular  difference  between  i-he  two  funeliotis 

Kke  table.  The  result  will  be  Ihe  number  of  odd  seconds  in 
rtquired  angle, 
a  the  tabular  difference  is  expressed  in  units  of  the  fifth 
decimal  order,  the  difference  L  —  I  should  be  likewise 
expressed.  Thus,  if  Z.  =  1.25198,  and  /  =  1.25168,  the 
diSereace  L  —  I  will  be  called  30. 

EXAUt>t.8  ].— Find  the  angle  whose  logaritiiraic  sine  is  1. 47867  (=  L). 

SoLimoK. — The  first  three  figures  of  the  given  logarithm  are  always 

found  in  the  table,  and  this  makes  it  easy  to  determine  the  fuDCtions 

t>e(wcea  which  the  given  logarilhni  lies.     Searching  Ihe  sine  cottiraaa 

of  the  table,  tl  is  found  that  1.47867  lies  between  I.47854(=  /)  and 
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1.47894  (»  i^)  on  page  59.  The  smaller  of  the  two  angles  correspond- 
ing to  these  two  logarithms  is  17**  31'(  =  A) .  Now,  £  -  /  «  13,  Z'  -  / 
(tabular  difference  taken  from  table)  b  40.    Therefore, 

s  »  ^ "  »  19.6",  or,  say,  20" 

and  A-^s  ^  17**  31'  +  20"  =  17**  31'  20" 

that  is,  1.47867  =  log  sin  17**  31'  20".    Ans. 

ExAMPLB  2. — Find  the  angle  whose  logarithmic  tangent  is  .27743 

Solution. — ^As  the  characteristic  is  positive,  the  logarithms  t>etween 
which  L  lies  should  be  looked  for  in  the  column  marked  log  tan  at  the 
bottom.  These  two  logarithms  are  .27738(  =  /)  and  .27769(  =  /') .  The 
smaller  angle  corresponds  to  .27738,  and  is  62°  10'(s  A),    Also, 

L  "  I  ^  b,  I'  "  l(=  D)  =  31 

A-^-s  ^  A-^-  —^  =  62**  lO'  -f  10",  nearly,  -  62**  lO'  10" 

that  is,  .27743  =  log  tan  62°  lO'  10".    Ans. 

ExAMPLB  3. — Find    the    angle    whose    logarithmic    cotangent    is 

T.86899(  =  L). 

Solution.--  L  is  found  to  lie  between  I.86887(«  /')  and  1.85913 
( =  /) .  It  will  be  noticed  that  here  /  is  the  greater,  and  P  the  smaller 
of  the  two  logarithms.    Angle  corresponding  to  /  =:  54^  8'(a  A). 

I    =  T.85913  * 

L  =  1.85899 


I-  L  ^  14;  /  -  /'  =  26 

y^  +  5  =  64°  8'  +  -^ -  =  64°  8'  32",  nearly 
that  is,  T.86899  =  log  cot  64°  8'  32".    Ans. 


EXAMPLES    FOR    PRACTICE 

1.  Find  the  angle  whose  logarithmic  sine  is  1.46666. 

Ans.  16**  35'  27" 

2.  Find  the  angle  whose  logarithmic  tangent  is  1.33471. 

Ans.  12°  11'  44^' 

3.  Find  the  angle  whose  logarithmic  sine  is  1.89798. 

Ans.  52°  14'  42" 

4.  Find  the  angle  whose  logarithmic  cosine  is  1.67412. 

Ans.  61°  49'  23" 

6.    Find  the  angle  whose  logarithmic  cosine  is  1.92386. 

Ans.  32°  SO'  45" 
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7.     Find  tbe  angle  whose  logarithmic  taageat  it 


8.     Find  tbe  aagle  nbose  logarithm 


4.     Find  the  angle  whose  logarithmic  cotangent 


Aos.  5°  4?  0" 

s  1.12345. 

Ans,  82"  25'  52" 


31.  With  the  Use  of  Profiortianal  Parts.— Havingioxindtiie 
degrees  and  minutes  in  the  angle  as  in  the  pre- 
ceding case,  the  number  s  of  odd  seconds  may  be 
conveniently  found  from  the  column  of  propor- 
tional parts.  In  order  to  facilitate  llie  explanations 
that  follow,  the  proportional  parts  corresponding 
to  the  tabular  difference  105  are  here  copied  from 
page  48  of  the  table.  It  will,  therefore,  be  assumed 
that  the  value  of  D  is  105.  and,  for  what  is  said 
below,  the  student  sh&uld  refer  to  these  propor- 
tional parts.  Such  being  the  case,  the  formula 
(jiven  at  the  beginning  of  the  preceding  article 
.y  be  written, 

^  _  (£  -  /)  X  60 


10 


40 


105 

10.5 
12.S 
14.0 
15.8 
17.5 
35.0 
52.5 
70.0 
87.5 


^u: 


105 


The  value  L  ~  !,  which  is  the  difference  between  the  given 
logarithm  and  the  logarithm  of  the  degrees  and  minutes  (v^) 
in  the  required  angle,  is  readily  determined,  as  already 
explained.  It  is  only  necessary  to  repeat  that,  if  the  function 
is  a  cofunctton,  /  —  Z,  should  be  used  instead  oiL  —  I.  Since 
the  numbers  on  the  right  of  the  vertical  line  are  the  products 
of  Vi?  by  the  numbers  on  the  left,  it  follows  thai  the  num- 
bers on  the  left  are  the  products  of  those  on  the  right 
by  -Ht.  Thus,  52.5  -  W  X  30,  and  30  =  52.5  X  A^ 
=  - — ^— J^ — .  Therefore,  if  £.  —  /  is  found  among  the  num- 
bers directly  under  105,  the  value  of  i  is  the  number  on  the 
left  of  the  vertical  column  horizontally  opposite  L  —  I.  For 
example,  if  i  -  /  =  35,  then  j  =  20".     If  i  -  /  =  16.  then 
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s  =  9".  the  Dumber  9  being  opposite  15.8,  which,  to  the 
nearest  unit,  raay  be  called  16.  . 

It  will  be  remembered  that  the  proportional  parts  opposite 
10,  20,  30,  40,  50,  when  divided  by  10  (that  is,  when  the 
period  is  moved  one  place  to  the  left),  give  the  products  of 
^i/tf  by  I,  2,  it.  4.  and  S.  From  those  parts  we  may,  there- 
fore, find  by  inspection  the  products  of  W  by  all  the  digits 
from  1  to  9;  and,  in  what  follows,  we  shall  proceed  as  if  cbft 
products  1.7.5.  3.«)..5.2r),  7.00,  8.7.^  of  W  by  1.2, 3.  4,  and  5 
were  actually  printed  in  the  table  opposite  those  digits;  that 
is,  it  will  be  assumed  that  the  proportional  parts  ruu  in  thi» 
order:  1.7'),  3..W,  5.25,  7.00.  8.75,  10.5,  12.3,  14.0,  etc..  up  to 
87.5,  the  corresponding  numbers  on  the  left  being.  1,  2,3,  4, 
5,  6,  7,  8,  9,  10,  20.  30.  40.  50,  The  proportional  parti 
1.75.  3.50.  5.25,  7.00,  8.75  will  be  referred  to  as  proportional- 
parts  found  in  the  table,  corresponding  to  1,  2,  3,  4,  aad 
6  seconds,  respectively. 

This  being  understood,  the  number  s  of  odd  seconds  in  tbt 
angle  is  determined  as  follows: 

Uult^.^Find  I,  l\  /.  -  /,  and  I'  •-  I  {=  lobular  differene^t 
or  D) ,  as  before.  Look  for  Ifu  latmlar  difference  D  in  the  tolumn 
of  proportional  parts.  Look  for  L  —  I  in  Ifie  column  of  propor^ 
tional  parts  directly  under  D.  If  L  —  /  is  found  iiterc,  the  num- 
ber horisontully  opposite  it  on  the  left  of  the  vertical  line  is  tht 
required  number  of  seconds  s.  !f  L  —  I  is  not  found  under  /?, 
take  the  proportional  part  next  Imver,  which  call  p.  hind  tht 
difference  between  L  —  I  and  p,  and  look  among  the  proportionat 
parts  under  D  for  this  difference,  or  the  part  nearest  to  it, 
whether  higher  or  lower.  Call  this  pari  p'.  Add  the  numbert 
horizontally  opposite  p  and  pf  on  tfie  left  of  the  vertical  lint. 
The  result  will  be  the  required  number  of  seconds  s. 

EXAMPLB  1.— Find  the  angle  whose  togarithmjc  taogeot  fa 
1.42822[=  L). 

Solution—  /  =  1.42805.  ^  =  Ifi-ff. /,  -  /  =  17, /J  =  61.  Look- 
IDK  in  the  column  marked  p.  p.  for  51,  the  number  17(=  /.  —  /)  la 
(ouud  under  it,  horizontaUy  opposite  the  number  20  on  the  left  of  tba' 
vertical  columa.     Therefore,  s  =  W,  and 

1.42822  =  log  tan  IS"  O*  20".    Alis. 
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-  Find     tbe    angle    whose     logarithmic    cosine 


I.  ^  ^  3 


The 


ExucpLB    ! 
I-52783(=  L). 

Solution.—    /  =  1.52811.  ^  =  70"  17',  /  - 
prapoiiional  part  under  36  next  lower  than  28  is  24;  28  —  24  =  4;  the 
proportional  part  nearest  4  is  4.2;  the  number  horizoutally  opposite  24 
is  40;  and  the  number  horizontally  opposite  4.2  is  7;  hence,  i  «  40  +  7 
^^47",  and  therefore 
^K  1.52783  °  los  cos  70°  17'  47".    Ans. 

^HBxxupu  3.— Find  the  angle  whose  logarithmic  sine  is  T.titiI01(Z.). 
Sonn-iON.—  /  =  T.66173;  ^  =  27°I&';  i-/  =  18;  Z>  =  24.  Look- 
ing in  the  p.  p.  column  (or  24.  the  proportional  purl  next  lower  than 
18  is  !()(=  />}.  horiiontally  opposite  which  is  40.  18  -^  =  18  -  IB 
=  2.  This  difference  is  Eound  among  the  proportional  parts  in  tbe  table 
(since  it  is  the  same  as  20  with  the  decimal  point  moved  one  place  to 

the    left),    and    corresponds    to    ^"[=y^-      Therefore,   f  =  40  +  5 
=  45",  and 

1.66191  =  log  sin  27°  W  45".    Ans. 

Example  4.— Find  the  angle  whose  logarithmic  cotangent  is 
I,O0375(=  i). 

SoLrTioN.—  /  =  1.00427;  .4  =  84°  14';  /  -  i  =  52;  /?  =  126.  The 
proportional  part  under  126  next  lower  than  52  is  42(= /),  which 
corresponds  to  20";  52  —  42  =  10.  Tlie  proportional  part  nearest  to 
105.0\ 


10    i 


10.50  ( 


10 


,  which  ( 


10/ 


Therefore, 


>t  84°  14'  2.V'.    Ans. 


EXAMPLES^    FOR    PRACTICE 
Find  the  angle  whose  logarithmic  sine  is  1.78088.     Ans.  38°  i 
Find  the  angle  whose  logarithmic  tangent  is  1. 78.540. 


Ans,  31-  23'  15" 

Find  the  angle  whose  logarithm 

c  sine  is  1.77777. 

Ans.  36"  49*  66" 

Find  the  angle  whose  logarithm 

c  cosine  is  1.87341. 

Ana,  41=  39>  21" 

Find  the  angle  whose  logarithm 

c  cotangent  is  .31789. 

Ans.  2.5°  41'  9" 

Find  the  angle  whose  logarithm 

c  cosine  is  1.34567, 

Ans.  77°  11' 38" 
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7.    Plod  the  angle  whose  logarithmic  cotangent  is  T.003SI. 

Ans,  M'  14'  22* 


9.     Find  the  angle  whose  logurlthrojc  sloe  Is  2.99001. 

Ans.  5'  Sff  30» 


32.     Tabular     IiOfcarlthms    Inorensed     by     lO, — la 

printing  a  table  of  logartlhms  of  the  trigonometric  functionSi 
the  characteristics  cannot  be  omitted,  since  they  cannot  be 
ascertained  by  inspection.  To  avoid  printing  the  bars  over 
the  negative  characteristics,  the  latter  are  in  many  tables 
increased  by  10.  The  logarithms  as  then  printed  are 
tabular  toKarlthuis,  and  are  denoted  by  L  sin,  L  cos,  etc. 
Thus. 
L  sin  27°  =  log  sin  27°  +  10  =  1.66706  +  10  =  9.65705 
L  cos  27°  =  log  cos  27°  +  10  =  1.94988  +  10  =  9.94988 


GENERAL  PniNClPIiB  OP  INTERPOLATION 

33.  It  has  been  explained  in  some  of  the  preceding  arti- 
cles how  to  determine  the  natural  or  the  logarithmic  functions 
of  any  angle  containing  an  odd  number  of  seconds,  and 
therefore,  not  found  in  the  table;  also,  how  to  find  the  angle 
corresponding  to  a  given  function,  when  that  function  is  not 
in  the  table  but  lies  between  two  values  given  in  the  table. 
The  operation  by  which  such  intermediate  values  are  deter- 
mined from  a  table  is  called  Interpolation.  The  values 
that  arc  actually  given  in  the  table  are  called  tabular 
values.  For  example,  in  the  table  of  logarithmic  functions 
already  described  are  found  all  angles  that  lie  between  0° 
and  90°  and  contain  no  odd  seconds,  and  also  the  logarithmic 
sines,  cosines,  etc.  of  such  angles;  those  are  all  tabular 
values.  Angles  containing  odd  seconds  are  nottn  the  table, 
nor  are  their  logarithmic  functions.  Both  these  angles  and 
their  functions  are  intermediate  values,  and  it  is  in  connec- 
tion with  them  that  interpolation  is  used. 
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34.  The  general  principle  of  interpolation,  to  be  explained 
presently,  is  o£  the  utmost  importance,  and  of  great  value  to 
the  engineer,  whose  work  requires  the  frequent  use  of  tables 
of  various  tinds.  That  principle,  although  only  approxi- 
mately true,  applies  to  nearly  all  tables  with  which  the  engi- 
neer has  to  deal,  and  the  student  should  endeavor  to  make 
himself  thoroughly  familiar  with  it. 

Let  a  table  be  constructed  on  the  general  type  shown  on  the 
margin,  the  left-hand  column  containing  values  of  a  quantity 
A',  and  the  right-hand  column  correspond- 
ing values  of  some  quantity  whose  values 
depend  on  the  values  of  A'.  Thus,  the 
values  of  X  may  be  the  natural  numbers 
1.  2,  3,  4,  etc.,  and  the  corresponding 
values  of  F  may  be  the  logarilhms  or 
the  square  roots  of  those  numbers;  or 
the  values  of  A'  may  be  angles,  and 
those  of  F  may  be  sines,  cosines,  etc., 
either  natural  or  logarithmic.  So  far 
as  the  principle  of  interpolation  is  concerned,  it  is  imma- 
terial what  kind  of  quantity  is  represented  by  X,  and  what 
kind  of  quantity  is  tabulated  under  F.  It  should  be  stated, 
however,  that  the  principle  applies  only  to  tables  in  which 
the  differences  between  consecutive  values  of  X  and  the 
differences  between  the  corresponding  values  of  F  do  not 
vary  very  rapidly. 

Let  X,  and  x„  as  shown  in  the  above  general  form,  be  two 
consecutive  values  of  X  given  in  the  table,  and  /,  and  /,  the 
corresponding  values  of  F.  Let  .r  be  a  value  of  X  lying 
between  .t,  and  x,,  and  /  the  corresponding  value  of  F. 
Neither  x  nor  /  is  in  the  table,  but  one  of  them  is  given,  and 
the  problem  is  to  find  the  other  by  interpolation.  For 
instance,  if  the  table  is  one  of  natural  tangents  in  which  the 
angles  increase  by  whole  minutes,  x^  and  .r,  may  be,  respect- 
ively, 31°  42'  and  31°  43'.  and  /,  and  /,  their  corresponding 
tangents;  while  x  may  be  any  angle  between  31°  42'  and 
31"  43',  and  {  its  tangent.  Either  x  may  be  given  to  find  /; 
or  /  may  be  given  to  find  x. 
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The  qiiaxidt7  hv  irfiich  che  r^bnlar  Tolne  Xi  nrast  be  al^e- 

hraicall7  xncreaiied  in  order  to  obtam  x  will  be  called  die 

Ituir^fmimnz  or  x..  ind  denocefi  rj7  i^  x-j,  read  mcrememt  ai  x^ 

'  mathematiciaiia  tz^ie  the  aocacioa  Jx,,  read  <^//a  x^).     We 

oa^e,  then^ 

x  =  x. -hz^xj  (1) 

Usiaz  ^  similar  nocadca  for  /^^ 

f^L^iifj  (2) 

If  r  a  2r7*Ki,  z^xj  mav  be  assumed  as  st^cn*  since  /(x.) 
=  jr  —  Xi.  Then  /f/,  i  is  determined  by  xnterpolatioa.  as 
explained  below,  and  /  l§  fomid  from  formTzIa  2.  Similarly, 
if  /  L*  jfiTcn.  r'/i>  Li  likewise  given,  and  x  is  fotznd  by 
inrerpoIa::on. 

The  difference,  as  x,  —  x^.  of  two  consecntrre  Talnes  otX. 
Trill  he  called  the  interrml  of  A':  and  that  between  two  con- 
secutive Tillies  ot  /\  the  interval  of  F,  The  notation  /(xj, 
rear:  inU-r-jal  of  x,,  will  be  used  to  denote  the  interval 
X,  —  X..     Simiarlj.  /( t\)  will  denote  the  interral  /,  —  /t. 

The  principle  of  interpolation  is  this:  Tke  incrememts 
i^  X.)  and  i^  f.)  are  to  each  other  as  the  carmponding  interrals 
fix,)  and  l^fi):  or.  alji^ebraically . 

iixj  ^  fix.) 

i(fj        /if J  "^ 

This  formula  is  very  easily  remembered  on  accotmt  of  its 
symmetry.  The  following,  derived  from  it,  serve,  respect- 
ively, to  find  /  (/, )  when  x  is  given,  and  r  (xj  when  /  is 
given: 

/(/.)  =  /(/.)  X  ^-  (4) 

i(x,)  =  /(x.)  X  '-j/'\  (5) 

The  last  two  formulas  may  be  stated  in  the  form  of  a  gen- 
eral principle,  as  follows:  Either  increment  is  equal  to  the 
corre span  Ji fir  interval  multiplied  by  the  ratio  of  the  other  incre- 
ment to  the  other  interval.  It  is  easy  to  remember  what  the 
numerator   of   this    ratio  is,   by  noticing   that    the  ratio  is 
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always  less  than  1,  and  that,  since  the  increment  is  always 
less  than  the  interval,  the  former  must  be  the  numerator 
and  the  latter  the  denominalor.  It  should  be  noted  that 
»(jr,),  itf,),  /{x,),  and  /(/,)  may  be  expressed  in  any  con- 
Tenient  units,  it  being  understood  that  »(/,),  as  deter- 
mined from  formula  4,  is  in  the  same  units  as  /(/,): 
and  that  /(t,),  as  determined  from  formula  5.  is  in  the 
Same  units  as  Hx,).  Thus,  if  the  values  of  /,  and  /,  in  the 
table  are.  respectively,  4.3476  and  4.3463.  then,  /(/,)  =/,-/, 
=  ,0013.  or.  if  one  ten-thousandth  is  taken  as  the  unit,  we 
may  write  /(/,)  =  13,  The  value  of  /(/.),  determined  from 
formula  4.  niust  be  understood  to  express  ten-thousandths. 

For  instance,  if  4?^  =    3,  then.((/,)  =  13  X  .3  =  3.9  (ten- 
j{x.) 

thousandths)  =  4  (ten-thousandths),  nearly. 

The  value  of  /  is  then  found  thus. 

/.  =  4.3463 

((/.)  =  4 

/  =  4.3467 

ITsnally,  the  correction  i(/,)  can  be  added  to  /,  mentally,  in 

ar^der  to  find  /. 

EXAUFLB  1.~Pind  the  logarithm  of  57.R46  by  means  o(  a  five-place 
t^lik  K'ving  the  logarithmB  of  DumbeTS  coDsistlng  of  four  liguTes. 

SoLono?!. — Only  the  mantissas  will  be  considered,  since  the  charac- 
t.eiistics  are  determined  by  iaspectioD.  The  (fiven  number  lies  between 
57.8W(=jr.)  and  57.aW(=  ,r,).  whose  loganthms  are,  respectively, 
,7«223(= /,)  and  .7fl23l)(=  f.i.  We  have,  therefore,  expressing /,- /„ 
or/fi).  in  HDits  of  (he  tifth  order. 

X  =  -ITWS  f,  =  -78230 

J-,  =  57*10  /,  =  ■7Gli23 

<*(*.)  =         6  /(/.)  =  7 

fU.)  - 


Then  (tomcila4). 

'"'■'  =  ^  X  ^  =  4  2  =  4,  nearly 

/.         .7622.3 

d                      f=                    =                 =  .76227.     Ans, 

+  Hf.)               +i 

HxAMFLB  2,— Find,  by   means   of  a    five-place  table 

th 

of  whose   logarithm 
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Solution. — Here  /(»  .47693)  lies  between  the  tabular  values 
.47683  (sr  /.)  and  .47698  (=  /,).  which  are,  respectively,  the  logarithms 
of  29.980(=  Xi)  and  29,990(=  jr.).    We  have,  then, 

/.  =  .47698  X.  =  29.990 

/  =  .47693  Xi  «  29,990 

A  -  .47683  /(j^^)  «         10 

i(f,)^f-f,^         10 
Then  (formula  5), 

i(x^)  -  10  X  1^  =  7,  nearly 

and  X  =  Xi-^-  i{x^)  «=  29,980  +  7  =  29.987.    Ans. 

This  gives  the  significant  figures  of  the  number.  The  decimal 
point  should  be  placed  according  to  the  characteristic  of  the  given 
logarithm. 

ExAMPLB  3. — Find  the  angle  whose  natural  tangent  is  .56781  (=>  /) 
by  means  of  a  table  giving  the  natural  tangents  of  angles  varying  by 
minutes. 

Solution. — Here  /  is  found  to  lie  between  .56760(>"  tan  29**  S5f 
=  A)  and  .56808(=  tan  29**  SO'  ■■  /,).  Expressing  jr,  -  *•»,  or  /(^i), 
in  seconds,  we  have 

;r.  =  29**  36^  /.  »  .56808 

Xr  =  29°  35^  /  =  .66781 

/(x^)  =60"  A  =  -56769 

/(/»)  =         39 

f(A)  =        12 
Then  (formula  5), 

i{x,)  =  60^'  X  ^^  =  18",  nearly 

and  ;r  =  ;rt  +  Hx^)  =  29°  35'  18".    Ans. 

ExAMPLB  4. — In  Searles'  field  book  is  given  a  table  of  lengths  of 
arcs  for  different  degrees  of  curvature.  Part  of  it  is  as  follows  (lengths 
in  feet) : 


Degree 
of  Curve  (=X) 


10°   lo' 
10°   20' 

10°  30' 


Length  of  Arc 
for  One  Station  (=F) 


100. 131 
100.136 
100.140 


Find  the  length  of  the  arc  between  two  stations  for  a  10°  26^  curve. 
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SoLxrnoN.— Here  we  have,  jr  =  10®  26',  which  lies  between  10®  20^ 
(=jri)  and  10®  30(s  x^).  Expressing  I(xi)  and  i(xx)  in  minutes, 
and  /(/i)  and  i(fx)  in  thousandths,  we  have  I(Xx)  »  lo,  i{Xx)  b  6, 
/(A)  =  140  -  136  =  4. 

Therefore  (formula  4), 

i(A)  =  4X^  =  2,  nearly 


and 


/=  /,  +  i(/0  =  r^2^}  =  100.138.    Ans. 


In  all  simple  cases  like  this  the  operations  can  be  performed  mentally 
and  very  rapidly.  


BXAMPI^BS    FOB   PRACTICB 

1.    Prom  the  following  table,  find,  by  interpolation,  the  cube  root 
of  347.3  and  that  of  349.7. 


Number 

Cube  Root 

347 
348 

349 
350 

7.0271 

7.0338 
7.0406 

7.0473 

Ans  V'^^ 


2.     Find,  from  the  following  table,  the  diameter  of  a  circle  whose 
circumference  is  63.57318. 


Diameter 

Circumference 

20.1 
20.2 
20.3 

63.14601 
63.46017 

63.77433 

Ans.  20.236 
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SOLUTION  OF  RIGHT  TRIANGLES 

35.  Fundamental  Equations. — Let  A  B  C,  Fig.  9,  be 
a  right  triangle,  in  which  A^  B,  and  C  are  the  ang^les  and  aX 
and  c  are  the  lengths  of  the  sides,  c  being  the  hypotenuse. 
Since  A  and  B  are  complementary  angles,  we  have 

sin  A  —  cos  B  tan  A  =  cot  B 

cos  A  =  ^\n  B  cot  A  =  tan  B 

Also,  from  the  definitions  of  the  trigonometric  functions, 

sin   A  =  -,  tan   ^  =  -,  cos   -5  =   sin   -^  =  -,  cot  A  —   \ 
CO  c  a 

whence,  expressing  the  value  of  a 
from  each  of  these  equations, 

a  =  c  sin  A  (1) 

a  =  ^  tan  A  (2) 

a  —  c  cos  B  (3) 

a  =  ^  cot  ^  (4) 

From  formulas  1  and  3,  the  following  values  are  found 
for  c: 

a 


c  = 


sin  A 


=  a  CSC  A 


a 


c  = =1  a  sec  B 


(6) 
(6) 


cos  B 
Finally,  from  geometry, 

c'  =  a'  +  b'  (7) 

Of  the  trigonometric  formulas  just  given,  it  is  only  neces- 
sary to  commit  to  memory  formulas  1  and  2,  as  the  others 
are  immediate  consequences  of  these.     These  two  formulas 

may  be  stated  in  words  thus: 

fiiihcr  le^  of  a  right  triangle  is  equal  to  the  hypotenuse  multi- 
plied by  the  sine,  or  to  the  other  leg  multiplied  by  the  tangent^ 
of  the  opposite  angle. 


u' 
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It  should  be  observed  that,  since  a  is  either  leg:  whose 
opposite  angle  is  A^  and  adjacent  angle  By  the  letters  a  and  b 
may  be  interchanged  in  the  preceding  formulas,  provided 
that  A  and  B  are  likewise  interchanged.  Thus,  by  inter- 
changing a  and  by  A  and  B  in  formulas  1  and  5,  we  obtain, 

b  =  c  sin  B,  c  =  —, — -  =  b  esc  B 

sm  B 

36.  Solution  of  a  Bifirht  Trianfirle. — In  general,  when 
some  of  the  parts  of  a  triangle  are  given,  the  process  of 
determining  the  others  is  called  solvinfir  tlie  trlang^le,  or 
the  solution  of  tlie  triang^le.  The  latter  expression 
is  applied  also  to  the  triangle  determined  in  accordance  with 
the  given  data. 

In  order  to  solve  a  right  triangle,  two  parts,  one  at  least 
of  which  should  be  a  side;  must  be  known  in  addition  to  the 
right  angle.  The  two'parts  may  be  either  (1)  one  side  and 
one  of  the  acute^ angles,  or  (2)  two  sides. 

37.  Case  I. — Given  a  Side  and  an  Acute  Angle,  The 
other  acute  angle  is  found  from  the  relation  A  '\-  B  =  90°, 
and  the  other  two  sides  by  means  of  formulas  1  to  7, 
Art.  35,  as  illustrated  by  the  fol- 
lowing examples: 

ExAMPLB  1. — In  Fig.  10,  the  length 
of  the  hypotenuse  A  B  oi  the  right 
triangle  A  C  B,  right-angled  at  C  is  24 
feet,  and  the  angle  A  is  29°  31';  find  the 
sides  A  C  and  B  C,  and  the  angle  B. 

Note.  — Wlmi  working  examples  of  this 
UimL  make  a  sketch  and  mark  the  known  parts,  as  shown  in  the  flsrure. 

Solution  Without  Logarithms.—  ^  =  90°  -  ^  =  90°  -  29°  31' 
as  60°  29^.  By  formula  3,  Art.  35,  interchanging  a  and  b,  and  A 
uid  B, 

*  =  ^  cos  -4  =  24  cos  29°  31'  =  24  X  .87021  =  20.89  ft.,  nearly. 

By  formula  1,  Art  35, 

a  «  24  dn  29°  31'  B  24  X  .49268  =  11.82  ft.,  nearly. 


Ans 


r^  =  60°29' 
.{A  C  =^  20.89  ft. 
\B  C  ^  11.82  ft. 
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SI 


1^ 


SoLxrrioN  by  Logarithms. — By  formulas  8  and  1,  Art.  85, 


^  =  24  cos  29**  31' 
a  =  24  sin  29°  ZV 

Logarithms  for  (1) 
log  24  =  1.38021 
log  cos  29°  31'  =  1.93963 
log  d  =  1.31984 
d  =  20.89 


(1) 
(2) 

LOGARTTHICS  FOR   (2) 

log  24  =  1.38021 
log  sin  29°  31'  ^  1.69256 
log  a  =  1.07277 
a  «  11.82 


In  working  examples  of  this  kind,  the  two  logarithmic  fnnctioni 
should  be  taken  from  the  table  at  the  same  time.  It  saves  time  snd 
space  to  arrange  the  operations  as  follows: 

log  a  =  1.07277;  a  =  11.82 
log  sin  29°  31'  =  1.69256 
log  24  =  1.38021 
log  cos  29°  31'  =  1.93963 

log  d  =  1.31984;  6  =  20.89.    Ans. 

The  logarithm  of  24  is  written  first,  and  then  the  logarithms  of  the 
sine  and  cosine,  one  over,  the  other  under,  log  24,  the  addition  beingf 
performed  upwards  in  one  case  and  downwards  in  the  other. 

Example  2.— One  leg  of  a  right  triangle  A  CB,  Fig.  11,  is  37  feet 

B    7  inches  long;   the  angle  opposite  is 
<    25°  33'  7";  what  are  the  lengths  of  the 
hypotenuse  and  the  side  adjacent,  and 
what  is  the  other  angle? 

Solution  Without  Logarithms. 
^  =  90°  -  25°  33'  07"  =  6i°  26^  53^. 
Reducing  37  ft.  7  in.  to  ft.,  we  h^ve, 
a  =  37.583  ft.,  nearly. 


I 

c 


By  formula  5,  Art.  36, 

37.583 


37.5a3 


^       sin  25°  38'  07'"'       .43133 


=  87.133  ft.,  nearly. 


By  formula  4,  Art.  35,  interchanging  a  and  6,  and  A  and  B, 
d  =  acotA  =  37.583  X  2.09166  =  78.611  ft.,  nearly. 

\ff  =  64°  26'  53" 


Solution  by  Logarithms. — As  before, 

37.583 


'1; 


Ans.M  C=  78.611 

A  B  ^  87.133  ft. 


c  = 


Also, 


sin  25°  33'  7" 
d  =  37.583  cot  25°  33'  7" 
log  d  =  1.89548j  d  =  A  C=  78.611  ft. 
log  cot  25°  aS'  7"  =     .32049 
loj^  37.oa3  =  1.57499 
log  sin  25°  33'  7"  =  1.63481 

log  c  =  1.94018;  c  ^  A  B  ^  87.132  ft.    Ans. 
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It  is  to  be  noted  that  the  value  oi  A  B  given  by  logarithms  is  differ- 
ent in  the  fifth  figure  .from  the  result  given  by  natural  functions. 
This  is  due  to  the  fact  that  in  using  five-place  tables  the  results  can  be 
depended  on  to  be  correct  to  only  four  figures,  and  to  have  a  very  close 
approximation  to  the  fifth  figure. 

KoTB.— In  the  majority  of  cases,  the  solution  by  losrarithms  is  far  more  expeditious 
than  the  solution  by  natural  functions.  The  student  is  stronirly  advised  to  form  the 
habit  of  solvinsr  all  trigonometric  problems  by  means  of  loiraritbms  and  the  losra- 
rithmic  functions,  whenever  these  functions  can  be  used. 

38.  Case  II. — Given  Two  Sides,  If  the  given  sides  are 
the  two  legfs  a  and  ^,  A  is  found  from  formula  2,  Art.  35, 
and  B  from  the  relation  A  +  B  =^  90°.  To  find  c,  for- 
mula 7,  Art.  35,  may  be  used;  but,  unless  a  and  b  are  con- 
venient numbers  to  square,  it  is  preferable  to  determine  c  by 

A         formula  5,  Art.  35,  after  having 
determined  A. 

If  the  given  sides  are  the  hypot- 
enuse c  and  one  leg,  say  a,  the 


angle  A  is  found  by  formula  1,  Art.  35,  B  from  the  relation 
A  +  B  ^  90°,  and  b  from  either  formula  4,  or  formula  7, 
Art.  35.    The  latter  gives 

b  =   <c^  -  a' 
Unless  c  and  a  are  convenient  numbers   to  square,  the 
quantity  under  the  radical  should  be  replaced  by  the  product 
(c  +  a)  (c  "  a)y  and  then 

log  ^  =  i  [log  {c  +  a)  +  log  {c  —  a\ 
from  which  b  can  be  readily  determined. 

Example  1. — Given  a  and  b  as  shown  in  Fig.  12,  to  find  A^  B^  and  c. 

Solution.— Formula  2,  Art.  36, 

tan^  =  -^  =  15  =  I  =  .83333 
^        lo        o 

A  =  39°  48'  20" 

i?  -  90**  -  39**  48'  20"  =  50°  11'  40" 
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Formula  6,  Art.  35, 


15  15 

c  = 


sin  A       sin  39**  48^  W 
log  16  =  1.17609 
log  sin  39°  48^  20"  =  1.80630        '    ■ 

log  c  =  1.36979;  c  =  23.431 
Otherwise, 

c  =  Vr5'"4^18"«  =  V(3X5)«+  (3X6)*  =  3V5*  +  6«  =  3V6l  =  23.4.U 

Ans. 

Example  2. — The  hypotenuse  c  and  the  leg  h  having  the  valaes 
shown  in  Pig.  13,  find  the  acute  angles  and  the  leg  a. 

Solution. — By  formula  3,  Art.  35,  interchanging  a  and  b^  A  and^, 

.       b       305.45 
"°^  ^  =  7  =  596:76 

log  305.45  =  2.48494  90°  =  89**  Sy  60" 

log  596.76  =  2.77580  A  =  59°  12^  46" 

log  cos  A  =  1.70914;  A  =  59°  12' 46"  B  «  30°  47'  14* 

Formula  2,  Art.  35, 

a  =  305.45  tan  59°  12'  47" 
log  305.45  =  2.48494 
log  tan  59°  12'  46"  =     .22489 

log  a  =  2  J0983';  a  =  612.66 

Otherwise,  a  =  <?  ^^*  =  V(^  +  ^)  (r  -  b) 

c  +  b  =^  902.21  log  {c-^-b)  =     2.95531 

c  =  596.76  log  {c-b)  ^      2.46435 

b  =  3a5.45  2)6.41966 

c-b  ^  291~3~1  log  a  =     2.70983;  a  =  512.66 

A  =  59°12'47'' 
Ans.^^  =  30°  47' 13* 


{A  =  59°  12'  4? 
^  =  30°  47'  \^ 
a  =  512.66  ft. 


EXAMPLES    FOR    PRACTICE 


1.  In  a  right  triangle  AC  By  right-angled  at  C  (let  the  student 

make  a  sketch),  the  hypotenuse  ^  ^  =  40  inches  and  angle  ^  =  28" 

14'  14";  solve  the  triangle.  f  Angle  .ff  =  6r45' 4«* 

Ans.^^C=  35.239  in. 
\BC^  18.925  in. 

2.  In   a  right  triangle  A  C B,  right-angled  at   C,   the    side  EC 

=  10  feet  4  inches;  if  angle  A  =  26°  59'  6",  what  are  the  other  parts? 

f  Angle  i?  =  63°  0'  54" 
Ans.{  ^  ^  =  22  ft.  9J  in.,  nearly 
IW  C  =  20  ft.  3t  in.,  near^ 
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(PART  2) 


liOGARITHMIC    FUNCTIOlSrS    OF    SMALL 
ANGLES 

1.  Angles  less  than  3^  are  of  comparatively  rare  occur- 
rence in  practice.  When,  however,  they  do  occur,  and  they 
contain  odd  seconds,  their  logarithmic  sines,  tangents,  and 
cotangents  cannot  be  accurately  delermined  by  the  general 
formulas  and  rules  given  in  Plam  Trigonometry,  Part  I, 
These  functions  are  found  from  a  special  table,  which  covers 
the  first  three  pages  of  the  general  table  of  logarithmic  func- 
tions furnished  wilh  this  Course.  These  pages  differ  from 
the  others  in  several  respects,  namely: 

(a)  The  column  of  seconds  on  the  left,  marked  "  at  the 
top,  gives  the  total  number  of  seconds  in  all  angles  between 
0°  and  3°,  at  intervals  of  1  minute.  Thus,  on  page  43,  the 
number  6,360  in  the  column  of  seconds  is  horizontally  oppo- 

146  in  the  minute  column,  and  is,  therefore,  the  total 
ber  of  seconds  in  1°  46', 
)  The  column  headed  S  T,  between  the  sine  and  the 
ent  column,  contains  the  values  of  log  tan  A  —  log  A", 
log  sin  A  —  log  A"  for  all  values  of  A  between  0°  and 
■arying  from  minute  to  minute;  A"  is  the  total  number 
iconds  in  the  angle  A.  The  first  four  figures  of  these 
rence&  are  common  to  the  tangent  and  the  sine  and  are 

printed  near  the  head  of  the  column;  the  other  two  figures 
!  printed  under  S  for  the  sine  and  under  T  for  Ihe  tan- 
The   two   figures   corresponding    to   any   angle   are 
;oQtaI]y  opposite  the  lotal  number  of  seconds  in  the 
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ans:le,  this  total  number  of  seconds  being:  c^ven  in  the  left- 
hand  column.  Thus,  for  1*^  45'  (=  6,3(XyO.  the  vahie  of  5, 
or  of  log  sin  1*^  45'  -  log  6.300.  is  8.68551;  and  the  value  of 
r,  or  of  log  tan  1^  45^  -  log  6,300,  is  8.68571. 

(c)  Next  to  the  cotans:ent  column,  there  is  a  column 
marked  C,  containins:  the  values  of  —7*.  The  first  four 
fissures  of  these  values  are  common  to  all  ang^les  between 
0°  and  3^,  and  are  printed  but  once;  the  other  two  are  printed 
horis^ntally  opposite  the  number  of  seconds  in  the  corre- 
sponding angles.  Thus,  for  1°  51'  (=  6,660"),  the  value  of 
C  is  5.31427.  The  values  of  S,  T,  and  C  will  here  be 
referred  to  as  corrections. 

2.  To  Find  the  liOfirarlthmlc  8lne  or  Tang^ent  of  an 
Anflrle  Between  0°  and  3°. — If  there  are  no  odd  seconds 
in  the  angle,  the  logarithm  may  be  at  once  taken  from  the 
table,  as  in  Plaiu  Trigonometry^  Part  1.  Here  it  will  be 
assumed  that  the  angle  contains  a  number  of  odd  seconds. 
Let  the  angle  be  denoted  by  Ay  and  the  total  number  of 
seconds  in  it  by  A''\  that  is,  let  A"  be  the  angle  reduced  to 
seconds.     (See  Art.  !•) 

Rule. — Open  the  table  at  the  page  headed  by  the  number  oi 
degrees  in  the  given  angle.  Look  in  the  minute  column  for  the 
number  of  minutes  nearest  (whether  greater  or  less)  to  the  num-- 
ber  of  odd  minutes  and  seconds  in  the  given  angle.  ( Thus^  if  the 
given  angle  is  2°  o?6'  40",  look  for  2°  3T ;  if  the  given  angle  is 
20  ^Qf  21",  look  for  2°  3r/,)  Take  from  the  column  headed  S  T 
the  correction  horizontally  opposite  the  number  of  minutes  found 
as  just  described,  using  the  correction  under  S  for  the  sine^  and 
that  under  T  for  the  tangent.  Look  in  the  column  of  seconds  at 
the  left  of  the  page  for  the  number  horizontally  opposite  the  num* 
ber  of  minutes  in  the  given  angle,  and  to  it  add  the  number  of 
odd  seconds  in  that  angle.  The  result  will  be  the  total  number 
of  seconds  {A")  in  the  given  angle.  Find  the  logarithm  of  this 
number  of  seconds  from  the  table  of  logarithms  of  numbers. 
Add  to  this  logarithm  the  correction  found  as  above.  Tfie  result 
will  be  the  required  logarithmic  sine  or  tangent,  according  to  the 
correction  used. 
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Ex-uiPLB  1.— To  find  the  logarithmic  sine  of  1"  3'  45"  (=  A). 
Solution. — Opening  the  table  at  page  43  {headed  1°),  we  look  for 
4'  in  the  mincte  column,  since  3'  45"  is  nearer  to  4'  Ihan  to  3'.  Hori- 
aoDtally  apposite  4,  and  in  the  column  headed  S  T,  the  sine  correction 
6.eS.''>55  (=  S)  is  found.  We  now  look  in  the  minute  column  for  the 
number  of  ininules  (3)  in  the  givea  angle;  horizontally  opposite  it  in 
the  lc(E-band  column  is  the  number  3,780.  number  of  seconds  in  1°  3'; 
adding  45".  we  obtain  3,825  ( =  A")  (or  the  total  number  of  seconds 
III  the  given  angle. 

log  A"  =  log  3.B25  =  3.58263 
5  =  B.liH5fi5 
loR  sin  A  =  2.2f(818 
Out  h,  log  sin  1"  3'  45"  =  5.26818.    Ana. 

ExjkMPLB  2.— To  find  the  logarithmic  tangent  of  2"  SS*  17". 
SonrriotJ. — On  page  44,  the  correction  for  the  tangent,  opposite 
3iy.  isB.ll8587  (=7^.     Number  of  seconds  opposite  36' in  the  left-hand 
column,  ».3tiW;  A"  =  »,:«»  +  17  =  9,377. 
log  9.377  =  3.97206 
T=  fl.68587 
log  tan  2°  36'  17"  =  2.65793.    Ans. 

3.  To  Find  the  LoearlthtDic  Cotangent  of  an  Angrle 
Betvreen  0°  and  3°. 

Rule— /iMrf  C,  A",  and  log  A"  exactly  as  in  the  last  article, 
C  being  taken  from  the  correction  column  next  to  the  eolangent 
column.  Subtract  log  A"  from  C.  The  re<!ttll  will  be  the 
required  logarithmic  cotangent. 

Example,— To  find  the  logarithmic  cotangent  of  1°  62*  37". 

SoL(iTTOK. — On  page  43.  the  correction  under  C,  and  horizontally 
oppo^te  Sy,  is  5.31427;  A"  =  6,720  +  .S7  =  6.757. 


=  5,31427 
log  A"  =  log  8,757  =  3,82976 
C-  logv4"  =  1.41*452 
log  col  l"  52'  37"  =  1.48452.     Ans. 


4.     To  Find  the  toprarlthmlc  Tangent,   Cosine,  or 

itangeut  of  an  AuKle  Between  87°  and  0O°. — These 

KtioDS  also  are  to  be  taken  from  the  first  three  pages  of 

tbe  table  of  logarithmic  functions.     The  simplest  way  to 

proceed  is  to  subtract  the  angle  from  90°  and  look  for  tbe 


4  PLANE  TRIGONOMETRY  §10 

corresponding  complementary  function  as  explained  in 
Arts.  2  and  3.  Thus,  log  cos  88°  55^  88''  is  obtained  by 
looking  for  log  sin  (90°  -  88°  65'38'0  =  log  sin  1°  4' 22". 


EXAMPLES    FOR    PRACTICE 

1.  Find  the  logarithmic  sine  of  1°  &  19".  Ans.  2.28532 

2.  Find  the  logarithmic  sine  of  (f  2'  41".  Ans.  5.89240 

3.  Find  the  logarithmic  tangent  of  2**  56'  67".  Ans.  2.71196 

4.  Find  the  logarithmic  cotangent  of  l**  SC  18".  Ans.  1.58049 

5.  Find  the  logarithmic  cosine  of  88°  50'  49".  Ans.  2.30370 

6.  Find  the  logarithmic  tangent  of  89**  3'  9".  Ans.  1.78151 

7.  Find  the  logarithmic  cotangent  of  88**  0'  25".  Ans.  2.54157 


5,  To  Find  the  Angle  Corresponding  to  a  Given 
liOgarithniic  Function,  When  the  Function  liles 
Between  Two  of  the  Functions  In  the  First  Three 
Pages  of  the  Table. — I.  Sine  and  Tangent. — As  explained 
in  Art.  1,  log  sin  -^  =  5+  log  A'']  therefore, 

log  A"  =  log  sin  A  —  S  (1) 

Likewise,  when  log  tan  A  is  given, 

log  A^'  =  log  tan  ^  -  r  (2) 

From  these  formulas  is  derived  the  following 

Rule. — Fmci  in  the  table  the  logarithm  nearest  to  the  given 
one.  Take  the  correction  horizontally  opposite  this  fogarithm^ 
and  subtract  it  from  the  given  logarithm.  The  result  will  be 
the  logarithm  of  the  total  number  of  secotids  {A'')  in  the  given 
a?tgle.  Find  the  number  corresponding  to  this  logarithm,^  and 
reduce  it  to  degrees^  minutes,  aiid  seconds. 

It  is  here  assumed  that  the  given  function  lies  between 
two  functions  in  the  column  marked  log  sin  or  log  tan,  as 
the  case  may  be,  at  the  top.  If  the  names  of  the  functions 
are  at  the  bottom,  the  sine  should  be  treated  as  in  Plane 
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Trigonometry y  Part  1;  the  tangent  should  be  treated  as  if  it 
were  a  cotangent,  according  to  the  directions  to  be  given 
presently,  and  when  the  angle  corresponding  to  that  cotan- 
gent is  found,  it  should  be  subtracted  from  90°. 

II.  Cotangent, — Since  log  cot  A  =^  C  —  log  A''  (Art.  3), 

we  have 

log^^'  =  C- log  cot  ^  (3) 

From  this  formula  is  derived  the  following 

Rule. — Find  in  the  table  the  logarithmic  function  nearest 
the  given  cotafigent.  Take  from  the  C  column  the  correction 
horizontally  opposite  the  logarithm  just  foundy  and  from  it  sub- 
tract the  given  logarithmic  cotangent.  The  result  will  be  the 
logarithm  of  the  total  number  of  seconds  in  the  angle. 

Here,  as  before,  it  is  assumed  that  the  given  cotangent 
lies  between  two  of  those  marked  log  cot  at  the  top.  If 
it  lies  between  two  logarithms  in  the  column  marked  log  cot 
at  the  bottom,  it  should  be  treated  as  if  it  were  a  tangent,  and 
having  found  the  angle  corresponding  to  this  tangent,  it 
should  be  subtracted  from  90*^  to  obtain  the  required  angle. 

III.  Cosine, 

Rule. — //  the  given  cosine  lies  between  two  of  those  in  the 
column  headed  log  coSy  apply  the  general  rule  given  in  Plane 
Trigonometry y  Part  1,  If  it  lies  between  two  of  the  logarithms 
in  the  column  marked  log  cos  at  the  bottom  y  treat  it  as  if  it  were 
a  sinCy  lifid  the  angle  corresponding  to  that  sine  as  abovCy  ajid 
subtract  the  result  from  90^. 

ExABfPLB  1.— To  find  the  angle  whose  logarithmic  tangent  is5.32803. 

Solution.— The  logarithmic  tangent  nearest  to  2.32803  is  2.32711, 
found  in  the  column  headed  log  tan  on  page  43.  The  T  correction 
horizontally  opposite  2.32711  is  B.6a564. 

log  tan  A  =  2.32803 
r=  6.68564 

log  ^"  =  3.64239 
Prom  the  table  of  logarithms  of  numbers, 

A'^  =  4,389"  =  1°  13'  9".    Ans. 

ExAMPLB  2. — To  find  the  angle  whose  logarithmic  cotangent  is 
2.49567. 
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Solution. — The  nearest  logarithmic  cotangent  found  in  the  table 
is  2.49488.    The  number  opposite  this  logarithm  in  the  C  colnmn  is 

^•^^^^-  C  =  5.31442 

log  cot  A  =  2.49567 

log  A'f  =  2.81875; 
A'f  =  659"  =»  0^  l(y  59".    Ans. 

NoTE.—Aofirles  are  here  ffiven  to  the  nearest  whole  second. 

Example  3. — To  find  the  angle  whose  logarithmic  cosine  is  2.63723. 

Solution. — The  nearest  logarithm,  2.63678,  is  found  on  page  44,  in 
the  column  headed  log  sin.  The  given  function  is,  therefore,  to  be 
treated  as  if  it  were  a  logarithmic  sine,  and  the  angle  A^  correspond- 
ing to  this  sine  is  to  be  subtracted  from  90^  to  obtain  the  required 
angled .    The  correction  horizontally  opposite  2.63678,  in  the  5* colnmn, 

isB.68544. 

log  sin  Ay  =  2.63723 

5=  6.68544 

log  Ay"  =  3.95179; 
.  Ay  =  8,949"  =  2°  29^  9" 
^  =  90°  -  2°  29^  9"  =  87**  30'  51''.    Ans. 


EXAMPI^ES    FOR    PRACTICE 

Verify  the  following  values: 

(fl)    2.17645  =  log  sin  0°  51' 37"     {e)    2.48790  =  log  cot  SS*' 14' 19» 
(b)     3.94316  =  log  sin  0°  30'  10"     (/)     2.47608  =  log  cot  0**  11'  29" 
(^)     2.65783  =  log  cos  87°  23'  36"    (g)     1.31009  =  log  tan  87°  11'  W 
{d)    2.58349  =  log  tan  2°  11'  41"     {h)    3.95377  =  log  cos  89°  29'  6" 


6.  Use  of  the  Column  of  Seconds  for  Obtalninfir  the 
Angle  Corresponding  to  a  Given  Function. — In  order^ 
to  avoid  confusing  the  student  by  too  many  rules,  the  reduc- 
tion of  A^^  to  degrees,  minutes,  and  seconds  was,  in  the  pre- 
ceding articles,  effected  by  the  ordinary  rules  of  arithmetic, 
without  any  reference  to  the  table.  The  following  is  a 
more  expeditious  method: 

Let  the  given  function  lie  between  the  functions  of  two 
consecutive  angles,  Ay  and  Ay  -f  V.  Then,  the  degrees  and 
minutes  in  the  required  angle  are  those  in  Ay,  and  may  be  at 
once  written  down.  The  number  in  the  column  of  seconds 
on  the  left,  horizontally  opposite  the  number  of  minutes 
in  An  gives  the  total  number  of  seconds  in  Ai,    Denoting  that 
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pUffiWr  by  A"  and  the  number  of  odd  seconds  in  the  required 
angle  by  s.  we  have        s  =  A"  -  A," 

gXAUPLB.— To  find  the  angle  whose  logaritbmic  tangent  is  S.30217. 
SoLL-noN.— The  given  function  lies  between  3.29629  and  3.30283. 
»j*|ie  angle  corresponding  to  the  first  of  these  two  functions  is  1°  8* 
(=  -.4.):  A,"  =  *.080". 

lQgUn-4  =  5.30217 
T  =  8.685tB 
^_  log.^"  =  3^61654;  A"  =  4.136 

^L  1  =  A"  -  A."  =  4.136  -  4.080  =  66" 

^B  ^  =  <4, +  t  =  l''8'56".    Ans. 

^^^die  subtraction  A"  —  Ai"  can  usually  be  effected  mentally. 

EXAMPLES    FOR    PRACTICE 

.^pptf  tbe  method  just  described  to  the  Examples  for  Practice  given 
GENERAL   TRIGONOMETRIC    FORMULAS 


A^2iGLE8  AND  THEIR  TRIGONOMETRIC  FUNCTIONS 
7.    AnRle  of  Any  Ha^tiltaile.  —  In  trigonometry,  an 
a-T^gle  is  considered  as  being  generated  by  a  straight  line  turn- 
*-Tkg  about  one  of  its  ends, 
■^s-hich  is  the  vertex  of  the 
angle.     In  this  motion, 
any  point  in  the  turning 
line   describes   a  circular 
L     arc.  whose  number  of  de- 
'     grees  is   the  measure  of 
ihe  angle.     The   turning 
line  is  called  the  genee- 
attiig  line.    The  position 
[bat  this  line  occupies  be- 
fore it  begins  to  turn,  and 
from  which  arcs  are  meas- 
ured, is  called  the  Initial 
line,  or  the  Initial  potsltlon  of  the  generating  line;  and 
the  position  it  occupies  after  turning  through  a  certain  angle 
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is  called  the  final  position.  In  Fig.  1,  for  exam{)le,  the 
initial  position  of  the  generating  line  is  OX.  The  turning 
is  supposed  to  take  place  about  the  point  O  and  in  a  direc- 
tion opposite  to  that  in  which  the  hands  of  a  clock  move. 
When  the  line  turns  from  the  position  O  X  to  the  final 
positions  OB,  O C,  OD,  O E,  OF,  it  generates  angles  of 
30^,  90°,  180°,  270°.  320°,  respectively,  as  indicated  on 
the  figure.  If  the  line  makes  a  complete  turn,  so  that  its 
final  position  coincides  with  its  initial  position  OX^  the  angle 
generated  is  360°. 

8,  Positive  and  Ne^arative  Annies. — When  an  angle 
is  described  by  a  line  turning  in  a  direction  contrary  to  that 

^  isa^A  X  ^^  which  the  hands  of  a  watch 

^  move,  the  angle  is  considered 

lK>sitive;  if  described  in  the 
c — "  ^^j>  opposite  direction,  it  is  con- 

^^'*  "  sidered   negratlve.      Refer- 

ring to  Fig.  2,  the  angle  XOB,  whose  supplement  is  A,  may 
be  regarded  as  having  been  described  in  any  of  the  follow- 
ing manners: 

(a)  By  turning  the  generating  line  about  O  from  the 
position  OX  in  the  positive  direction  through  (180  — A) 
degrees  to  the  position  OB. 

(/>)  By  turning  the  generating  line  about  O  in  a  positive 
direction  through  an  angle  of  180°,  when  it  will  be  in  the 
position  O  Cy  and  then  turning  it  back  from  O  C  in  the  nega- 
tive direction  through  the  angle  —A  (negative,  because 
turned  in  the  negative  direction)  into  the  position  OB. 

(r)  By  turning  the  generating  line  about  O  in  the  nega- 
tive direction  throuj^h  the  angle  —A,  into  the  position  O D, 
and  then  turning  it  back  in  the  positive  direction  through 
180°  into  the  position  OB. 

It  is  to  be  noticed  that,  however  the  angle  (180^  —  A) 
may  be  regarded  as  described,  the  resulting  angle  XOB 
is  the  same. 

9,  Quadrants. — Let  (^-V,  Fig.  3,  be  the  initial  position 
of  the  generating  line,  and   6^ /!/»,  O  M^,  O  M%,  O  M^  final 
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positions*  determining,  respectively,  the  angles  At,  Aty  A,,  A^, 
all  measured  from  OX  upwards  and  toward  the  left.  Pro- 
ducing XO  and  .drawing  through  O  a  perpendicular  W 
toO-V,  the  plane  of  the  figure  is  divided  into  four  right 
angles,  called  quadi^ants.  Taking  them  in  order,  follow- 
ing the  direction  in  which  positive  angles  are  reckoned,  they 
are  distinguished  as  follows:  XO  V  is  the  first  quadrant; 
YOX\  the  second  quadrant;  X^  O  V,  the  third  quad- 
rant; and  y  OXy  the  fourth  quadrant. 


10.     Trljirononietrlc    Functions   of   Any  Angrle. — In 

the  definitions  given  in  Plafie  Trigonometry ^  Part  1,  only  acute 
angles  were  considered.     Referring  to  Fig.  3,  in  which  Bx  C, 
is  perpendicular  to  OX^  the  trigonometric  functions  of  the 
acute  angle  Ay  were  defined  by  the  following  equations: 

tan  A    =  s^^^  opposite  __  Bx  Cx 

'  side  adjacent       O  Cx 

f  >i    —  side  adjacent  __  O  C, 

*  side  opposite  "  BxCx 
A    _  hypotenuse    _  O  Bx 

*  ~  side  opposite  ~  Bx  Cx 

These  formulas  serve  as  the  definitions  of  the  trigono- 
nx^\X\c  functions  of  any  angle;  that  is,  the  sine  of  any  angle 


A  _  *^de  opposite  _  Bx  Cx 
^*°     *  ""    hypotenuse"  ""  O  Bx 

J  _  side  adjacent  __  O  Ct 
<^^'-'   "hypotenuse"  ""  0~B~ 

.  _  hypotenuse  _  O  By 
s^"^*  "  sTde  adjacent  ""  0~Cx 
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is  the  ratio  of  the  side  opposite  to  the  h3rpotennse;  the  tan- 
gent  is  the  ratio  of  the  side  opposite  to  the  side  adjacent, 
etc.  But,  in  order  that  these  definitions  may  be  correct 
it  is  necessary  to  apply  to  them  some  alfi^ebraic  rules  rela- 
ting to  signs. 

In  Fig.  3,  the  hypotenuse  used  for  the  determination  of  the 
functions  of  Ax  is  any  portion  OB^  of  the  side  OAft,  which 
is  the  final  position  of  the  generating  line:  Prom  B^,  a 
perpendicular  Bi  C  is  drawn  on  the  initial  line  OX,  thus  deter- 
mining the  right  triangle  OB^Cx.  The  length  of  the  per- 
pendicular Bx  C  which  is  the  side  opposite  the  vertex  of  the 
angle,  is  the  distance  of  Bx  above  the  initial  line  OX,  and 
the  length  of  the  adjacent  side  Od  is  the  distance  of 
the  point  Bx  to  the  right  of  the  vertex,  measured  along  the 
initial  line;  or,  what  is  the  same  thing,  OCi  is  the  distance 
of  Bi  Cx  from  the  vertex,  measured  toward  the  right.  "^ 

Consider  now  the  angle  XOAf»,  or  At,  in  which  the  final 
position  OAf,  of  the  generating  line  lies  in  the  second  quad- 
rant.    As  before,  the  hypotenuse  to'be  used  in  the  definitions 
of  the  trigonometric  functions  of  At  is  any  portion  OB^  of  the 
side  OA/ty  which  is  the  final  position  of  the  generating  line. 
As  before,  also,  a  perpendicular  from  Bt  is  drawn   on  the 
initial  line  OX;  but,  in  this  case,  the  perpendicular  falls  on 
OA^  produced.     In  the  right  triangle  OBt  C„  the  perpendicu- 
lar /?,  C  is  the  side  opposite  the  vertex  of  the  angle  At^  and 
OCt  is  the  side  adjacent.     It  should  be  noted  very  partic- 
ularly that  the  terms  side  opposite  and  side  adjacent  are  used 
to  describe  the  positions  of  th.«:  legs  of  the  right  triangle 
with  reference  to  the  vertex  of  the  angle  considered,  not  to 
the  angle  itself.     Thus,  Bt  C.  is  not  opposite  the  angle  At^ 
but  opposite  the  vertex  O  of  that  angle.     The  length  of  the 
side   opposite,  /?,  C,  measuifts   the   distance  of   Bt    above 
the  initial  line;  and  the  length  of  O  C  or  the  side  adjacent, 
measures  the  distance  of  tRe  opposite  side  Bt  C,  to  the  left 
of  the  vertex;  or,  in  the  language  of  algebra,  it  may  be  said 
that  —  O  C,  is  the  distance  of  Z?,  C  to  the  right  of  O. 

Having  defined  the  cosine  of  any  angle  as  the  ratio  of  the 
side  adjacent  to  the  hypotenuse,  and  the  side  adjacent  as  the 
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itance  of  the  side  opposite  from  the  vertex,  measured 
ward  the  right  of  the  vertex,  it  is  necessary,  when  the  side 
s  is  to  the  left  of  the  vertex,  to  consider  its  distance 
bm  the  vertex,  or  the  side  adjacent,  as  negative.  This  is 
li  accordance  with  the  general  principle  of  algebra,  that,  if 
btances  counted  in  one  direction  are  treated  as  positive,  dis- 
0ices  in  the  opposite  direction  must  be  treatetl  as  negative. 
I  the  triangle  OB,  C,  therefore,  0  C,  should  be  treated  as 

teattve,  and  therefore,  the  cosine  of  A,  is  ^^^ -. 

OB, 

iConsidering  now  the  angle  A,,  the  hypotenuse  is,  as  above, 
giy  portion  OB,  of  the  side  O  Af,.  which  is  the  final  position 
of  the  generating  line.  From  B„  the  perpendicular  B.  C, 
on  the  initial  line  (produced)  is  drawn,  and  thus  a  right 
triangle  is  determined,  in  which  B,  C,  is  tlje  side  opposite, 
and  OC,  the  side  adjacent.  As  previously  explained,  OC, 
should  be  treated  as  negative.  The  opposite  side  B,C„ 
which  is  the  distance  of  B.  below  the  initial  line,  should  also 
be  treated  as  negative;  for  if  distances  above  the  initial  line 
are  treated  as  positive,  those  below  the  initial  line  must  be 
treated  as  negative. 

Finally,  in  the  angle  A„  which  terminates  in  the  fourth 
quadrant.  O  C  the  side  adjacent,  is  positive,  while  B,  C,  the 
side  opposite,  is  negative. 

The  foregoing  explanations  may  be  summed  up  as  fotlows: 
The  side  opposite  is  positive  or  negative  according  as  the 
hypotenuse  is  above  or  below  the  initial  tine.  The  side 
adjacent  i«  positive  or  negative  according  as  it  extends 
toward  the  right  or  toward  the  left  of '  the  vertex.  The 
hypotenuse  is  always  positive. 

»!•  Altrebralc  Slfrus  of  the  Fnnctlons. — Referring 
in  to  Fig.  3.  it  will  be  observ«d  that,  for  any  angle,  as  A,, 
terminating  in  the  Brst  quadranf;  both  the  side  adjacent  and 
the  side  opposite, or (9 C,  and 5,  Care  positive, and  therefore 
all  the  functions  are  positive;  for  any  angle,  as  A„  termina- 
ttog  in  the  second  quadrant,  the  side  adjacent,  or  O  C„  is  nega- 
tive, and  the  side  opposite,  or  B,  C„  is  positive.     Therefore, 
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.  +S'C. 


tan  A, 


—  0  C 
co&A,  =  '  ,  negative 


sec^, 

+  B,  C, 
The  signs  of  the  functions  of  angle! 


C/4,  = 


[  terminating  in  the 
third  and  in  the  fourth  quadrant  are  similarly  determined. 
The  results  are  tabulated  below. 

TABDE  I 


Quadrant 

Fnoction 

Pii^t       Second      Third       Ponitli 

SigD  of  Fnnction 

+ 
+ 

+ 

+ 

+ 

+ 
+ 

+ 
+ 

Tangent     

Cotangent 

Secant    

Cosecant    .    .    

+ 

12.     Trigonometric  Functions  of  0°  and   90°. — In 

the  right  triangles  ^  C^,  Fig.  4,  the  hypotenuse  AB  may 
be  taken  to  have  any  value  whatever. 
It  is  evident  that  BC,  the  side  oppo- 
site, decreases  as  the  angle   CAB 
decreases,  and   becomes  zero   when 
the  angle  becomes  zero;  and  that  5  C 
coincides  with  the  hypotenuse  A  B 
I  when  the  angle  Cy4i?  is  90°.    Again, 
A  C,  the  adjacent  side,  increases  as 
c   c  c  CO  the  angle  decreases,  and  is  equal  to 
P'°-  *  the  hypotenuse  A  B  when  the  angle 

CAB  is  0°.     Also,  A  C  becomes  zero  when  CAB  is  90°. 
Now,  from  the  definitions  of  the  trigonometric  functions. 
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side  opposite   „b„„ 
hypote: 


CAS  =  gye  adjacent^  ^^^^^^J 


5  90" 


^     0 
AB  ' 

=  4^ 

AS  ' 

=  d^ 
AB 

AB  ' 


tan  90°  =  ^  =  m 


Now,  c 


s  evident 


—The  cotangent  o£   CAB  is  equal    to   -x-^. 

mgrlc  decreases,  the  side  CS  becomes  less  and  less,  and  it  ii 
dial,  as  the  denomiaator  of  a  fractton  becomes  less  an 
numerator  remaining  the  same,  the  value  of  the  fractioi 
jVs  the  denominator  decreases  indefinitely,  the  value  of  the  fraction 
increases  Indelinitely,  and  when  the  value  of  the  fraction  exceeds  any 
tcDown  qcantity,  however  great,  il  is  said  to  be  inlinite.  The  sign  a> 
iB  us«d  to  express  an  lofinite  uamber. 

13.     Fimotlons  of  (180"  -  A).— Let  XOfif,  Fig.  5,  be 

any  angle,  and  A  (  =  MOX')  its  supplement.     Draw  OJtf' 

■making  with   O  X  an  angle  j 

equal  to  A^  as  shown.    Take 

iny  part  O  B  ai  O  M  for  the 

hypotenuse,    and    draw    B  C  ^  _ 

perpendicular  to   (9  A' pro-  c  o  c- 

duced;  draw  B  B'  parallel  to 

P.V,  and  B'  C  perpendicular  to  Q X.     Then,  B  C  =  B' C; 
j      0B=OB'\   0C=  -OCMArt.   10);  and,  by  the  defini- 
tions of  the  functions, 

BC      B'C 


^inXOM  = 


OB       OB' 


■-  sin  A 


sin  (180°  —A)  =  sin  A 
cos  (180"  -  A)  =  -  cos  . 


(1) 
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Similarly,    tan  (180°  -  ^)  =  -  tan  y#       (3) 

cot  (180°  -A)='-cotA       (4) 

These  relations  are  especially  useful  for  finding:  the  loga- 
rithmic functions  of  angles  greater  than  90°,  since  these  func- 
tions are  arithmetically  equal  to  those  of  the  supplements  of 
the  angles;  that  is,  when  signs  are  disregarded,  any  function 
of  an  angle  and  that  of  its  supplement  are  equal.  For 
example,  sin  105°  =  sin  (180°  -  105°)  =  sin  75°;  cos  105° 
=  -  cos  (180°  -  105°)  =  -  cos  75°. 

14.  Funotionsof  (90°  -f  ^).— By  formula  1  of  Art  13, 
sin  (90°  -\-A)=  sin  [180°  -  (90  +  A)]  =  sin  (90°  -a^) 

or,  since  sin  (90°  —  A)  =  cos  A,* 

sin  (90°  -hA)  =  cos^  (1) 

The    following    formulas   may   be   derived    in    a  similar 

manner: 

tan  (90°  +  ^)  =  -cot^  (2) 

cos  (90°  -f  ^)  =  -sin^  (3) 

cot  (90°  -f  /^)  =  -  tan  ^  (4) 

15.  Functions  of  Negative  Angrles. — The  comple- 
ment of  an  angle  is  the  algebraic  difference  between  the 
angle  and  90°.  If  the  angle  is  greater  than  90°,  its  comple- 
ment is  ney^ative.  Thus,  the  complement  of  95°  is  90°  —  95° 
=  —  5^.  The  cof unctions  of  an  angle  are  the  corresponding 
fundamental  functions  of  its  complement,  whether  that  com- 
plement be  positive  or  negative.  Thus,  cos  85°  =  sin  (90® 
-  85^')  =  sin  5^;  cos  95°  =  sin  (90°  -  95°)  =  sin  (-5°). 
vSimilarly,  sin  95^^  =  cos  (90°  -  95°)  =  cos  (-  5°).  It  is, 
therefore,  necessary  to  know  how  to  determine  the  functions 
of  negative  angles. 

If  90°  +  .•/  is  any  angle,  its  complement  is  90°  —  (90° 
•^  A)  =  —  A\  and,  therefore, 

cos  (90°  -f  A)  =  sm(-A),  cot  (90°  +  A)  =  tami-A) 
sin  (90°+^)  -  cos(-^i),  tan  (90°  +  ^)  =  cot(-^) 


uo 
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wtx^nce,  replacing   the  values   ot   cos  (90°  +  A),  cot  (90° 
-f-   -<-*),  etc.  from  the  preceding  article, 

»8in  (—  ^)  =  —  sin  A 
tan(- W)  =  -  tan^ 
cos(-v4)=  COS/7 
cot  {—  A)  -  -  cot  A 
ABDITIOX  OF  ANGLES 
16.  To  Express  the  Sine  or  Cosine  of  the  Sum  or 
TUtt^i^nc^  of  Two  Ai]|;lc»  In  Terms  of  the  Sine  and 
c:os*uo  ot  the  Aufcles. — The  following  formulas  are  funda- 
mental; being  of  frequent  occurrence,  they  are  very  import 
taut,  and'should  be  committed  to  memory: 

sin  (^  -I-  ^)  =  sin  A  cos  B  +  cos  A  s 

cos  (A  +  S)  =  cos  ^  cos  i9  -  sin  A  s 

sin  {A-B)  =  sin  A  cos  B  ~  cos  A  s 

cos  {A  —  B)  =  cos  A  cos  5  -f  sin  As 


in  5 

TiB 

nB 

mB 


(1) 

(2) 
(3) 
(4) 


tJoTB,— The  ilerivation  of  these  formulas  is  given  in  Ihe  Append! 
it  the  enil  of  (his  Section,  under  the  Roman  numeral  I,  Thai  Appea' 
dix  conlRins  (his  and  a.  few  other  demonst  rations  that  are  compara- 
tively laborious  and  may  tie  found  irksome  by  stirae.  They  ar 
M&enllat  lo  the  umlerslaading  of  the  formulas,  and  the  student  l 
required  to  learn  them.     He  is,  however,  advised  to  pemse  them 

laiiy-  »s  they  are  good  exercises  in  the  handling  and  transforming  oj 

Xioib  algebraic  and  trigonometric  expressions. 

These  formulas  are  not  used,  as  they  seem  to  imply,  to 
detennioe  the  sine  or  the  cosine  of  the  sum  or  difference  of 
two  angles,  when  the  sine  and  cosine  of  those  angles  are 
given.    They  can  be  used  for  this  purpose,  but  there  would 

be  no  advantage  in  so  doing.     Their  main  value  consists  in 

L  ihcir  application  to  transforming  complicated  trigonometric 

I  expressions  into  simpler  ones.     The  student  will  often  have 

r  occasion  to  employ  them  in  this  manner.     In  order  that  he 

may  have  an  idea  of  this  application  of  tbe  formulas,  two 

examples  are  given  here. 
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ExAMPLB  1. — To  determine  the  angled  from  the  relation 

sin(^-{-28°) 


sin  A 


=  .95 


Solution. — Applying  formula  1,  we  have 

sin  (^  -h  28°)  ^  sin  A  cos  28°  +  cos  A  sin  28** 

sin  A  sin  ^ 

sin  A  cos  28°  ,  cos  ^  sin  28°  ^o  ,       ^  ^    s    ooo 

= r-  -J ; — :i =  COS  28°  +  cot  yl  sin  28° 

sin  A  sin  A 

COS  </4 
replacing  -: — ^  by  its  equal  cot  A  (see  Plane  Trigonometry,  Part  1). 
Sin  j^ 

sin  {A  +  28°) 
Substituting  this  value  of  the  quotient ~ — -^ — -  in  the  given  equa- 
tion, we  have, 

cos  28°  +  cot  A  sin  28°  =  .95 

.  >f       -^  -  cos  28°       .95  -  .88295        -  ,„^ 
whence         cot  A  =  —^^^-  =        .46947        '  '^^^ 

and.  therefore,  A  =  81°  52^  19".    Ans. 

Example  2. — To  transform  the  expression  tan  A  +  tan  B  into  the 

.       sin  {A  +  ^) 

expression ^ ;=. 

'^  cos  y4  cos  -ff 

Note.— Transformations  of  this  kind  are  very  often  tisefttl.  when  loffarlthms  tie 
employed.  Thus,  if  tan  A  +  tan  B  were  to  be  multiplied  by  89.578.  it  would  be  neces- 
sary first  to  find  the  natural  tansrent  of  A,  then  that  of  ^.  add  the  two  together,  take  the 
losrarithm  of  the  sum  thus  obtained,  and  add  this  logarithm  to  that  of  S9JS78.    If. 

however,  the  expression =  is  used,  the  logarithms  of  sin  (^4  +  J?),  cos  A, 

cos  A  cos  B 

cos  B  can  be  taken  from  the  table,  and  the  operation  performed  without  havioir 

recourse  to  natural  functions,  which  are  often  inconvenient. 

Solution.— We  have  (Plane  Trigonometry ^  Part  1), 

^  .  .       r>       sin  y4   .  sin  B       sin  A  cos  B  -f  cos  A  sin  B 

tan  y^  H-  tan  -^  = -.  H ^  = — 5 

cos  A      cos  B  cos  A  cos  B 

According  to  formula  1,  the  numerator  of  this  last  fraction  is  equal 

to  sin  (A  -\-  B).    Therefore, 

At*,       D       sin  (^  +  ^)       . 

tan  A  4-  tan  B  =  —i 4.    Ans. 

cos  A  cos  B 

17.     Sine  and  Cosine  of  2  A  and  of  5  A. — From    the 

formulas  for  the  sine  and  cosine  of  the  sum  of  two  angfles, 
the  following  are  deduced: 

s\n2  A  =  2  sin  A  cos  A  ( 1 ) 

cos  2  A  —  cos*  A  —  sin*  A  (S) 

cos2A  =  1-2  sin*  A  (3) 

cos2  ^  =  2  cos*  A  -  1  (4) 

sin  -^  =  2  sin  i  /^  cos  i  A  (6) 
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cos  A  =  cos'  i  j4  —  sin'  i  A  (6) 

cos  y^  =  1  —  2  sin'  i  A  (7) 

cos  W  =  2  cos"  i  ,^  -  1  (8) 

JVs  in  the  case  of  formulas  1  to  4,  Art.  16,  these  formulas 

f-e  used  mainly  for  the  purposes  of  transformation.     They 

re  very  simply  derived  as  follows: 

When  S  is  made  equal  to  .'/.  formula  1,  Art.  16,  becomes 
sin  {A  +  A)  —  sin  A  cos  A  +  cos  A  sin  A 
lat  is.  sin  2  A  =  2  sin  A  cos  A 

Similarly,  formula  2,  Art.  16,  becomes 

cos  {.'(  +  A)  =  cos  A  cos  A  —  sin  v4  sin  A 
tJiat  is.  cos  2  A  =  cos*  ^  —  sin'  --/ 

Formula  3  follows  from  this,  by  writing  1  —  sin"  A  instead 
of  tzos'  A  (since  sin'  A  +  cos'  A  =  1);  and  formula  4,  by 
^-riting  1  —  cos"  A  instead  of  sin'  A. 

t^ormulas  1  to  4  give  the  sine  and  cosine  of  twice  any 
an  g"le  in  terms  of  the  sine  and  cosine  of  the  angle.  If  the 
an^Ie  is  denoted  by  iA,  twice  the  angle  will  be  A,  and 
io  x~siiula5  1  to  4  take  the  forms  of  formulas  5  to  8. 

■  OBLIQUE  TRIANGLES 

FrNDAMENTA_L   PRINCIPLES 


SIS.     Principle  of  Sines. — /n  any  triangle,  Ike  sides  are 
vportianal  Io  the  sines  of  I  he  opposite  angles.     That  is, 
a  _  sin  A    a  _  sin  A   .6  _  sin  S 
b       sin  B'    c       sin  C'   c        sin  C 
Let  ABC,  Fig.  6,  be  any  triangle  and  p  the  perpendicular 
troxn  C  on  the  opposite  side.     Then,  in  (a),  the  right  tri- 
MiG^les  A  CD  and  BCD  give,  respectively, 
/  =  i  sin  //,  y*  =  3  sin  B 
whence,  putting  the  two  values  of  p  equal  to  each  other, 
a  sin  D  —  b  sin  A 


y 


IS 


PLANE  TRIGONOMETRY 


SlO 


and,  therefore,  dividing:  by  b  sin  B, 

a  _  sin  A 
b       sin  B 


In  {b),  the  right  trians:les  A  CD  and  B  CD  give,  respect- 


ively, 
whence, 


^  =  ^  sin  /^,  ^  =  fl  sin  C  B  D 
a  sin  C  B  D  ^  b  %\si  A 


(a) 


Pio.  6 


But,  as  CB  D  =  180°  —  B,  we  may  write  sin  B  instead  of 

sin  CBD  (Art.  13),  and,  therefore, 

a  sin  B  =  b  sin  A 
whence,  as  before, 

a  _  sin  A 

b  ~ 


(1) 


Similarly, 


sin  B 

By  drawing  a  perpendicular  from  B  on  A  C^  and  reasoning 
in  the  same  manner,  it  may  be  shown  that 

€  =  «!"-^         (2)   ■ 
c       sm  C 

b  __  sin  /? 

c       sin  C 

By  transforming  equation  (1),  we  obtain 

sin  A       sin  ^ 
and  by  a  similar  transformation  of  equation  (2), 

a      _      c 
sin  A       sin  C         ^ 
We  have,  therefore, 

_  a _      b      _      c 

sin  A       sin  B       sin  C 

The  principle  of  sines  may,  then,  be  stated  in  this  form: 
In  every  triangle,  the  quotie^it  obtained  by  dividing  the  length  of 
any  side  by  the  sine  of  the  opposite  angle  is  the  same^  whatever 
the  side  taken. 
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This  quotient  is  called  Ihe  niodnlus  of  the  triangle,  and 
will  here  be  denoted  by  M.  The  modulus  can  be  found  when 
any  of  the  sides  and  the  opposite  angle  are  known. 

The  principle  of  sines  is  one  of  the  most  important  in 
trigonometry,  and  both  forms  in  which  it  is  stated  in  this 
article  should  be  committed  to  memory. 

19.  The  Cosine  Principle. — In  any  triangle,  ihe  sqvare 
of  one  side  is  equal  to  Ihe  sum  of  the  sgitares  of  the  olher  two 
sides  minus  twice  the  product  of  these  two  sides  and  the  cosine  of 
tfuir  included  angle.     That  is  (Fig.  6), 

a'  =  b'  -'r  c'  —  2  be  cos  A 

Ib'  =  a'  ■\-c'  -2ae  cos  B 
c'  =  a'  +  b'-2abcos  C 
These  formulas  are  derived  in  Appendix  II. 
20.     Principle  of  Tausents. — The  sum  of  any  two  sides 
a  triangle  is  to  their  differetue  as  the  tangent  of  half  Ihe  sum 
Ihe  opposite  angles  is  to  the  tangent  of  half  their  difference. 
That  is  (Fiff.  6), 

^  a -6       taniU-B) 

^H   The  derivation  of  this  formula  is  given  in  Appendix  III. 

^^Vhe    student    should   have  no  difficulty   in   committing   the 

formula  to  memory,  as  its  symmetry  makes  it  very  easy 

to  remember. 


21. 
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SOI-UTION  OF  OBCIQUK  TRIANGLES 

The  solution  of  oblique  triangles  is  treated  under 


Case  I:     Given  Two  Sides  nnd  the  Included  Angle. 

Let  a,  6,  and  C,  Fig,  G,  be  given  and  A,  B,  and  c  be  required. 
Of  the  two  methods  given  below,  the  first  is  preferable  in 
most  cases. 

First  Method. — From  the  formula  in  Art.  20,  the  following 
is  readily  derived: 


tani(.-f-<5)  -- 


1  +  * 


;  tan  \{A  +  B) 


(1) 
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Now,  since  A  -{-  B  +  C  =^  180°,  we  have  also, 

A  +  B  =  180°  -  C;  and  i(A  +  B)  =^  i(180°  -  O 

=  90°  -  i  C 
Therefore,  i  C  is  the  complement  of  i(A  +  B),  and  hence, 
tan  i(A -{- B)  =  cotiC      Substituting  this  value  in  equa- 
tion (1),  the  following  formula  is  derived: 

tan  i{A  -  ^)  =  ?-=4  cot  i  C  (1) 

a  +  o 

If  the  student  remembers  the  formula  in  Art.  20,  or  the 
principle  of  tangents,  he  will  have  no  difficulty  in  remember- 
ing this  formula,  which  is  derived  from  the  formula  in  Art.  20, 
by  simply  writing  cot  a  C  instead  of  tan  i{A  +  B). 

From  this  formula  iiA  —  B)  can  be  found.  Let  this 
value  of  i(A  —  B)  be  denoted  by  D.  We  have  also,  as 
explained  above,  i{A  +  B)  =  i(180°  -  O  =  90°  -  iC 

UA  +  B)=  90° -iC  (2) 

i{A  -B)^  D  (3) 

Adding  equations  (2)  and  (3)  gives 

A  =  (90°  -  i  C)  +  Z7 
Subtracting  equation  (3)  from  (2)  gives 

B  =  (90°  -  i  O  -  /? 
Knowing  A  and  B^  the  side  c  may  be  found  from  the 
relation  (Art.  18), 

c  ^  u*  1.     •  o,  sin  C 

-,  which  gives  c  = 


sin  C       sin  A  sin  A 

It  is,  however,  more  convenient  to  find  c  from  the  following 
formula,  the  derivation  of  which  is  given  in  Appendix  IV: 

_   {a  —  b)  cos  i  C  /o\ 

sin  ^{A  -B)  ^    ' 

It  will  be  noticed  that,  for  calculating  tan  HA  —  B),  the 
logarithms  of  {a  —  d)  and  cot  i  C  have  to  be  found.  The 
logarithm  of  cos  i  C  may  be  taken  out  of  the  table  at 
the  same  time  as  that  of  cot  i  C.  Also,  when  the  angle 
i(A  —  B)  is  taken  from  the  table,  its  logarithmic  sine  should 
be  taken  at  the  same  time.  This  greatly  simplifies  the  appli- 
cation of  formula  2* 
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Second  Method. — The  third  side  c  can  be  found  directly  from 
the  formula  in  Art.  19,  which  gives 

c  =  <a*  +  b^  -2ab  cos  C 
Then,  by  the  principle  of  sines, 

sin  ^  ==  £ii5-^.  sin  ^  =  ^ii2-^ 

c  c 

This  method  is  of  value  when  the  only  required  part  is  the 

side  c,  especially  if  a  and  b  are  convenient  numbers  to  square. 

Example  1. — In  a  triangle,  a   =   17  feet,  ^   =   12  feet,  and   the 
included  angle  C  =  69°  23'.    To  find  the  other  parts  of  the  triangle. 

Solution.— Here  i  C  =  29°  41'  30";   a-\-b  =  17  +  12  =  29,  and 
a  —  ^  =  17  -  12  =  6.     Then,  by  the  first  method, 

tan  i  (/I  -  i?)  «  ^  X  cot  29°  41'  30" 

log  5  =    .69897  log  5  =    .69897 

log  29  =  1.46240  log  cos  29°  41'  30"  =  1.93887 

1.23657  .63784 

log  cot  29°  41'  30"  =    .24397  log  sin  D  =  1.46164 

log  tan  \{A  -  i?)  =  1.48054  log  c  =  1.17630 

D  =  \(A-B)       =  16°  49'  26";  c  =  16.007.  Ans. 

A  =   (90°"  -  29°  41'  30")  +  16°  49'  26"  =  77°  V  66".  Ans. 
B  ^   (90°  -  29°  41'  30")  -  16°  49'  25"  =  43°  29'  6".  Ans. 

~  Example  2. — Given  a  =  10,  ^  =  16,  and  C  =  60°;  to  find  c. 

Solution. — By  the  second  method, 

^"  VlO*  +  16'  -  2  X  10  X  16  cos  60° 
=  V325  -  300  X  .6  =  -^ffi75  ^  X3.229  ft.    Ans. 


•. 
»> 


EXAMPLES    FOR    PRACTICE 

1.    Given  a  =  37.46  feet,  b  =  69.17  feet,  and  C  =  69°  13';  find  A,  B, 

and  c,  V  [A  =  37°  21'  30" 

Ans.^i?  =  73°25'30" 


[A  =  37°  21'  3 

\AB  =  73°  25' 3 

I  c  =  57.72  ft. 


2.  Two  sides  of  a  triangle  are,  respectively,  687.64  and  319.58  feet 

long,  and  their  included  angle  is  47°  15'  8";  find  the  other  two  angles 

and  the  third  side.  .^  /Angles,  106°  14'  56"  and  26°  29'  56" 

^°^lThird  side  =  525.97 

3.  Given  c  ^  \  chains,  a  »  6  chains,  and  B  =  45°  18';  find  b. 

Ans.  b  =  4.271  ch. 


11 . 
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4.    Ghren  d  »  43.16  chains,  c  =  51.29  chains,  and  A  ^  ^"^  W  Vf; 

find  Bj  C,  and  a. 

Ans. 


22.     Case  II:     Given  a  Side  and  Two  Ansles.—Let 

c.  A,  and  B  be  known,  to  find  a,  b,  and  C.     The  angle  C 
=  180°  —  A  —  B.     By  the  principle  of  sines, 

whence  a  =  -: — :^  sin  ^ 


sin  /^       sin  C  sin  C 

Similarly,  d  =  —. — 7.  sin  B 

sin  c 

Since  ^ — 7;.  is  the  modulus  of  the  trianele  (Art.  18),  these 
sm  C 


formulas  may  be  thus  stated:     Any  side  of  a  triangle  is  equai 
to  the  modulus  of  the  triangle  multiplied  by  the  sine  of  the  angl^r^ 
opposite  that  side. 

Example.— Given  a  =  98.48,  ^  =  60*  4^,  and  C  =  39**  15^;  to  fine 
^,  f,  and  A. 

Solution.-    A  =  180**  -  (60*  4^  +  39°  15^)  =  80*.    Ans. 

M  =  -^^^-;  b  =  -^^  sin  60*  45';  c  =  -^^  sin  39*  W 
sin  80  sin  80  sin  80^ 

log  98.48  =  1.99335  log  b  =  1.94076;  b  =  87.248.    Ans. 

iog  sin  80°  =  U^  j^g  ^^  gQo  45,  ^  t^l 

log  M  =  2.0Q000  log  M  =  2.00000 

log  sin  39*  ly  =  1.80120 

log  c  =  Ooi^;  c  =  63.27.    Ans. 

NoTF.— Attention  is  called  to  the  convenient  way  in  which  the  woik  li 
arranKTcd.    Ha  vine:  determined  lofi:  Af,  this  losrarithm  is  copied,  and  then  one  of 
logarithms  to  be  added  to  it  is  written  above  it,  the  other  under  it,  the  addition 
performed  upwards  in  one  case,  and  downwards  In  the  other. 


EXAMPLES    FOR    PRACTICE 

1.  Given  a  =  45.39  feet,  ^   =  38*  12^.  and  C  =   11*  11' at";   EnSf 

A,  b,  and  c,  [A  =  130*  36^  26^^ 

Ans.  {  b  =  36.973  ft. 
I  c  =  11.606  ft. 

2.  Given  c  =  101.11  chains,  C  =  55*  65^  55",  and  A  ^  10*  W  10"; 

find  B,  a,  and  b.  [B  ^  113*  53'  55* 

Ans.f  a  8  21.551  ch. 
I  b  -  111,59  ch. 
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23.  Case  III:  Given  Tliree  Sides. — Let  a,  b,  and  c  be 
given,  to  find  A,  B,  and  C 

First  Method. — The  angles  can  be  found  directly  from  the 
cosine  formulas  (Art.  19),  which,  being  solved  for  cos  A^ 
cos  By  and  cos  C,  respectively,  give 

cos  A  =      ^  — 

cos  B  = 

cos  C  =        ^     . 

2a^ 


a" 

2  be 

+  c- 

*• 

a' 

2ac 

+  6'- 

c" 

(1) 


These  formulas  are  to  be  used  when  the  numbers  <? ,  d,  c 
are  convenient  to  square;  otherwise,  they  are  too  cumber- 
some, and  those  given  below  for  the  functions  of  half 
the  angles  should  be  employed.  It  is  necessary  to  apply 
the  formulas  in  determining  only  two  of  the  angles,  as  the 
third  follows  from  the  relation  /^  -h  ^  +  C  =  180°.  As  a 
check,  however,  the  formulas  should  be  applied  to  the  third 
angle  also. 

It  should  be  borne  in  mind  that,  if  the  cosine  of  an  angle 
is  found  to  be  negative,  this  implies  that  the  angle  is  obtuse 
(Art.  13).  In  such  case,  the  cosine  is  treated  as  positive, 
and  the  corresponding  angle  taken  from  the  table  is  sub- 
tracted from  180°  to  obtain  the  required  angle.  Thus,  if 
cos  A  =  —.97030,  we  look  for  the  angle  whose  cosine  is 
+  .97030,  which  is  14°.     Then,  A  =  180°  -  14°  =  166°. 

ExABffPLB. — Given  a  —  4  inches,  ^  =  5  inches,  and  ^r  =  7  inches; 
to  find  A,  B,  and  C. 

Solution.-    cos  ^  -        2^^        =    2X5X7    ="  70  =.  '^^^^ 

and,  therefore,  ^  «  34**  2^  53".    Ans. 

cos  i?  .  ^•  +  ^'-^'  =  ^'  +  7- -5'  ^  40  ^ 
^^^  2ac  2X4X7         56       '^^^ 

and,  therefore,  iff  »  44"*  24'  54".    Ans. 

C-180^-^-^  =  101°  32^  13".    Ans. 
As  a  check,  we  have 

^^ SNjy-^    2X4X5    =-40=--20000 
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The  angle  whose  cosine  is  .20000  is  78°  27'  47''.  Therefore,  C  =  Iftf 
-  78**  27'  47"  =  101°  32'  13". 

Second  Method. — As  said  before,  this  method  is  to  be 
applied  when  the  operations  required  by  formula  1  involve 
too  much  labor,  which  happens  when  the  leng^ths  of  the  given 
sides  consist  of  three  or  more  significant  figures — the  usual 
case.  If  the  sum  of  the  sides  is  denoted  by  2^,  or  half  their 
sum  by  5,  the  angles  Ay  By  C  may  be  found  by  the  following 
formulas,  which  are  derived  in  Appendix  V: 


tan  a  A 


tan  i  ^ 


-4 

Ks-a)( 
V      s(s  - 


(f  -i>)is-c] 

s(s  —  a) 

—  a)(s  —c) 


(s-b) 

tan  i  C=J(^-^>(^-^ 
\       sKs  —  c) 


(2) 


COS  i  A 


cos  a  B 


gos  i  C 


his  -  a)] 

-\    6c: 

Isis  -  b) 

-\      ac. 

\s(s  —  c) 

~V      ab      ] 

(3) 


For  angles  differing  but  little  from  90®  (say  between  85° 
and  90°),  use  the  cosine  formulas  3;  in  all  other  cases,  the 
tangent  formulas  2. 

We  have  also,  

sini^=./<Zl4kZ£)  (4) 

\  DC 

with  similar  formulas  for  sin  i  B  and  sin  i  C  These  formulas 
are  of  value  for  deriving  the  tangent  formulas  2,  as  well  as 
for  deriving  an  expression  for  the  area  of  a  triangle  when 
the  sides  are  given.  They  may  also  be  used  instead  of  the 
tangent  formulas  2  for  the  determination  of  the  angles,  but 
the  latter  are  preferable. 

Example.— In  the  triangle  ABC,  a  =  567  feet,  b  =  736  feet,  and 
c  =  264  feet;  to  find  the  angles  A,  By  and  C 
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SoLUTioN.-^The  tangent  formulas  will  be  used. 

To  find  A 

a  ^     mi  log  {s  -  c)  =  2.71559 

b=     736  log  {s  -b)  =  1.67669 

^  =     ^^  4.39228 

25  =  1,567  log  5  =  2.89404 

5  =  783.5  log  {s  -  a)  =  2.33546 

5  -  a  =  216.5  5.22950 

5_^  =    47.5  _ 

5  -  r  =  519.5  2)L16278        • 

log  tan  i  ^  =  1.58139 

i  ^  =  20°  52'  38",  A  =  41**  45'  16".    Ans. 

To  find  B  To  find  C 

log  (j  -  fl)  =  2.33546  log  {s  -  a)  =  2.33546 

log  (s-c)  =  2.71559  log  {s  -  b)  =  1.67669 

5.05105  4.01215 

log  5  =  2.89404  log  s  =  2.89404 

log  (5  -  d)  =  1.67669  log  (5  — r)  =  2.71559 

4. $7073  5.60963 

2)0.48032  2)2.40252 

log  tan  i  ^  =  0.24016  log  tan  i  C  =  1.20126 

i  ^  =  60**  5'  29";  ^  =  120°  10'  58"      i  C  =  9°  1'  54";  C  =   18°  3'  48" 

Ans.  *  Ans. 

To  check,  add  the  angles: 

41°  45'  16" 
120  10  58 
18     3  48 

180°  00'   2" 

The  triangle  closes  within  2  sec.  This  error  is  due  to  the  use  of  five- 
place  tables,  and  to  the  fact  that  the  angle  in  each  case  was  taken  out  to 
the  nearest  second. 


EXAMPIiES    FOR    PRACTICE 

1.    Given  a  =  1  mile,  ^  =  2  miles,  and  ^  =  1.5  miles;  find  A,B, 

and  C.     (Use  first  method.)  [A  =  28°  57'  17" 

Ans.  {  B  =  104°  28'  39" 
46°  34'  4" 


2.    Given  a  »  50  chains,  ^  =  30  chains,  and  r  =  45  chains;   find 

A,  B,  and  C.    (Use  first  method.)  \A  =  80°  56'  36" 

Ans.^^  =  36°  20^7" 
62°  43'  17" 


\A^ 
\.\B  = 

k  = 

=  45  c 
\A^ 


V    . 


'!• 
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3.    Given  a  -  63.47  feet,  b  =  89.36  feet,  and  c  =  109.83  feet;  find 

A,  B,  and  C.     (Use  second  method.)  [A  =  W*  IS'  W 

hsi&AB  =  54**  27' 2" 
90*^  14'  Uf 


'■{I: 


4.    Given  a  =  2,354  feet,  b  -  3,115  feet,  and  c  =  836.6  feet;  find 

A,B,  and  C     (Use  second  method.) 

Ans. 


(A  =  21°  7' 24" 

iAB  ^  151°  31' 8" 

[C  =  7°  21' 30" 


24.     Case   lYt     Given    Two   Sides   and   the   Angle 
Opposite  One  of  Them. — In  the  triangle  ABC,  let  a,  b, 

and  A  be  given,  to  find  B,  C,  and  c.    The  angle  B  or  C  is 
found  by  means  of  the  principle  of  sines;  thus, 


■,  whence  sin  B  = 


6  sin  A 


Then, 


sin  A       sin  B 
C  =  180°  -  ^  -  ^,  and  ^  = 


sin  C 


sin  A 

When  the  data  are  given  as  above,  without  any  further 
restrictions,  there  may  be  two  triangles  that  will  answer  the 
given  conditions;  and  the  problem  is  said  to  have  two  solu- 
tions. For  here  the  angle  B  is  determined  from  its  sine, 
and  as  every  sine  corresponds  to  two  supplementary  angles, 
either  of  these  angles  may  be  taken.  Thus,  if  sin  B  is  found 
to  be  .64746,  the  corresponding  angle  may  be  either  40°  21' 
or  180°  -  40°  2V  =  139°  39^,  since  these  angles  both  have 
the  same  sine  (Art.  13). 

The  same  result  is  obtained  from  geometrical  consider- 
ations.    On  any  line  AX,  Fig.  7,  construct  an  angle  equal 

to  the  given  angle  A,  and  on 
its  side  A  C  take  A  C  equal 
to  one  of  the  given  sides  b. 
From  C  as  a  center,  with  a 
radius  equal  to  the  side  a, 
describe  an  arc.  This  arc 
will  generally  cut  AXsii  two 
points,  Bi  and  i9„  and  either  of  the  triangles  A  CB^  or  A  CBt 
will  answer  the  conditions  of  the  problem,  for  they  both  con- 
tain the  given  sides  b  and  a,  and  the  angle  A  opposite  a. 

The  problem  will  have  but  one  solution  in  the  following 
cases: 
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6.    The  connecting-rod  A  B^  Fig.  16,  of  an  engine  is  9  feet  3  inches, 
and  the  crank-aim  C^  is  10^  inches;  the  figure  shows  the  crank  after 

978.6  ft 


85UfU 


{An 


y 


Pio.  15 


it  has  performed  one-eighth  of  a  revolution,  starting  from  the  position 
CB*.    Find:  {a)  the  inclination  Af  of  the  connecting-rod  to  the  axis 


V 


Pio.  18 


<  of  the  piston  rod,  which  is  in  line  with  CA;  {d)  the  distance  AC  oi 
the  joint  A  from  the  center  of  the  crank-circle. 

i  ^°^l(*)  ^  C  =  9  ft.  101  in.,  nearly 
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25.  In  surveying  the  public  lands  of  the  United  States 
and  Canada,  all  linear  measurements  are  made  with  the  sur- 
veyors' chain,  also  known  as  Gunter's  chain,  from  the  name 
of  the  inventor.  This  chain  is  66  feet  in  length  and  contains 
100  links,  each  7.92  inches  long.  In  private  surveys,  the 
foot  is  commonly  taken  as  the  unit  of  linear  measure,  and 
small  land  areas  are  expressed  in  square  feet. 

Land  areas  of  considerable  extent  in  the  countries  men- 
tioned are  generally  expressed  in  acres.  Fractional  parts  of 
an  acre,  which  formerly  were  expressed  in  roods,  square 
rods  or  perches,  and  square  links,  are  now  expressed  deci- 
mally by  nearly  all  surveyors.  Thus,  40.36  acres  is  written 
instead  of  40  acres,  1  rood,  and  16  square  rods. 

Tables  of  linear  and  square  measure  are  given  in  Aritk- 
meticy  and  to  those  tables  the  student  is  referred  for 
detailed  information  regarding  the  subject.  The  following 
table  gives  the  relative  values  of  the  units  of  area  used  in 
land  surveying  in  the  countries  referred  to  above.  As 
already  stated,  the  square  foot  and  acre  are  now  the  units 
most  commonly  employed. 

Table  of  Land  Measurb 

1  square  yard  (sq.  yd.)    .  =  9  square  feet  (sq.  ft.) 

1  square  rod*  (sq.  rd)      .  =  30J  square  yards  =  272^  square  feet 

1  square  chain  (sq.  ch.)  .  =  16  square  rods  =  4,366  square  feet 

1  acre  (A  ) =  10  square  chains  =  43,560  square  feet 

1  rood  (R. ) =  40  square  rods  =  10,890  square  feet 

1  acre      =  4  roods  =  160  square  rods 

1  square  mile  (sq.  mi.)  =  640  acres  =  6,400  square  chains 

1  township  (Tp.)    .    .    .    .  =  36  square  miles  =  23,040  acres  (app.) 

*Sometimes  called  a  perch  or  pole,  and  desifimated  by  the  abbreviation  P. 


As  will  be  observed,  there  are  10  square  chaios  in  an  acre. 
In  order,  therefore,  to  reduce  to  acres  any  number  of  square 
chains,  it  is  sufficient  to  move  the  decimal  point  one  place 
toward  the  left,  which  is  equivalent  to  dividing  by  10,  It 
must  also  be  borne  in  mind  that,  since  there  are  100  links  in 
1  chain,  links  are  usually  expressed  decimally  as  hundredths 
of  a  chain.  Thus,  6.72  chains  is  written  instead  of  6  chains 
72  links. 

EzAUPLB  1,— A  rectangular  piece  of  land  is  1,060  feet  in  length  by 
820  fe«t  in  breailth:  what  ia  its  area:  (a)  in  acres  and  decimals?  (d)  in 
acres,  roods,  and  perches? 


i 


aLtmoK 

.-      (0 

)    1,060 

X 

820  = 

869 

200 

sq.  tl 

;  669 

200 

^  43,660 

'.D54  A. 

Ans, 

tj     .9W 

A.   = 

9WX4 

= 

3.816  R.; 

816 

R,  is 

equal 

to 

816X40 

J.M  P. 

Hence 

■he  are 

a 

s  IB  A 

3R 

32 

M  P. 

Ans. 

ExAMPi.s  3. — A  rectangular  piece  of  land  is  12  chains  and  6  links 
(12.06  cliftins)  in  length  by  8  chains  and  M  links  (8..55  chains)  in 
breadth;  what  is  its  area:  (a)  in  acres  and  decimals?  (6)  in  acres, 
roods,  and  perches? 


I      Solution.—    (a)  12,06  X  8.5S    ■■ 

fsn  A.    Ans. 
.311  A.  =  .311  X4  =  1.244  I 
i  P.     Heoce,  the  area  is  10  A.  1 
EXAMPLES    FOR    PRACTICE 
A  reclangular  piece  of  land 
Meadib;  what  is  its  area:  (a)  in 
roods,  and  percbes?  . 


3,11    sq.    ch.;    103.11   *   10 
>44   R.  is  equal  [o  .244  X  40 


l,inO  feet  in  length  by  TOO  feel  in 
res  and  decimals?   {6)  ta  acres, 

(fll  19.123  A. 

(i)  19  A.  OR.  19.7  P. 


\  rectangular  piece  of  land  is  S25  feet  long  by  250  feet  wide; 
trea:    {a)  in  acres  and  decimals?    (A)  ia  acres,  roods,  and 


k  rectangular  piece  of  land  is  IS  chains  and  65  links  in  length 
ns  and  lii  links  in  breadth;  what  is  its  area:   (a)  in  acres  and 

f  14)  tn  acres,  roods,  and  perches? 

Ans.j 


84  PLANE  TRIGONOMETRY  §10 


AREAS  OF  POIiTGONS 


THE    TRIANGIiB 

NoTB. — In  all  that  follows,  the  area  of  any  figure  under 
tion  will  be  designated  by  5,  unless  otherwise  stated. 

26.  Given  tlie  Base  and  Altitude. — Any  of  the  sides 
of  a  triangle  may  be  taken  as  the  base,  the  altitude  being  the 
length  of  the  perpendicular  drawn  on  the  base  from  the  ver- 
tex of  the  opposite  angle.    In  Fig.  17,  b  i^  taken  as  the  base, 

and  the  perpendicular  BH^  denoted  by  h, 
is  the  altitude. 

It  was  shown  in  Geometry y  Part  2,  that 
the  area  of  a  triangle,  when  the  base  b 
and  altitude  h  are  known,  is  given  by  the 
formula  ^^^^^ 

27.     Given  Two  Bides  and  the 

Included  Angrle.r— Let  ^,^,  and  i^, 

Fig.  17,  be  given.     In  the  right  triangle  ABH^  we  have 

A  =  ^  sin  A,    The  substitution  of  this  value  of  A  in  the  formula 

in  Art.  26  gives  o       i  r      •     .* 

S  =  t  be  sm  A 

In  words,  the  area  of  a  triangle  is  equal  to  one-half  the 

Product  of  any  two  sides  and  the  sine  of  their  included  angle. 

Example. — Two  of  the  sides  of  a  triangular  field  are  39.47  and 
59.23  chains,  respectively,  and  their  included  angle  is  65**  IC  40".  To 
find  the  contents  of  the  field,  in  acres. 

Solution.— By  the  formula,  S  (square  chains)  =  J  X  39.47  X  59.23 
sin .65°  IC  40"  =  1,060.9  sq.  ch.;  whence,  dividing  by  10  (Art.  26), 

5  (acres)  =  106.09  A.    Ans. 

28.     Given  One  Side  and  Two  Angeles. — The  other 

angle  may  be  at  once  found  by  subtracting  the  sum  of  the 

two  given  angles  from  180°.     It  may,  therefore,  be  assumed 

that  the   three  angles  are  known.     Let  b,  Fig.  17,  be  the 

given  side.     From  Art.  22,  the  value  of  c  is  equal  to  the 

modulus  of  the  triangle  multiplied  by  sin  C,  or, 

b        .     ^ 
c  =  — — -  sm  C 
sm  B 
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Substituting  this  value  i: 


the  formula  in  Art. ! 
sin  A  sin  C 


t9.     The  formula  in  Art.  28  is  convenient  when  logarith- 
mic functions  are  employed.     For  the  use  of  natural  func- 
tions, the  following  is  preferable: 
In  the  right  triangles  AB H  and  C B H,  Fig.  17,  we  have, 
AH  =  h  cot  A,  CH  =  h  col  C 
whence,  adding  these  two  equations, 

AH+CH  =  hcotA  +  kcolC 
that  is,  b  =  A(cot  A  +  cot  C) 

b 


and,  therefore,     h  - 


(1) 


cot  A  -f  cot  C 

This  formula  is  useful  and  should  be  committed  to  memory. 
It  may  be  stated  in  words  thus;  The  altitude  of  a  triangle 
ti  egual  to  the  base  divided  by  the  sum  of  the  colaTigenls  of  the 
adjacent  angles. 

By  substituting,  in  the  formula  in  Art.  26,  tHe  value  of  h 
grivea  ID  formula  l*  we  obtain 

^  2{cot  A  +  cot  C) 
In  words,  the  area  of  a  triangle  is  equal  la  Ike  square  of  any 
rr<de  divided  by  twiee  Ike  sum  of  the  cotangents  of  the  angles 
tx-^jaceni  to  titat  side. 

Example. — One  side  of  a  triaDgalar  field  is  127.64  chaios.  and  the 
^.c^jaceat  angles  are  46°  15'  and  60°  41'.     To  Hnd  the  area. 

SoLiTioN  BV  Logarithmic  Functions, — Here,  b  =  127.64,  A 
=  W'ly,  C=-6ff'41'.  and^=  180=  -  jriS' -  60°41' =  73°  4'.  Formula 
of  AH.  88,  ^  _  127 .IH'  sin  46°  l.V  sin  60°  41' 

=  5.SeSA  sq.  ch.  =  B36.34  A.    Ana. 

Solution  bv  Natukal  FitNcrtoNs.— By  formula  2, 

„  127.61'  127.(H' 


2lcol  46"  ly  +  cot  60°  41') 
^;  =  5.363.4  sq.ch.= 


"  2(.95729+  ,56156) 
536.34  A.    Adb. 


I«ni«l  by  meatia  ol  lOEUlUimi, 


a  fs  Bdvintaeeontly  par> 


L 
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1.  Two  Bides  of  a  triangular  field  are  3,760  and  2.757  (eel,  mpeci 
Ively,  and  their  included  angle  Is  M"  13'  13".  Wbal  is  the  area  of  Ue 
field,  In  acres?  Ana.  S  =  M.S34A 

2.  One  side  of  a  Inangle  is  M,.14  chain!);  the  opposite  angle  is 
4U°  KX.  and  one  of  the  adjacent  angles.  60°  IV  30".  What  is  tbeareiaf 
the  triangle.  In  acres?  Ans.  5  >=>  503.6SA, 

3.  One  side  of  a  triangle  is  S.KI  inches,  aiid  the  adjacent  angla 
are  34°  16'  and  17°  37'  18".    What  U  the  area  ol  the  triangle? 

Aub.  .^  =  8.638  sq.  in. 


4.    Two  aides  of  a  triangle  are  17  and  2 
included  angle  is  78°  13'.     What  is  the  aref 


feet,  respectively,  and  tha 
of  the  triangle? 

Ans.  .S  =  206.38  sq.  ft, 


30.  Given  theThrceSIdos.— Letff.*.  andc.  Fig,  17, be 
given,  and  denote  Ha  +  i  +  c)  by  j.  The  area  5  of  ihe  tri- 
angle is  given  by  the  following  formula,  which  is  derived  in 
Appeiidix  VI: 

ExKUPlx.—The  sides  of  a  triangular  tract  are  l.S.'M.S  (■  a,  say), 
078.28(1=  A,  say),  and  2,176.4  {=  c.  say)  feet,  respectively;  to  find  the 

Solution. — The  work  may  be  conveniently  arranged  as  shown 
helow.  The  numbers  in  marks  of  parenthesis  indicate  Ihe  order  in 
which  the  several  quantities  are  set  down.  In  (6),  s  is  placed 
above  a.  b,  c  in  order  to  facilitate  the  subtractions.    The  differeaces 


i  -  a,  1  -  ft,  <  -  C  are  written,  a 

s  the  subtractions  are  performed,  bori 

vontally  opposite  a.  ft,  and  c.  re 

pectively. 

(0)       J  =  2,.')W.64 

(1)      a  =  1,634.(10 

(7)  s-a-     760.0* 

(2)      ft  =     978.28 

(8)  i-b  =  1.416.36 

(3)      c  =  2,176.40 

(9)  1  -  £  =•     2I8.a« 

(4)  2  J  -  4,789.28 

(S)       J  =  2,394.6* 

(10)  log    I           =  3,37ft34 

til)  log  (f- a)  =  2.88083 

^_ 

(12)  log  {»-*)  =  S.l-Ml? 

^^^1 

(W)   log  (J  -  ^)  =  2-»»93 

^^1 

2)11. 7WI7 

log  S  =  6,fl7.i09;     5  =  750,050  sq.  ft.  -  17,22  A.     Anl. 
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EXAMPIiBS    FOR    PRACTICE 

1.  Find  the  area  of  a  triangular  tract  whose  sides  are  54.36,  73.19, 
and  101.76  chains,  respectively.  Ans.  5  a  192.26  A. 

2.  Find  the  area  of  a  triangular  plate  whose  sides  are  17.12,  12.75, 
and  8.95  inches,  respectively.  Ans.  5  >■  55.646  sq.  in. 


Pxo.  18 


THE    TRAPEZOID 

31.  Notation. — In  Fig.  18,  the  bases,  or  parallel  sides,  of 
the  trapezoid  A  B  C  D 
are  denoted  by  bx  and  b^\ 
the  altitude,  by  h\  and 
the  sides  A  D  and  B  C, 
by  a  and  f ,  respectively. 
The  angles  will  be  des- 
ignated by  the  letters 
A,  B,  C  D  at  the  ver- 
texes.  The  line  D  B'  is 
drawn  through  D  parallel  to  CB^  thus  forming  a  parallelo- 
gram in  which  B' B  =  D  C  =  b^,  and  DB'  ^  CB  ^c.  Also, 
angle  DB'  A  =  B,  ^nA  A  B'  =  A  B  -  B'  B  =  bx-  b^.  For 
some  purposes,  it  is  convenient  to  represent  this  difference 
by  a  single  letter  </,  as  shown  in  the  figure. 

32.  Given  the  Bases  and  the  Altitude. — As  shown  in 
Geometry y  Part  2,  the  area  of  a  trapezoid  is  equal  to  one-half 
the  product  of  the  altitude  by  the  sum  of  the  bases;  that  is, 

S  =  \{bx  +  b,)h 

33.  Given  tlie  Bases  and  tlie  Angeles  Adjacent  to 
One  of  Them. — Let  ^j,  ^„  Ay  and  By  Fig.  18,  be  given.  In 
the  triangle  ADB'  -^e,  have  (formula  1,  Art.  29), 

cot  A  +  cot  B 
If  this  value  of  H  is  substituted  in  the  formula  of  Art.  32, 
the  result  is, 

2(cot  ^  +  cot  i9)  ^    ' 

As  the  product  of  the  sum  of  two  quantities  by  their  dif- 
ference is  equal  to  the  difference  between  the  squares  of  the 


40 
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THE    REGUI4AR    POLYGON 

35.     Given  the  Number  of  Sides  and  the  Radius. 

Let  M N^  Fig.  19,  be  one  of  the  sides  of  a  regular  polygon 

of  n  sides;  O,  the  center,  and  r  the 

^^  radius,  of   the  circumscribed  circle 

(called  also  the  center  and  radios, 

respectively,  of  the  polygon);   and 

A^  the  angle  at  the  center  subtended 

by  a  side  of  the  polygon.    The  length 

.   of  the  side  M  N  will  be  denoted  by  /. 

Let  n  and  r  be  given,  to  find  the 

^®-  ^'  area  5  of  the  polygon  and  the  length  / 

of  each  of  its  sides.    From  Geometry^  Part  2,  the  angle  MON, 

or  A,  is  found  by  dividing  360^  by  the  number  of  sides  in  the 


polygon;  that  is. 


A  = 


360^ 


n 


The  area  of  the  triangle  MO  N  is  (Art.  27)  iOAfxON 


sin  MONy  or  irX  r  sin  /i  =  ir^  sin  A  =  ir^  sin 


360^ 


n 


Since  the  polygon  consists  of  n  triangles  equal  to  MO N^  its 
area  5  is  equal  to  «  times  the  area  oi  MO N\  that  is, 


5  =  «  X  i  r*  sin 


360* 


n 


or 


5"  =  i  «  r^  sin 


360' 


n 


(1) 


In  the  right  triangle  MOHy  we  have, 

MH  ^  ^sin^ 

2 

or,  since  MH  is  one-half  of  M N,  or  of  /, 


/  .    A 

-  =  r  sm  - -• 

2  2 


whence,  multiplying  by  2, 


/  =  2rsin4 
2 


Finally.  ^  =  J  •?^-  =  )^. 
2  n  n 


By  the  substitution  of  this 
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value    in   the   expression   lor  /  just  found,  we  get,  finally, 
ISO" 


/  =  2  r  sin  i 


(2) 


36.  Wben  the  Number  of  Sides  and  Ttaetr  Common 
lieugth  Are  Given. — Let  n  and  /,  Fig.  19,  be  given,  to  find 
the  radius  r  and  the  area  S.  The  radius  is  found  by  solving 
formula  S,  Art.  35,  for  r,  which  gives, 


2  sin 


180° 


(1) 


»Jn  the  triangle  MOH,  we  have, 
OH  =  MH  cox.  \A  =  '- 

-The  area  of  MON  is  \ M N Y.  OH. 
of    OH  the  value  just  foynd, 


cot  \A 

Writing  instead 


\MNy.- 


180° 


TIaltiplying   this   by 
:=>lyeon. 


,  we  obtain,   for   the   area  of   the 


Example  I. - 
i-«0ular  decagon  inscribed  i 
SoLimou. — In  practice,  i 
eter,  and  so  a  15 -in,  circle 

Uove,  iherefore,  ^  =  -^  =  7.fi,  ^  =  10.  =  — -  =  36°, =  18°, 

ud  formulas  1  and  8,  Art.  35,  give 

S  =  i  X  10  X  T.fi'  sin  36°  =  165.32  sq.  in.     Ans. 
/  =  2x7.5  Bin  18°  =  4.835  in.    Ans. 

BxAMPi-R  3. — Bach  of  the  sides  of  an  octagonal  park  is  160  feet; 
hat  is  (be  area  of  tbe  park,  in  acres? 

I  BonmoN.— Here  /  =  150  It..  «  =  8,  ^  =  ^-y^  =  221=  =  22"  Sff, 
id  fonnula  S,  Art,  36,  gives. 
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5  -  i  X 8  X  150'  cot  22°  9(y  =  2X22,500  cot  22°  SX  -  (46,000 cot 
22- SC)  sq.  ft.  -  «^500gp5:  A.  -  2.494  A.    An.. 


EXAMPIiSS    FOR    PRACTICB 


1.     Find  the  side  and  area  of  an  equilateral  triangle  inscribed  in  a 

/  »  17.321  in. 
5  s  129.9  sq.  in. 


20inch  circle.  ^^^  f  /  =.  17.321  in. 


2.     What  must  be  the  length  of  the  side  and  the  radius  of  a  rego- 
lar  pentagon,  that  its  area  may  be  46.97  square  feet? 

5.225ft. 
4.445ft. 


An8.{^ 


3.  An*  eight-sided  drive  is  to  be  built  around  a  circular  park 
1,500  feet  in  diameter,  the  drive  to  be  15  feet  wide,  with  its  outer 
comers  on  the  circumference  of  the  park.  Find:  (a)  the  len^hofeach 
of  the  sides  of  the  outer  boundary  of  the  drive;  {d)  the  length  of  esdi 
of  the  sides  of  the  inner  boundary;  (c)  the  cost  of  paving  the  drife 
with  asphalt,  at  $2.25  per  square  yard;  {d)  the  difference  between  the 
exact  area  of  the  drive  and  the  approximate  area  found  by  assuming 
the  polygonal  boundaries  to  coincide  with  the  circumferences  of  their 
respective  circumscribed  circles.  r(a)  574.02  ft. 

^_  IW  561.60  ft. 

^^^'^{c)  $17,025 

(d)  844sq.yd. 


OTHER  POLYGONS 

•  37.  The  area  of  any  polygon  can  be  determined  by  divi- 
ding the  polygon  into  triangles,  and  measuring  in  each  tri- 
angle whatever  parts  are  necessary  for  the  determination  of 
its  area.  The  parts  to  be  measured  depend  on  special  condi- 
tions and  on  the  instruments  used.  The  polygon  may  be  divi- 
ded into  triangles  either  by  diagonals  or  by  lines  drawn  from 
a  convenient  interior  point  to  the  diflEerent  vertexes.  Illustra- 
tions of  these  methods  of  division  will  be  given  in  connec- 
tion with  surveying.  When  the  area  is  to  be  determined 
from  a  plat,  the  base  and  altitude  of  each  triangle  are  usually 
the  most  convenient  parts  to  measure. 
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AREAS  BOUNDED  BT  IBREGULAR  OUTLINES 


88.  By  Selected  Ordlnates. — Let  it  be  required  to 
determine  the  area  between  the  ciirve  D  C  and  the  straight 
line  A  B.  Fig.  20.  A  very  convenient  method  is  to  draw 
perpendiculars  on  A  B  from  the  points  of  the  curve  at  which 
its  direction  changes 
appreciably,  and  to 
consider  the  portion 
of  the  curve  between 
two  consecutive  per- 
pendiculars to  be  a  . 
straight  line.     The  "'^  " 

figure  is  then  treated  as  if  divided  into  a  number  of  trape- 
zoids, whose  areas  can  be  computed  by  the  niles  of  geometry. 
The  perpendiculars  are  called  ordtuatcs.  Both  the  lengths 
of  Ibe  ordinates  and  the  distances  between  every  two  consec- 
utive ordinates  should  be  measured.  The  area  of  any  of  the 
(approximate)  trapezoids  into  which  the  figure  is  thus  divi- 
ded is  equal  to  one-half  the  sum  of  the  two  ordinates  enclo- 
sing it  multiplied  by  the  distance  between  them.  It  should 
be  understood  that  both  this  rule  and  those  given  further  on 
relating  to  the  same  subject  are  only  approximate.  Since  the 
bounding  curve  is  irregular,  that  is,  does  not  follow  any 
mathematical  law,  no  exact  formula  can  be  found  for  the 
area. 

GXAUPLS. — Referring  to  Fig.  30,  suppose  that,  beginning  at  Ibe 
left  of  the  fignre.  the  successive  ordinates  measure  15.  l;t,  12,  13,5.  20. 
21.5,  32.  20.  and  16  feet,  respectively,  and  that  the  successive  distances 
between  the  ofisets,  from  left  to  right,  measure  T.s,  10,  \?>,  41,  10.5, 
)].5,  11.5,  and  21  feet,  respectively;  what  is  the  area,  of  the  surface? 

Sottrnos.— The  area  of  the  figure  is  approiimately  equal  to  the  sum 
o(  the  areas  of  the  trapezoids  into  which  it  is  divided,  and  the  area  of 
b  trapezoid  is  equal  to  one-half  the  sum  of  its  parallel  sides  multi- 
1  by  the  perpendicular  distance  between  Ibem.    Therefore,  the  area 
c  figure  la  equal  to 
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+  20+^Xl0.6  +  ?i:^Xll.6  +  ^Xll.6  +  »±^X21 

=  2,ld5.5  sq.  ft.    Ans. 

39.  Trapezoidal  Rule:  Slgrma  Notation. — In  order 
to  facilitate  the  calculations,  the  ordinates  are  often  meas- 
ured at  regular  intervals  along  the  straight  line,  as  shown  in 
Fig.  21.  The  area  A  B  CD  included  between  the  straight  line 
and  the  irregular  boundary  can  then  be  more  easily  calculated 
by  what  is  commonly  known  as  the  trapezoidal  rule.    This 


Pio.  21 

is  merely  a  rule  for  calculating  the  combined  area  of  a  series  of 
trapezoids  that  have  the  same  altitude,  the  areas  being  com- 
bined for  convenience  of  calculation.  The  result  given  by  this 
rule  is  closer  the  smaller  the  distance  between  the  ordinates. 
The  rule  is  as  follows: 

Rule. — Add  together  one-half  the  two  end  ordinates  and  all 
the  intermediate  ordinates ^  and  multiply  the  sum  by  the  common 
distance  between  the  ordinates. 

Let  a  —  first  ordinate; 

n  =  last  ordinate; 

hxy  ht,  K  —  intermediate  ordinates; 

d  —  common  distance  between  ordinates; 

5"  =  area  of  surface. 

Then,        5  =  \_\{a  4-  «)  4-  ^i  4-  A.  +  A.  +  . .  .]</ 
This  expression  may  be  put  in  a  simpler  form  by  using 
the   sijirnia   notation,   which    is    as   follows:     As  will   be 
noticed,  all  the   intermediate   ordinates  are  denoted  by  A, 
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Ferent  subscripts  being  used  to  indicate  different  values 
We  may,  therefore,  write  the  value  of  5  thus, 
S  =  [i(a  +  fi)+  sum  of  all  values  of  A\d 
I  Instead  of  the  phrase  sum  of  all  values  of  A,  the  expression 
^A,  read  signia  A,  is  used.     The  symbol  2' is  the  Greek  letter 
ma.  corresponding  to  English  .S,  and  is  very  commonly 
id.  as  here,  to  indicate  the  addition  of  several  quantities  of 
!  same  character,  denoted  by  a  single  symbol;  hence,  the 
me  sltni  of  summutlon,   which   also  is  often   given    to 
lat  letter. 
i  By  using  the  sigma  notation,  the  value  of  5"  may  be  written 

E)tAMPI.B,— It  the  ordinates  from  the  straight  line  ABla  the  curved 
bounduTy  D  C.  Fig.  21,  are  lit,  18.  14.  12,  13,  17,  and  23  liaks,  respect- 
ively.  and  are  at  equal  distances  uE  M)  links,  what  is  the  area  included 
between  the  curved  t>oundary  and  the  straight  line?' 


Soi-xinoN— Area    A  B  CD  = 

=  4,750  sq.  li.    Ads. 
ifO.     Simpson ''s    Riile.- 


H8  +  H  +  12  + 


^^HfO.  Simpson's  Rule. — The  foregoing  nile  assumes 
^^Mt  all  the  smal]  figures  into  which  the  ar^a  is  divided  are 
perfect  trapezoids,  which  assumption  always  involves  more 
or  less  error,  since  the  irregular  boundary  is  in  nearly  all 

IMfies  an  irregular  curiae.  When  the  offsets  are  taken  at 
regular  intervals,  the  following  rule,  known  as  SlmpBon's 
onc-thlrd  rule,  gives  a  closer  approximation.  In  apply- 
ing this  rule,  the  base  line  must  be  divided  into  an  even 
mber  of  ecjual  parts;  the  ordinates  measured  at  the  points 
idtvisioQ  are  numbered  consecutively,  as  shown  in  Fig.  22. 
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Rule. — Divide  the  base  line  into  an  even  number  of  equal 
parts f  and  at  the  points  of  division  erect  ordinates  ierminoHag 
in  the  curve.  Number  the  ordinates  1,  2,  5,  etc.^  from  left  U 
right y  including  those  at  the  ends  of  the  base.  Add  together  tk 
end  ordinates,  four  times  the  sum  of  all  intermediate  evoh 
numbered  ordinates,  a?id  twice  the  sum  of  all  intermediate  M 
numbered  ordinates;  multiply  the  total  sum  by  one-third  Hi 
common  distance  between  adjcLcent  ordinates. 

This  rule  has  been  used  extensively;  it  can  be  expressed 
by  a  formula  as  follows: 

Let  h^  =  any  intermediate  even-numbered  ordinate; 
h»  =  any  intermediate  odd-numbered  ordinate; 
and  let  all  other  quantities  be  represented  by  the  same  letters 
as  in  the  preceding  article.     Then, 

S=  {a  +  n  +  4lh.  +  2Ih.)^ 

The  notation  will  be  readily  understood  by  reference  to 

Fig.  23.  The  expres- 
sion 4  2*  A.  means  foui 
times  the  sum  of  all 
the  ordinates  hn,  or, 
in  other  words,  four 
times  the  sum  of  all 
the  even-numbered 
ordinates. 

Example. — What  is  the  area  A  BCD,  Fig.  21,  by  Simpson's  rule, 
using  the  same  values  as  in  the  example  in  Art.  39? 

Solution.—  .S"  =  [19  +  23  +  4  (18  +  12  +  17)  +  2  (14  +  13)]  X  V 
=  4,733  sq.  li.    Ans. 


Pio.  23 


EXAMPLES    FOR    PRACTICE 

1.  A  figure  included  between  a  straight  base  line,  a  curve,  and  two 
perpendiculars  to  the  base  at  the  ends  has  nine  ordinates,  including 
the  two  end  perpendiculars,  whose  lengths  are  43,  48,  39,  50,  41,  32, 
37,  31,  and  22  feet,  respectively;  the  common  distance  between  the 
ordinates  is  00  feet.  Find  the  area:  (a)  by  the  trapezoidal  rule;  (^)  by 
Simpson's  rule.  .       /(«)  18,630  sq.  ft. 

^®\W  18.860  sq.ft. 
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2.  In  order  to  determine  the  area  included  between  an  irregular 
iKmndary,  a  straight  base  line,  and  two  perpendiculars  to  the  base  at 
tibe  ends,  eight  ordinates,  including  the  two  end  perpendiculars,  are 
neasured  from  the  straight  line  to  the  boundary.  The  ordinates  are 
lirand  to  measure  16,  18,  12,  13,  15,  17,  19,  and  20.5  feet,  and  the  sue- 
JDMsive  distances  between  them  are  found  to  measure  7.8,  10,  15,  20, 
12,  40,  and  5  feet,  respectively.    What  is  the  area  of  the  surface? 

Ans.  1,760.9  sq.  ft. 

3.  A  surface  lying  between  a  straight  base  line  and  a  curve  is 

limited  by  two  perpendiculars  to  the  base  line  at  the  ends;  the  base  line 

Is  divided  into  eight  parts  50  feet  each,  and  at  the  points  of  division 

ordinates   are   measured.     The   lengths  of   the  successive   ordinates, 

including  the  two  end  perpendiculars,  are  10,  25,  38,  49,  58,  65,  70,  73, 

and  74  feet,  respectively.     Find  the  area  of  the  surface:    (a)  by  the 

trapezoidal  rule;  (d)  by  Simpson's  rule.  a_^  /(a)  21,000  sq.  ft. 

^°^\W  21,067  sq.  ft. 


AREA    BOUNDED    BY    AN    IRREGULAR    CURVE 

41.  By  Ordinates. — Suppose  that  it  is  required  to  find 
the  area  enclosed  by  the  heavy  irregular  curve  shown  in 
Pig.  24.     A  broken  line  AEFMGH I A  is  drawn  around 


the  carved  boundary  line,  and  as  close  to  it  as  convenient. 
Ordinates  to  the  straight  lines  thus  drawn  are  measured 
Erom  the  points  where  the  direction  of  the  curved  boundary 
changes   materially,  as  shown.    The  area  of  the  polygon 
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AEFMGlilA 


calculated  by  one  of  the  methods 
explained  in  preceding 
articles,  and  from  il  is 
subtracted  the  sum  of  the 
areas  included  between 
the  curved  boundary  and 
the  broken  line,  calculated 
as  in  Art.  39. 

Ai  such  corners  as  A, 
the  triane'es  //  B  C  and' 
AR D  are  computed  from: 
the  measured  bases  A  C 
and  AD  and  the  a!tl> 
ludes  BC  &ni\  /i  D.  AH 
the  quadrilaterals,  a 
Q  JiST.  are  treated  a 
trapezoids;  and  sue! 
three-sided  figures  a 
MPN,as  triangles, 
proceiis  is  so  simple 
it  does  not  require  an] 
further  explanation. 


^^V  ■^^IHH          *W  »)^tvr. — The  most  con^ 

^1  '  ^1    "IJmMTi         wi  vcnient  way  to  find   i 

^^B  1 1 1     INjIf^         ix/  ^^^^   ^'    ^  plane   surfac^ 

^^B  II     1  '_\   »        )B^  having    an    irregular 

^^1  1 1  -  ItI^v       W  boundary  is  by  the  plan- 

^^H  ^sJl     -^^^        \5\'  Inipte"''     There  are  sev- 

^^H  ^v    *(1^i^lll^        .^''  eral  forms  of  planimeters; 

^^1  ^m  '^^r           y  ^^^  '^"^  most  commonly 

^^B  liWv  ^^^^  \  used  is  the  iH>l»r  plunU 

^^B  \-     ^^i  raet«r  (see  Fig.25).    As 

^^1  \^     ^  will   be   seen    from   the 

^^f  illustration,   this   instru- 

^V            ment  has  two  arms  i/  and  gh  connected  by  a  hinge  joint. 
^H              The  point  e  at  the  end  of  the  bar  i  j  is  called  the  anchor 
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point;  it  remains  stationary  while  the  point  d.  called  the 
pointer  or  traeer.  at  the  end  of  the  bar  gh  is  moved  over 
the  outline  of  the  figure  whose  area  is  to  be  determined. 
The  movement  of  the  pointer  d  causes  the  wheel  e  on  the 
opposite  end  of  the  bar  to  roll  on  the  paper;  this  wheel  is 
called  the  measuring  wheel  or  counter  wheel.  The 
graduated  bar  gh  can  be  adjusted  by  sliding  it  in  or  out 
through  the  socket  m  in  the  top  of  the  frame.  This  bar  is 
clamped  by  means  of  a  clamp  screw,  a  part  of  which  is 
shown  back  of  the  small  movable  socket  «,  and  is  set  at 
the  exact  length  required  by  means  of  the  thumbscrew  /. 
The  bar  i j  is  of  fixed  length;  it  is  pivoted  at  k,  the  iunc- 
tion  of  the  two  bars.  The  measuring  wheel  c  is  mounted 
on  the  main  asis  ab,  which  is  parallel  with  the  bar  gk. 
The  complete  revolutions  of  the  wheel  c  are  read  on  the 
disk  /,  and  the  fractional  parts  of  revolutions  are  read  on 
the  wheel  e  and  the  vernier  v,  the  tenths  and  hundredths 
being  read  on  the  wheel  itself,  and  the  thousandths  on 
the  vernier. 

To  use  the  planimeter,  the  anchor  point  e  is  fixed  on  the 
paper  or  drawing  board,  preferably  outside  the  figure  to  be 
measured,  the  pointer  d  is  placed  on  some  point  in  the 
periphery  of  the  figure,  and  a  reading  of  the  wheel  r  is  taken. 
The  point  d  is  then  moved  carefully  around  the  periphery  of 
the  figure,  in  a  clockwise  direction,  or  from  left  to  right,  to 
the  point  of  beginning.  A  second  reading  of  the  wheel  c 
is  then  taken,  and  the  difference  between  the  two  readings 
is  the  number  of  revolutions  of  the  wheel.  If  the  wheel  is 
set  to  read  zero,  the  number  of  revolutions  is  given  directly 
by  the  second  reading. 

If  the  anchor  point  is  outside  the  area  to  be  measured,  the 
distance  traversed  by  the  wheel,  or  the  product  of  the  num- 
ber of  revolutions  by  the  circumference  of  the  wheel,  in 
inches,  multiplied  by  the  length  of  the  bar  nh,  in  inches,  is 
the  area,  in  square  inches,  bounded  by  the  path  of  the 
pointer  d. 

If  the  anchor  point  is  inside  the  area,  the  product  just 
referred  to  must  be  added  to  the  area  of  the  zero  circle, 
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whose  radius  is  equal  to  V^"  -{-  g*  +  2  pr,  p  beingf  the  len^^ 
of  the  arm  n  h\  r,  the  distance  from  the  center  of  the  wheel  c 
to  the  center  of  the  joint  k\  and  q^  the  lens^  of  the  bar  kj. 
The  bar  ^^  is  generally  set  at  such  a  leng^th  that  ten  times 
the  number  of  revolutions  of  the  wheel  c  is  the  area  measured. 
This  area  is  the  actual  area  of  the  figure  measured,  and  the 
area  represented  by  the  figure  is  determined  from  the  scale  of 
the  plat.  The  area  given  by  the  planimeter,  in  square  inches, 
must  be  multiplied  by  the  square  of  the  scale  of  the  plat,  in 
order  to  get  the  area  sought.  Thus,  if  the  plat  has  been 
drawn  to  a  scale  of  50  feet  to  an  inch,  each  square  inch  of 
the  plat  is  equivalent  to  60  X  50  =  2,500  square  feet  of  area. 

Suppose  that  the  area  bounded  by  the  irregular  line  in 
Fig.  25,  as  measured  by  the  planimeter,  is  2.535  square  inches, 
and  that  the  scale  of  the  plat  is  100  feet  to  an  inch;  then  the 
area  represented  by  a  square  inch  of  the  plat  is  100  X  100 
=  10,000  square  feet,  and  the  area  represented  by  the  closed 
figure  is  10,000  X  2.535  =  25,350  square  feet. 

Full  directions  for  using  the  planimeter  are  usually 
furnished   by   the   maker. 


APPENDIX:  DERIVATION  OP  FORMULAS 


I— FORMULAS   1  TO  4  OF  ABT.   16 

I^t  ROQ,  Fig.  2(),  be  any  angle 
Ay  and  QOS  any  angle  B.  Then, 
A-\-B  =  ROS.  From  any  point  P 
on  OS,  draw  /*A^  and  PM,  perpen- 
dicular, respectively,  to  OR  and 
OQ.  Draw  M  K  paraUel  \o  O  R 
and  therefore  perpendicular  to  PN\ 
also,  ML  perpendicular  to  OR, 
The  angles  MP  A'  and  ROQ,  hav- 
ing their  sides  perpendicular  each  to 
each,  are  equal.     Now, 


sin  (A-^B)  = 


NP     NK-\-KP     ML  ,  KP 


OP 


OP  OP^OP 


Pio.  26 
O  ^stn  A     PMqo&A 


OP 


OP 
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(triang! 

■sArLOioAPAfA-) 

-smW^^  + 

cosW^^- 

iD^posfi 

+  C«S/* 

sin  fi  (triangle 

OP  At 

This 

s  formula  1. 

Also. 

cos 

(A-  S)  =  sin 

[90=- 

{A- 

-ff)l  =  s 

n  [(90=-yJ)+J] 

or,  by  formula  1, 

s  (^-fi)  =  s 

0(90=- 

A)  c 

OS  Zf  +  CO 

s  (90°-  A)  s 

mB 

=  c 

osWco 

sfi  + 

sin  A  sia 

fi 

whkb  is 

formula  4. 

Form 

ula  3  follows  from  this 

for 

sin 

lA  -  S)  =  cos 

[<Xf- 

M- 

fi)]  =c 

s[(90°  +  fi) 

-^1 

=  cos  m" 

+  B\c 

osy^^-sin  (W 

+  B)  siQ  /* 

or.beca 

se  cos  (90°  +  B 

=  -si 

*,  a 

d  sin  (90 

+  >5)  =  cosfi(Art.l4) 

sin  {A  - 

B)  =  -sin  fie 

os^  + 

cos  J 

ip^  =  s 

n,4cosfi-c 

D%AsiaB. 

FiQAUy.  applying  this  formula, 

(A  +  B)  =  sin 

[90=- 

{A  +  fi)]    =   B 

D  [(90°  -  ,*) 

-«] 

-  sia  (90= 

-A)<: 

S  J- 

cos  (90- 

-  A)  sin  fi 

s  formula  2. 


tkb 
II— FORMUtAS  OF  ART.    19 
Referring  to  Fig.  6  (a)  and  (6).  Art.  18, 
a*  =  fi'  +  BD'  (1)         ^ ^ 

In  («),*/?  =  <:->4  A  whence  fio'  =  c*  -  2c  X  ^ /?  + -4 /?*. 
In  («).  *Z7  =  AD-c,  whence  fi"^'  =  AT>-2ey.AD  +  c'. 
Substituting  this  value  of  fiZ)  in  equalioQ  fl), 
a*  =  p'  +:4D'  ->rc'-2cXAD  (2) 

Bnt  /•  +  ad'  =  b',  and  -^  Z>  =  A  cos  ^;  therefore. 
Wh. 


When  the  angle  opposite  the  side  is  obtuse 
^^Bie  reasoning  leads  to  the  relation. 


sfiin  Fig.  6  {«},  the 


^ 


-•  +  2a<:Xc. 
second  member  of  mhich  becomes  a 
CBD'ii  replaced  by  its  equal  —  cos  B 


sCBD 


-  2  ac  cos  B,  whea 
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Sio 


in— FORMUIiAS  OF  ART.   20 

Let  ABC^  Pig.  27,  be  any  triangle.  As  usual,  the  angles  of  the  tri- 
angle will  be  denoted  by  W,  J?,  C, 
and  the  opposite  sides  by  a,  ^,c, 
respectively;  that  is,  angle  CAB 
^  A,BC  ^  a^  etc.  Produce  A C 
to  A',  making  CA'  «  B  C  ^  a. 
Draw  B  A\  and  A  P  perpen- 
dicular to  it,  meeting  BC  at  Q, 

Since  BC^  CA\  the  triangle 
^  C^'  is  isosceles,  and,  therefore, 
the  angles  CA'B  and  CBA'  are 
equal.  The  sum  of  these  two 
angles,  or  twice  either  of  them, 
is  equal  to  the  external  angle 
B  CA,  or  C,  and  therefore  each 
of  these  two  angles  is  equal  to 
i  C.  In  the  right  triangle  A  PA\ 
the  angle  M^  being  the  comple- 
ment of  A't  is  equat  to  90^  —  i  C. 


Pxo.  27 


We  have  also 


K  ^  A-^M^  A-(9^-iC), 


or,  since  C  =  180°  -  (/!  +  ^)  =  180°  -  /I  -  B, 

A'  =  W  -  [90°  -  J  (180°  -  ^  -  ^)]  =  \(A  -  B) 
The  angle  N  being  external  to  the  triangle  A  QB,  we  have 

N  ^  K'\'B  ^  i{A  -B)-hB  =i{A-^B) 
=  1(180°  -C)  =  90° -tC=iV 

Therefore,  the  triangle  A  QCis  isosceles,  and  QC  ^  A  C  ^  b\  and, 
consequently,  B  Q  —  a  —  b. 
The  right  triangle  A  B  P  gives, 

tan  \^A  -  ^)  =  ^-J 

or,  writing  the  values  ot  B P and  A  P from  the  triangles  BQP  and 

A  PA" 

*      \i  A      D\      BQcosiC       BQ       ..^ 
tan  \{A  -  /?)  -  ;^3i~jrc  =  Z-1'  ^^*  *  ^ 


that  is. 


tan  \(A  -  ^)  =  — -I  cot  \  C 


(1) 


Now,  i  C  =  i[180°  -  (^  +  ^)]  =  90°  -  \(A  H-  ^),  and  therefore, 
cot  i  C  =  tan  \(A'\-  B).  By  substituting  this  value  in  equation  (1), 
and  transforming,  the  formula  in  Art.  20  is  obtained. 
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IV— FOBMUIiA  2  OF  ART.  21 

This  formula  is  derived  from  Fig.  27  as  follows:    In  the  triangle 

BP^  BQcosiC^  (a- d)  cos  iC  (1) 

^nd,  in  the  triangle  A  B  P, 

c{^AB)  ^^ 


sin  \{A^B) 
•^vhich  becomes  formula  2  when  B Pis  replaced  by  its  value  (1). 


V— FORMUIiAS  2  TO  4  OF  ABT.   28 

We  have  (formula  8,  Art.  17), 

2  cos*  4-^  =  1  +  cos  A 
or,  substituting  the  value  of  cos  A  from  formula  1,  Art.  23, 

2  cos  i^-l  +  _2-^^ 2^^ ^j- 

or,   remembering  that  the  difference  between  the  squares  of  two  num- 
\icTS  is  equal  to  their  sum  multiplied  by  their  difference, 

2  cos- i  ^  =.  (*±£±^^*±^::^         .(1) 

Now,  since  a-i-d  +  c  =  25,  we  have,  subtracting  2a  from  both 
members,  ^  +  ^--tf  =  25--2a  =  2  {s  —  a).  Likewise,  a  -^  d  —  c 
=  2  (5  -  f ) ,  and  a  +  r  —  ^=»  2  (5-^).  Substituting  these  values  in 
equation  (1), 

2dr  ^^ 

whence.  cos  *  ^  =  y^Ii^^  (2) 

whicli  is  formula  3,  Art.  23. 
Likewise  (formula  Ij  Art.  17), 

2  sm*  t-^  =  l  —  cos^  =  l ^H-i 

2  ^f 

^  2^g-^'-^H-g'  ^  a'~  (^'-2^^4-0  ^  g*  -  (^  -  <:)« 

2bc  *  2^r  "  2^r 

^   (fl  +  ^-<:)(a-^-f  <:)  ^  2  (5  ~  g)  X  2  (j  -  ^)  _  2(s-d){s-c) 

2bc  ^  2bc  be 

whence,  sin  J  ^  =  V^^  "^  T/ ""  ^  ^^^ 

which  is  formula  4,  Art.  23. 

Formula  2  is  obtained  by  dividing  equation  (3)  by  equation  (2). 
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VI— FORMUIiA  OF  ART.  SO 

Formulas  3  and  4  of  Art.  23  are: 

,iniA=yp^^^  (1) 

-*^=>P^  (2, 

Also  (formula  6,  Art.  17), 

sin  /I  =s  2  sin  i  A  cos  i  A  (3) 

Substituting  in  equation  (3)  the  values  of  sin  \  A  and  cos  \  A  from 
equations  (1)  and  (2), 

sin  A  =  2^1^HMZg  ^^  ^^^(.-a)(.-m-c) 

_o  VF(j  -  g)  (j  -  b)  (j  -  g)  . 

Substituting  this  value  in  formula  of  Art.  27 » 

5=  Vj(5-a)(5-^)(5-tf) 


VII— FORMULA  3  OF  ART.  38 


We  have,  since  cot  =  -t-, 

sm 


1  sin  A  sin  B 


cot  A  +  cot  ^  ""  cos  A      cos  ^  ~  sin  -^  cos  /I  +  cos  B  sin  ^ 

sin  A      sin  ^ 

_  sin  A  sin  ^ 
■"  sin  {A  +  ^) 
By  substituting  this  value  in  formula  1 ,  we  obtain 

(^i  —  ^i)  (^i  +  ^t)  sin  A  sin  B 


S  = 


2  sin  {A  4-  B) 


VIII— FORMULA  OF  ART.   34 

Let  the  area  of  the  triangle  A  DB',  Fig.  18.  be  denoted  by  T, 
that  of  the  parallelogram  B  CDB'  by  P,    Then, 

S  =  P-\-T  (1) 

Now,  />=  ^A,  T=\dh 

Dividing  the  first  of  these  equations  by  the  second, 

-P  ^  _^  ^  2^.  ^     2bn 
T       id        d        b^-bn 

whence,  P  =  r^^  T 

Ox  —  ^» 
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Sabstitntiog  this  value  of  P  in  equation  (1) , 

Ox  —  dt  \0\  —  On  I  Ox  —  0%  a 

Let  i(a  +  ^  H-  rf)  =  ^.    Then  (formula  of  Art.  30), 

r  =  V5(5-a)(j~r)(f-£/) 
and,  substituting  this  value  in  equation  (2), 

5  =  ^'^^'  Vj(5-g)(5-g)(j-rf) 


TABLE  OP  TRIGONOMETRIC  FORMULAS 

The  principal  formulas  occurring  in  the  text,  and  others 
tbat  can  be  readily  derived  from  these,  are  tabulated  in 
tbe  following  pages  for  convenient  reference.  As  these 
fonnulas,  which  include  those  for  the  solution  of  triangles, 
are  here  systematically  classified  and  arranged,  the  student 
^11  find  this  table  useful  in  the  solution  of  all  kinds  of 
problems  requiring  the  application  of  trigonometry.  He 
is  advised  to  refer  to  it  often,  so  as  to  become  familiar 
witb  i^s  contents  and  use. 
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FOIUfUIiAS   DEFINING   THB   TRIGONOMETRIC 

FUNCTIONS 

B 


b 

1. 

&m  A  =  - 
c 

Pio.28 

2. 

tan  ^  =  ^ 

0 

3. 

COS  A  =  sin  (90° 

4. 

cot  .^  =  tan  (90° 

a 

5. 

sec  A  —  - 
b 

6. 

CSC  /^  =  sec  (90° 

-A)  =  '- 
a 

7. 

vers  A  =^  1  —  cos 

^  =  1-* 

8.     covers  A  =  vers  (90°  ^  A)  —  \  ^  sin  A  ^ 


1-5 


FUNCTIONS  OF  0°  AND  00° 


9. 

sin  0° 

=  0 

10. 

tanO° 

=  0 

11. 

cosO° 

-  1 

12. 

cot  0° 

=  00 

13. 

secO° 

=  1 

14. 

cscO° 

=  oo 

15. 

sin  90° 

=  1 

16. 

tan  90° 

=  oo 

17. 

cos  90° 

=  0 

18. 

cot  90° 

=  0 

19. 

sec  90° 

=  oo 

20. 

CSC  90° 

=  1 

FUNCTIONS  OF  NKGATIVK  ANGLES 

24.  cot  (-A)^-QotA 

25.  sec  (—  ^)  =  sec  A 

26.  CSC  (—  -^)  =  —  CSC  A 


21.  sin  (—//)  =  —  sin  A 

22.  tan  (-  ^)  =  -  tan/4 

23.  cos  (—A)  =  cos  A 


0 
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FUNCTIONS  OF  90*^  +  A 

sin  (90°  +  ^)  =  cos  A  30.  cot  (90°  +  A) 
tan  (90°  +  ^)  =  -  cot^  31.  sec  (90°  +  A) 
cos  (90°  +  /^)  =  -  sin^     32.  esc  (90°  +  A) 


—  \3SiA 

—  csc^ 
sec  A 


FUNCTIONS  OF 

180°  -  A  . 

AND  OF  180°  +  A 

33. 

sin 

(180°-/^) 

=  sin  A 

34. 

tan 

(180° -v4) 

=  —  tan  A 

35. 

cos 

(180°-^) 

=  —  cos  A . 

36. 

cot 

(180°-^) 

=  —  cot  A 

37. 

sec 

(180°-^) 

=  —  sec  A 

38. 

CSC 

(180° -v4) 

=  CSC  A 

39. 

sin 

(180°  +  ^) 

=  —  sin  A 

40. 

tan 

(180°+^) 

=  tan  A 

41. 

cos 

(180°  +  ^) 

=  —  cos  A 

42. 

cot 

(180° +  v4) 

=  cot  A 

43. 

sec 

(180°  +  ^) 

=  —  sec  A 

44. 

CSC 

(180°  +  A) 

=  —  CSC  A 

FUNCTIONS  OF  860° 

Sin  (360°-^)  =  -sin^ 
tan  (360°-^)  =  -tan^ 
cos  (360°-^)  =  cos  A 
cot  (360°-^)  =  -cot A 
sec  (360°-.^)  =  sec^ 
CSC  (360°-^)  =  -csc^ 


—  A  AND  OF  360°  +  A 

51.  sin  (360°  +  ^)  =  sin  ^ 

52.  tan  (360°  +  A)  =  tan  A 

53.  cos  (360°  +  A)  =  cosA 

54.  cot  (360°  +  A)  =  cot  A 

55.  sec  (360°  +  A)  =  sec  A 

56.  CSC  (360°  +  A)  =  esc  A 


FUNCTIONS 

OP 

57. 

sia 

iA  +  B) 

58. 

sin 

U- 

B) 

59. 

cos 

(A  +  B) 

60. 

cos 

(A- 

■B) 

61. 

tan 

(A  +  B) 

(A  +  B)  AND  OF  (A  -  B) 

=  sin  A  cos  i5  +  cos  A  sin  i5 
=  sin  A  cos  Z?  —  cos  A  sin  ^ 
=  cos  A  cos  Z?  —  sin  A  sin  ^ 
=  cos  A  cos  -5  +  sin  ^  sin  ^ 
tan  A  +  tan  i5 


62.    tan  (A  -  B)  ^ 


1  —  tan  A  tan  i5 

tan  A  —  tan  Z^ 

1  +  tan  ^  tan  -5 
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FUNCTIONS  OF  2^  AND  OF  |ui 

63.  sin  2  ^  =  2  sin  ^  cos  A 

64.  cos  2  /^  =  cos*  A  —  sin*  A 
66.  cos  2/^  =  2cos*^-l 
66.  cos  2/1  =  1-2  sin* /I 

2  tan^ 


67.     tan  2v4  = 


1  -  tan*  A 


68.  sini^  =  ^/i^f^ 

69.  cosi.^=^/S^ 

70.  tani.^  =  ./SoI^ 

\  1  +  cos  A 

71.  tani.<  =  ^-.^°^-^ 

Sin  -<4 


SUMS  AND  DIFFERENCES  OF  FUNCTIONS 

72.  sin  ^  +  sin  Z?  =  2  sin  \{A  +  B)  cos  i(^  -  B) 

73.  sin  v4  -  sin  i9  =  2  sin  \{A  -  ^)  cos  i(/l  +  B) 

74.  cos  ^  +  cos  Z?  =  2  cos  H^  +  B)  cos  i(/4  -  ^) 

75.  cos  ^  -  cos  Z?  =  '2  sin  i(v4  +  ^)  sin  \{B  -  ^) 

>f  I  *      o       sin  (/^  +  -5) 
tan  A  +  tan  i5  = -— — - — ^ 

cos  A  cos  B 

4,       A      4.      D       sin  (/^  —  B) 
tan  v4  —  tan  B  =  ^-- ^ 

cos  ^  cos  -5: 

78.  sin*  A  -  sin*  B  =  sin  (.4  +  B)  sin  (^  -  ^) 

79.  cos*  A  -  cos*  B  =  sin  (^  +  ^)  sin  (^  -  A) 

80.  cos*  ^  -  sin*  B  =  cos  (A  +  B)  cos  (^  -  B) 


76. 

77. 
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CHAINING 


BKFINITIONS    AND     CLASSIFICATION 

1.  Definitions. — Surveying  is  that  branch  of  civil 
engineering  which  treats  of  the  principles  and  methods 
employed  for  determining  the  relative  positions  of  points 
on  ihe  earth's  surface.  By  the  earth's  "surface"  is  here 
meant  all  that  part  of  the  earth  that  can  be  explored;  the 
term  includes,  therefore,  the  bottoms  of  seas  and  rivers, 
and  the  interior  of  mines,  as  well  as  the  more  accessible 
^■portions. 

^^B  2.  A  treatise  on  surveying  comprises  not  only  directions 
^^■»r  making  measurements  on  the  earth's  surface,  but  also  full 
descriptions  of  the  instruments  employed,  as  well  as  the 
methods  whereby  the  results  of  the  measurements  are  made 
to  serve  special  purposes,  such  as  determining  the  area  or 
xnaking  a  map  of  a  tract  of  land. 

3.  To  survey,  or  make  a  survey  of,  a  part  of  the 
earth's  surface,  is  to  make  the  measurements  that  are  neces- 
sary for  determining  the  positions  of  those  of  its  points,  or 
of  the  objects  it  contains,  that  it  is  desired  to  locate.  The 
■process  of  making  such  measurements  is  also  referred  to  as 
a  survey.  The  points  of  a  survey  may  be  located  with 
xeference  to  one  another  only,  or  with  reference  to  some 
external  points  or  objects  also. 

4.  Divisions   of   the   Subject. ^Surveying  is  divided 
bto  three   general   branches,   namelyi 
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1,  Chain  surveying,  in  which  do  other  measunne  instni-  I 
ment  is  employed  than  a  chain  or  tape  for  measurinf  I 
distances. 

2.  Angular  surveying,  in  which  angle-measnring  instre-'l 
mcnts  arc  employed  in  connection  with  distance-measurintf^  I 
Instruments. 

8.     Leveling,  which  treats  of  the  determination  of  eleve* 
tions,  or  vertical  distances. 

5.  Surveying  is  further  subdivided  into  a  great  many  J 
special  branches,  which  receive  their  names  either  from  tho  j 
instruments  employed  or  from  the  ends  to  be  attained.  J 
Thus,  compass  surveying  treats  of  the  methods  of  surveyinf;! 
with  a  crimpass;  farm  surveying  treats  of  the  methods  use< 
in  surveying  farms;  etc. 


THE    CnAIN,    TAPE,    AND    ACCESSORIES 

6.  InetmmentH    Used   for    Linear    Uoasuremeut. 

The  instruments  used  most  commonly  for  measuring 
distances  are  the  engineers'  chain,  the  surveyors'  chain,  and 
the  steel  tape,  A  tape  composed  of  linen  and  having  fina' 
brass  threads  woven  into  it  longitudinally,  called  a  mt^^tailla 
tu|H.>,  is  commonly  used  for  short  measurements.  Marking 
pins  nnd  range  poles,  to  be  described  presently,  are  used  in 
connection  with  the  chain,  especially  in  measuring  long  lines. 

7.  The  BnisrIuucrH*  Cliala.— Thischain  is  100  feet  long- 
and  is  composed  of  101)  links  of  steel  or  iron  wire,  each  two: 
adjacent  links  being  connected  by  small  rings.  Some  chainsi 
have  two  and  some  three  rings  between  the  adjacent  HnkiJ 
In  the  former  class,  the  length  of  a  link,  including  a  ring  at 
each  end,  is  1  foot.  The  best  chains  are  made  of  No,  12 
steel  wire  and  have  all  joints  in  the  links  and  rings  brazed 
to  prevent  their  springing  apart  when  the  chain  is  under  ten-' 
sion.  At  the  end  of  every  tenth  link  is  attached  a  brass  tag, 
or  tally  mark,  and  the  distances  of  10,  20,  30.  and  40  linki' 
from  either  end  of  the  chain  are  distinguished,  respectivelyfi 
by  one,  two,  three,  and  four  points  on  the  tag,  separated  bf 
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(ches  or  by  slits  in  the  tag.     The  center  of  the  chain,  50 
i  from  either  end,  is  marked  by  a  plain  oval  tag.     The 

bdies  are  usually  of  brass,  and  attach  by  means  of  swivels 
luts  and  threads  for  adjusting  the  length  of  the  chain. 

fch  handle  fonns  part  of  the  end  link,  the  length  of  the 

piin  being  measured  to  the  extreme  ends  or  outer  edges  of 
■ifhe  handles.     In  Fig.  I  is  shown  an  engineers'  chain  folded 
and  lied  so  as  to  be  convenient  for  carrying. 

The  engineers'  chain  is  used  chiefly  in  railroad  snrveyine, 
but  it  is  also  used  to  some  extent  in  city  surveying  and  in  J 
other  kinds  of  surveying  where  the  foot 
is  the  unit  of  measurement.  For  meas- 
uring over  very  rough  ground,  a  chain 
60  feet  long,  called  a  bair  chain,  is  some- 
times used;  it  has  two  handles,  but  is 
otherwise  exactly  the  same  as  one-half  of 
a  chain  100  feet  long. 


8.     The     Surveyors'     Cfaiiln.  —The 

surveyors*  chain,  often  called  Guiiter*e 

cliain,  from  the  name  of  its  inventor,  is 

the  same  as  the  engineers'  chain  in  every 

respect,  except  that  its  length  is  66  feet, 

or  4  rods,  instead  of  100  feet.     Like  the 

engineers'   chain,   it   is  divided  into  100 

links,  and  consequently  the  length  of  each  link  is  .66  foot, 
■     or  7.92  inches. 

^^K*bis  chain  is  mainly  used  in  land  surveying,  where  the 
^^Be  is  the  unit  of  area.  It  is  very  convenient  for  this  pur- 
^^B(e,  as  areas  expressed  in  square  chains  can  be  expressed  in 
^^Hvs  by  simply  moving  the  decimal  point  one  place  to  the 
^^Ht,  there  being  10  square  chains  in  1  acre.  It  is  also  well 
^^H  the  student  to  remember  that  there  are  80  chains  in 
^^Watute  mile. 

^^Blie  surveyors'  chain  is  used  in  all  United  States  land 
^^^veys,  and  whenever  the  word  ciain  occurs  in  a  legal 
I     docuinent,  it  is  understood  to  mean  a  surveyors'  chain,  or 

66  feet. 
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9.  Th*  Bteel  Tap*. — Steel  tapes  are  now  n»ed  txXta- 
«tvely  in  sarveyinz  and  are  largely  superseding  both  the 
engineers'  and  the  anrveyora'  chain.  They  are  steel  ribbong 
varying  from  aboal  i  to  |  inch  to  width  and  graduated  in 
E  ways,  according  to  the  purposes  for  which  tbey  in 


used.  They  can  be  obtained  in  any  length  from  I  3rard 
to  1,000  feet  and  graduated  to  order.  For  city  survcyinif, 
and  for  many  other  purposes,  a  tape  50  feel  long  is  generally 
preferred.  This  tape  is  usually  from  1  to  J  inch  wide,  gradu- 
ated in  feel,  tenths,  and  hundredths,  and  is  enclosed  in  i 
hard-leather  case  having  a  folding  handle  fur  winding  up  thi 
tape.  Such  a  tape  u 
shown  in  Fig.  2. 

For   some    purposes, 

wftAMj^   -._^[rx^^^  tapes SOO or 500 feet Ion|[ 

(  ^)  :/C~^^L^^^^  ^"'^    even    of     greater 

length  are  used.     They 

are  of   small  cross-se> 

\-\     /^W'^"-^-'^'--^  ''""  ""^  ^""^  graduated 

I  I  jjjr     ^\^\^^^  ill  different  ways.butare 
^  '  "t  uncommonly  gradu- 

ated every  10  feet,  with 
'■"■•°  the  first  and  last  10  feet 

graduated  to  feet  and  the  first  and  last  foot  to  tenths.  They 
usually  have  detachable  handles  and  are  wound  on  some 
form  of  reel.  A  tape  of  this  kind  woiind  on  a  metal  reel 
is  shown  in  Fie  3. 

In  some  tapes,  the  handle  forms  part  of  the  end  division  or 
graduation,  the  length  of  the  tape  counting  from  the  outsido- 
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of  the  handle.  In  others,  the  graduations  begin  on  the 
inside  of  the  handle,  where  the  tape  is  attached  (see  Fig.  2); 
and  in  others  the  graduations  begin  on  the  tape  itself,  a  short 
distance  from  the  handle.  When  using  a  tape,  the  surveyor 
should  ascertain  where  the  graduations  begin,  as  otherwise 
he  may  make  serious  errors. 

10.  MarkiiiK  Plus. — These  are  used  for  marking  and 
recording  chain  lengths,  and  consist  of  slender  rods  pointed 
at  one  end  and  bent  into  a  ring  at  the  other.  They  are 
DSttalljr  made  of  No,  6  steel  wire,  and  measure  about  14  inches 
in  length.  When  used  in  grassy  or  weedy  ground,  pieces  of 
red  or  white  cloth  should  be  tied  to  the  rings,  so  that  the 
positions  of  the  pins  may  be  easily  found.  A  set  of  marking 
pins  should  preferably  consist  of  eleven  pins.  The  use  of 
.^is  number  of  pins  greatly  facilitates  the  reckoning  of  dis- 

Bs,  as  will  be  presently  explained. 
.  Range  Poles. — This  name  is  given  to  poles  or  rods 
or  placed  at  points  to  which  measurements  are  taken,  for 
the  purpose  of  defining  the  direction  of  lines  on  the  ground. 
Usually,  a  piece  of  white  cloth  is  tied  to  each  pole  so  that 
the  pole  may  be  easily  seen.  For  this  reason,  range  poles 
are  often  called  flagiioles,  or  simply  tlatxs,  and  the  men 
holding  them,  rinKincu.  Wooden  poles  are  generally 
10  feet  long,  made  with  a  pointed  iron  shoe  on  their  lower 
end.  They  are  graduated  in  feel  and  the  fool-spaces  are 
painted  allernately  red  and  white.  Metal  poles,  or  rods,  are 
about  6  feet  long.  They  are  much  more  slender  than  wooden 
poles,  and  are  specially  suited  for  marking  points  lo  which 
the  line  of  sight  of  an  angle-measuring  instrument  is  to  be 
directed.  If  it  is  desired  to  sight  past  the  pole,  the  flagman 
should  stand  to  one  side  of  the  line  of  sight.  Otherwise,  he 
should  stand  facing  the  observer  and  directly  behind  ihe  pole, 
1  should  be  held  lightly  with  the  fingers  of  both  hands, 
i  nearly  vertical  as  possible. 
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§11 


THE  PROCESS  OF  CHAIVfUXG 

12.  Definition. — Chaining^  is  the  process  of  measlI^ 
ing  a  distance  on  the  ground,  with  either  a  chain  or  a  tape; 
whichever  instrument  is  used,  the  process  is  substantially 
the  same. 

13.  Survey  Distances  Are  Horizontal. — All  survey- 
ing distances,  except  those  used  in  levelinsf,  are  understood 
to  be  horizontal;  they  are  determined  either  by  measuring^ 
horizontally  or  by  reducing  inclined  distances  to  horizontal 
distances.  Thus,  in  Fig.  4,  by  the  distance  from  .^  to  ^ 
is  meant  the  distance  AB^y  counted  along  the  horizontal 
line  A  X,  from  A  to  B',  the  latter  point  being  the  foot  of  a 
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perpendicular  (a  vertical  line  in  this  case)  from  B  to  AX. 
The  line  A  B' ^  or  any  other  horizontal  line,  as  A"  B"^  between 
two  verticals  through  A  and  B^  is  called  the  horizontal 
projection   of  A  B, 

The  distance  A  B'  is  obtained  by  a  series  of  horizontal 
measurements  A'  C  C  D,  and  D*  B,  the  points  A\  C\  and  D 
being  vertically  above  A,  C  and  Z>,  respectively.  The  sum 
of  these  horizontal  measurements  A^  C,  O  D^  and  ly  B  is 
equal  to  A  B\  which,  as  stated  above,  is  referred  to  as  the 
distance  between  A  and  B.  If  the  distance  B  B\  which  is 
the  difference  in  elevation  between  A  and  B^  is  known,  the 
inclined  distance  A  B  may  be  measured,  and  the  distance  ^ iff' 

calculated  from  the  relation  A  B'  =    \A  B*  —  B  B'* . 

The  lines  platted  on  a  map  are  the  horizontal  projections 
of  the  real  lines  in  the  field,  and  the  map  itself  represents 
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'  the  horizontal  projection  of  the  tract  surveyed.  It  should 
be  borne  in  mind  that,  when  a  line  is  referred  (o.  its  horizon- 
tal projection  is  meant;  that,  by  the  distance  between  two 
points  is  meant  the  horizontal  distance  between  two  verticals 
through  those  points;  and  that  by  the  angle  between  two 
lines  is  meant  the  angle  between  the  horizontal  projections 
H^of  the  lines. 

^B  14.  FIxIhk  the  Direction  of  a  Une. — The  point  from 
^Ktfrhich  a  line  is  to  be  measured  being  occupied  by  the  sur- 
^^Breyor,  a  flagpole  is  stuck  or  held  at  the  other  end,  or  at 
^^fcome  intermediate  point,  in  order  that  the  chainmen,  by 
^■Sightrng  to  the  pole,  may  make  the  measurements  in  the 
I       proper  direction;    that  is,  exactly  along  the  line. 

15.  Chalnlu^  on  Level  Ground. — Two  men  are  nec- 
essary for  all  chaining,  and  are  designated  heati  ehalnman 
and  rear  clialuiuan,  from  their  position  in  reference  to  the 
direction  in  which  the  measuremeni  is  being  taken.  If  a 
chain  is  to  be  used,  it  should  be  thrown  out  by  the  rear  chain- 
man,  preferably  in  a  direction  opposite  to  that  in  which 
chaining  is  to  be  done,  so  that  he  may  observe  and  straighten 
out  any  kinks  as  the  chain  is  drawn  past  him  by  the  head 
chainman.  who  drags  the  chain  by  one  of  the  handles  in 
the  direction  of  the  line,  while  the  rear  chainman,  holding 
the  other  handle,  remains  at  the  beginning  of  the  line.  In 
undoing  the  chain,  the  two  handles  should  be  grasped  firmly 
in  one  hand,  and  with  the  other  hand  the  chain  should  be 
thrown  out  with  force  so  that  as  far  as  possible  the  links  will 
be  free  from  each  other.  When  the  head  chainman  starts,  he 
carries  ten  of  the  marking  pins,  leaving  the  eleventh  with 
the  rear  chainman.  When  the  chain  has  been  drawn  out 
almost  to  its  full  length,  the  rear  chainman  calls,  "Chain," 
The  head  chainman  then  stops  and  lightens  up  the  chain,  the 
end  of  which  he  holds  against  a  pin  to  be  stuck  in  the  ground 
at  the  end  of  a  chain  length.  He  should  hold  the  pin  as 
nearly  vertical  as  possible  and  light  against  the  end  of  the 
|,Ghaia,  keeping  his  body  to  one  side  so  as  not  to  obstruct  the 
MW  of  the  rear  chainman  in  sighting  to  the  range  pole.     He 
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should  move  the  pin,  and  with  it  bis  end  of  the  chain  to  "l^jjt 
or  left,  as  indicated  by  word  or  motion  from  the  rear  cha.ij]. 
mail,  who  holds  bis  end  of  the  chain  at  the  point  or  pin  frog, 
which  the  measarement  is  being  made.  The  rear  chainm^o 
gives  the  correct  line  for  the  pin  by  sigbtine  along  the  line 
determined  by  the  point  he  occupies  and  the  range  pole,  and 
directing  the  head  chainman  to  movx  the  pin  held  by  the 
latter  until  it  is  cut  by  the  former's  line  of  sight.  When,  the 
chain  being  taut  and  siraighl  (not  caught  on  any  intervening 
obstnictioD ) ,  the  head  chainman's  pin  is  in  line,  the  rear 
chainman  calls,  "Stick."  to  which  the  head  chaintnan  replies, 
"Stuck,"  when  the  pin  has  been  properly  placed. 

The  rear  chainman  pulls  out  each  pin  after  the  measure- 
ment from  it  has  been  taken.  When  ten  pins  have  been  act, 
the  head  chainman  calls,  "Tally."  He  then  receives  from  (he 
rear  chainman  ten  pins  with  which  to  start  again.  Each 
tally  should  be  recorded,  either  by  writing  or  by  putting  a 
pebble  in  the  pocket,  or  in  some  other  convenient  manner. 
When  the  point  to  which  measurement  is  being  made  is 
reached,  the  head  chainman  walks  on  with  the  chain  until  the 
rear  end  is  at  ihe  last  pin.  He  then  returns  and  note&. 
the  number  of  links  from  the  last  pin  to  the  point.  This. 
added  to  the  number  of  chains,  will  give  the  total  distance 
chained.  In  running  a  line  from  which  measurements  are  to 
be  taken  locating  objects  near  the  line,  the  end  of  each  chaixk 
length  should  be  marked  by  wooden  stakes  or  otherwise: 


I 


16,  MetbcKl  of  ReckunluK. — The  distance  measured 
to  any  point  is  obtained  by  first  adding  the  number  of  tallies 
recorded,  and  then  counting  the  number  of  pins  held  by  the 
rear  chainman,  each  of  which  represents  a  chain  length, 
except  the  last  one.  if  the  last  measurement  is  not  a  whole 
chain.  It  is  here  assumed  that  the  only  pin  remaining  in 
the  ground  is  the  one  marking  the  point  to  which  the  last 
measurement  was  m.tde.  Suppose,  for  example,  that  four 
tallies  have  been  recorded,  that  the  rear  chainman  has  7  pins, 
and  that  the  last  measurement  was  47  links.  The  four  talUea 
represent  4  X  10  =  40  chains;  six  of  the  pins  held  by  tha 
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r  chainman  represent  1  chain  each,  and  the  other,  47  links, 
47  chain.     Therefore,  the  length  of  line  is  40  +  6  +  .47 
s    4G.47  chains. 

17.  Clialnlngr  Down  Bill. — In  chaining  down  hill,  the 
^ead  end  of  the  chain  is  raised  as  nearly  as  possible  to  the 
same  level  as  the  rear  end.  The  head  chainman  transfers 
tbe  measurement  from  the  elevated  end  of  the  chain  by 
Violding  a  range  pole  vertically,  or  by  dropping  from  the  end 
of  the  chain  a  marking  pin  with  the  heavy  end  down,  or  one 
or  more  pebbles  of  sufficient  size  to  make  a  mark  where 
rhey  fall.  This  transfference  is  done  more  accurately  by 
means  of  a  plumb-bob.  the  string  of  which  is  held  against 
Uie  end  of  the  chain.  The  chain  should  be  drawn  as  taut  as 
possible,  in  order  to  avoid  the  sagging  of  its  center  part,  the 
effect  of  sagging  being  to  make  the  recorded  measurements 
loo  long. 

If  the  slope  of  the  ground  is  so  great  that  the  head  chain- 
tast-ti  cannot  hold  his  end  of  the  chain  level  with  the  rear  end, 
tt>e  chain  is  broken.-  thatMSi  a  part  only  of  it  is  used  in 
making  the  measurement.  The  head  chainman  should  break 
chntn  at  such  a  point  that  the  part  used  will  be  as  long  as  he 
can  conveniently  hold  level  with  the  rear  end. 

Tlie  process  of  chaining  down  hill  is  illustrated  in  Fig.  4, 
wtiwe  SA  is  the  line  to  be  measured.  The  head  chainman 
draws  out  the  chain  to  its  full  length,  in  the  direction  HA. 
Finding  that  he  cannot  hold  his  end  level  with  B.  he  returns 
to  a  point  that  he  can  hold  level,  say  the  fortieth  link  from 
the  rear  end  of  the  chain.  When  this  measurement  is  trans- 
(crred  to  the  ground  at  />,  the  rear  chainman,  dropping  his 
end  of  the  chain,  holds  at  />  the  point  where  the  chain  was 
broken,  and  the  head  chainman  transfers  the  measurement 
Irom  the  end  of  the  chain  to  the  ground  at  C.  This  process 
is  repeated  until  the  total  distance  between  S  and  ^  has 
been  measured. 

Id  very  steep  slopes,  it  may  be  necessary  to  break  chain 
several  times  in  measuring  a  chain  length.  If  pins  are  used 
for  marking   intermediate   points   between   two   full   chain 
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lengths,  they  should  be  given  or  thrown  to  the  head 
man  as  the  rear  chainman  advances  from  those  points.  TTia 
rear  chainman  should  keep  only  those  pins  that  mark  Eoffl 
chain  lengths. 

18.  ChalnlnK  Up  Hill. — In  chaining  ap  hill,  the 
ess  is  reversed;  the  rear  chainman  holds  his  end  of  i 
chain  directly  over  the  point  last  occupied  and  marked 
the  head  chainmaa,  and  raises  it  so  that  it  will  be  level  w 
the  end  held  by  the  head  chainman.  The  rear  chainman  in 
keep  his  end  of  the  chain  over  the  proper  point  by  usi 
either  a  plumb-line  or  a  range  pole.  An  experienced  ch« 
man  can  estimate  the  proper  position  by  the  eye.  with  su 
cient  accuracy.  The  head  chainman  should  draw  the  cfti 
taut  and  mark  the  end  of  the  measurement  as  soon  as  I 
rear  chainman,  having  put  him  in  line,  calls  out,  "Slid 
This  process  is  repeated  as  often  as  necessary.  Care  shoi 
be  taken  not  to  mistake  the  point  where  the  chain  is  broki 
taking,  for  instance,  the  fortieth  for  the  sixtieth  link. 

As  it  is  much  easier  to  chain  down  than  up  hill,  it  is  oil 
best,  especially  where  the  slope  is  very  sleep,  to  set  a 
in  line  at  the  top  of  the  hill  and  then  chain  backwards  from  . 

19.  FoldiiiKtlie  Chain. — The  chain  may  be  folded  eith 
from  one  end  or  from  the  center.  To  fold  it  from  the  cent* 
take  the  two  middle  links  together  in  the  left  hand,  grasp  tl 
third  pair  of  links  from  the  middle  with  the  right  hand  ai 
fold  the  second  and  the  third  pair  of  links  across  the  midd 
links  and  nearly  parallel  to  them;  then  grasp  the  fifth  pi 
and  fold  the  fourth  and  the  fifth  pair  across  and  nearly  parall 
to  those  already  folded,  and  so  on  until  the  chain  is  entire 
folded.  It  should  then  be  secured  by  a  cord  or  strap  aroui 
the  centers  of  the  links,  as  shown  in  Fig.  1.  The  chain  nU 
be  folded  from  one  end  in  a  similar  manner. 

20.  Correction  for  Erroneous  Len^h  of  Chab 
The  length  of  a  chain  or  tape  is  altered  by  changes  in  lei 
peralure.  and  by  wear  and  distortion.  The  variations  due  1 
temperature  are  very  small,  and  need  not  be  consideil 
except  in  very  accurate  work,  as  will  be  explained  in  anolh 
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g^clion  of  this  Course.  The  alterations  due  to  wear  and 
distortion  are  sometimes  considerable,  and  should  be  allowed 
foT.  An  error  of  2  or  S  inches  in  the  length  of  a  chain 
js  not  uncomraOD,  especially  when  the  chain  has  been 
p-oughly  used.  This  shows  the  necessity  of  handling  the 
cbain  very  carefully.  If  the  chain  is  caught,  as  in  a  stump 
fff  stone,  it  should  not  be  disengaged  by  pulling  from  the 

ePili   3S   this   may   stretch   the   rings  and   bend  the   links. 

/V.ltbough,   in   measuring,  the  chain  should  be  held  taut,  it 

stiotild  not  be  pulled  with  so  much  force  as  to  cause  stretch- 
ing of  the  rings. 


21.  The  length  of  the  chain  should  be  tested  often. 
This  is  done  either  by  comparing  the  chain  with  a  chain  or 
lape  of  standard  length,  or  by  stretching  it  between  two 
points  whose  exact  distance  Js  known.  It  is  advisable  to 
have  two  such  points  marked  permanently  on  an  office  floor, 
smooth  pavement,  curb,  or  some  other  convenient  place. 

Tbe  length  of  the  chain  can  be  adjusted  to  the  standard 
length  by  means  of  swivels  in  the  end  links. 

If,  after  a  line  has  been  measured,  tbe  length  of  the  chain 
(or  tape)  is  found  to  be  in  error,  the  true  length  of  the  line 
can  be  easily  determined  by  means  of  the  following  formula: 

Z.,=  Z.  ±cZ. 
in  which  L,  =  true  length  of  line; 

Z.  =  length  of  line  as  actually  measured; 

f  —  error  in  length  of  one  unit  of  measure. 

I(,  for  instance,  the  length  of  a  line  is  measured  in  feet, 

and  the  measurements  are  made  with  a  50-fDot  tape  that  is  . 

found  to  be  .1  foot  too  long,  the  error  is  --.  or  .002  foot  in 

1  foot.  In  this  case,  e  =  .002.  If  the  measurement  is 
recorded  in  chains,  and  the  chain  is  found  to  be  .1  link  too 
long,  the  error  is.  1  link,  or. 001  chain  per  chain,  and  e  =  .001. 
It  should  be  understood  that  the  correction^/,  expresses 
the  same  kind  of  units  as  e.  If,  for  instance,  <f  is  1.5  inches 
per  chain,  and  the  length  of  the  line  is  expressed  in  chains, 
its  true  length  is  L  chains  ±  1.6  L  inches. 
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In  order  to  avoid  this  mixture  of  units,  it  is  better  to 

express  e  in  the  same  kind  of  units  as  those  in  which  the  line 

is  measured.     Thus,  an  error  of   1.5   inches   per  chain  is 

1  5 
equivalent  to  -~-  links  per  chain,  since  there  are  7.92  inches 

in  1  link;  and,  since  there  are  100  links  in  a  chain,  an  error 

of  — ^  link   is   equivalent  to  ^  ^^  '    ^^^   chain.     This  last 
7.92  7.92  X  100 

value  is  the  one  that  should  be  used  for  e^  and  then  the  cor- 
rection eL  will  represent  chains.  If  the  recorded  len^^thof 
the  line  is,  say,  24  chains,  the  correction  is 

^^  =  wA^~}r^  =  -W^  chain  =  4.6  links 
7.92  X  100 

If  the  chain  is  too  long:,  the  distance  measured  with  it  will 

be  recorded  as  too  short,  and  the  correction  eL  should  be 

added;  while  if  the  chain  is  too  short,  the  distance  measured 

will  be  recorded  as  too  long:,  and  the  correction  eL  should 

be  subtracted. 

Example  1.— The  length  of  a  line,  measured  with  a  100-foot  chain, 
was  found  to  be  1,048  feet.  It  was  afterwards  found  that  the  chain 
was  .19  foot  too  long.    What  was  the  true  length  of  the  line? 

Solution.— If  the  error  is  .19  ft.  in  100  ft.,  it  is  jh  of  .19  =  .0019  ft.. 
or,  say,  .002  ft.  per  ft.     Then,  e  =  .002,  L  =  1,048,  and,  therefore, 
L.  =  1.048  -h  .002  X  1,048  =  1,050  ft.,  nearly.    Ans. 

The  error  is  added,  because,  the  chain  being  too  long,  the  recorded 
length  of  the  line  was  too  small. 

Example  2.— The  length  of  a  line  was  recorded  as  19.89  Gunter's 
chains.  The  length  of  the  chain  having  been  found  to  be  If  inches 
too  short,  it  is  required  to  determine  the  true  length  of  the  line. 

Solution. — An    error   of    1.75   in.    is  equivalent   to   an   error  of 

TsSm  '=•'•  **•-'•''"«'  =  7.92-xTOO  "°"»  ^  -  »••«>  '"  *h'  ^''™"'*' 
and  noticing  that  the  correction  ^  Z  is  to  be  subtracted,  we  obtain, 

L.  =  19.89  -  H^^/^'J^  =  19.85  ch.    Ans. 


EXAMPLES    FOR    PRACTICB 


1.  The  length  of  a  line  as  measured  with  an  engineers'  chain  is 
1,946  feet;  it  is  found  that  the  chain  is  2.5  inches  too  short;  what  is  the 
true  length  of  the  line?  Ans.  1.942  ft.,  nearlT 
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2.  A  line  is  measured  witb  a  Gunter's  cbain  anil  found  lo  be  8.94 
cbaiiis  long;  if  the  chain  is  .6  link  too  long,  what  is  the  true  length  of 
the  line?  Ans.  8,1)8  ch..  nearly 

3.  A  certain  line  is  measured  with  a  lOO-fool  tape  that  is  .2  foot  too 
long;  if  the  recorded  length  is  647  feet,  what  is  Che  true  length  of  the 
line?  Ans.  6*8.3  ft. 

4.  The  length  oC  a  line  as  measured  with  a  Gunter's  chain  is 
3.36  chains:  if  it  is  known  that  the  chain  is  2  inches  too  short,  what 
is  the  true  length  of  the  line?  Ans.  3.35  ch. 


22.  Precision. — In  chain  surveying,  an  error  of  1  in  600 
is  generally  permissible,  and  should  not  be  exceeded;  that  is, 
two  measurements  of  the  same  line  should  not  give  results 
differing  by  more  than  I  foot  for  every  .iOO  feet  measured. 
If,  however,  the  chaining  is  done  carefully,  and  the  ground 
is  not  rough,  the  error  need  not  exceed  1  in  800  or  1,000, 

23.  Approxtiunte  Methods  of  Uetermlnlnir  Dis- 
tances.— It  is  often  desirable  lo  know  approximately  the 
distance  between  two  points.  By  a  little  practice  a  person 
can  obtain  a  long  stride  that  is  very  close  to  3  feet  in  length; 
or,  better  still,  a  pace  2j  feet  long.  By  counting  the  paces 
between  two  points  and  multiplying  their  number  by  3  or  2i, 
as  the  case  may  be,  he  can  determine  the  distance  quite 
closely. 

Where  it  is  possible  to  drive  over  the  line,  a  convenient 
method  is  to  tie  a  piece  of  cloth  to  a  spoke  of  a  wheel  near 
the  tire,  and,  having  measured  the  circumference  of  the 
wheel,  count  the  number  of  revolutions  made  by  the  wheel 
in  passing  over  the  line.  The  approximate  distance  is 
obtained  by  multiplying  the  number  of  revolutions  of  the 
wheel  by  the  length  of  its  circumference, 

^  FIELD  PROBLEHB 

B4.  To  Prolong  a,  Line. — In  Fig,  5,  A  B  is  a  line  that 
18  desired  lo  prolong  beyond  its  extremity  B.  Having 
marked  A  and  B  by  range  poles  stuck  in  the  ground  verti- 
cally at  these  points,  the  surveyor  walks  some  distance  back 
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of  A  and  places  himself  at  a  point  P  in  line  with  /i  and  ff, 
by  sighting  to  the  pole  at  A,  and  stepping  to  the  right  or  to 
the  left  until  the  pole  at  /}  is  covered  by  that  at  A.  He  then 
directs  a  pole  to  be  held  beyond  B  and  motions  to  the 
man  until  the  latter  has  the  pole  in  such  position  that  it  ii 


covered  by  the  poles  at  A  and  B.  Let  Q  be  the  point  that 
determined.  A  pole  being  stuck  at  Q,  the  surveyor  movei 
to  A.  and  sighting  along  B  Q.  lines  in  the  flagman 
point  Ji  beyond  Q.  The  process  may  be  repeated  antj  the 
line  prolonged  as  far  as  necessary-  The  distances ,-/  S.  B  Q^ 
Q  R,  etc.  should  be  as  long  as  they  can  be  conveniently  made. 

25.  To  Run  a  TJuo  Over  n  II1I1  When  tlie  Ends  i 
the  lAnc  Are  Invtslbk*  From  Kn<-h  Other. — The  pointt 
A  and  B,  Fig.  6,  are  supposed  lu  be  on  opposite  sides  of  i 
hill,  and  to  be  invisible  from  each  other.     It  is  desired  t< 
run  a  line  between   them,  or  to  locate  some  intermediatfll 

points- 
Having  set 
poles  at  A  and  /?.  two 
flagmen  with  poles 
station  themselves  at 
C  and  D,  approxi- 
mately in  line  with 
A  and  B,  and  in  such 
positions  that  the  pules  at  B  and  D  are  visible  from  C.  and 
those  at  C  and  A  are  visible  from  D.  The  flagman  at  C  lines 
in  the  flagman  at  O  between  C  and  B,  and  then  the  flagman 
at  D  lines  in  that  at  C  between  D  and^^.  Then  the  flagman 
at  C  again  lines  in  that  at  D,  and  so  on,  until  C  is  in  line 
between  O  and  A  at  the  same  time  that  D  is  in  line  between 
C  and  B.  The  points  C  and  D  will  then  be  in  line  with; 
A  and  B. 

26.  To  Erect  a  Peppendlcular  to  a  Lino  at  a  OItoii 
Point. — Let  it  be  required  to  erect  a  perpendicular  to  thtf 
line  A  B  at  the  point  B,  Fig.  7.     A  triangle  whose  sides  are 


Su 
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in  the  proportion  of  3,  4,  and  5  is  a  right  triangle,  the  longest 
side  being  ihe  hypotenuse;  for  5*  =  4"  +  3'.  The  follow- 
ing method  is  based  on  this  principle:  Lay  off  on  the 
line  B  A,  Fig,  7,  a  distance  of  30  feel  (or  links).  Fix  one 
end  of  the  chain  at  one  of  the  extremities  of  B  C,  and  the 
end  of  the  nintieth  link  at  the  other 
extremity.  Hold  the  end  of  the 
fiftieth  link  and  draw  the  chain  until 
both  parts  are  taut.  The  point  D 
where  the  end  of  the  fiftieth  link  is 
held  will  then  be  a  point  in  the  per- 
pendicular, and  the  direction  of  the 
latter  will  therefore  be  5/7.  ' 

The    distance   BC  may  be    any  ''"'•^ 

other  convenient  multiple  of  3.  In  general,  if  5  C  is  denoted 
hy  S  a,  BD  must  be  4  a,  and  CD  must  be  5  a.  Thus.  ffC 
may  be  made  equal  to  21  (=  3  X  7)  links;  in  which  case 
S  D  must  be  4  X  7  =  28,  and  CD  must  be  5  x  7  =  35.  links. 
As  3S  +  28  =  63.  one  end  of  the  chain  must  be  fixed  at  one 
of  the  extremities  of  B  C.  Ihe  end  of  the  sixty-third  link  at 
e  other  extremity,  and  the  chain  pulled  from  the  end  of  the 
tbirty-fifth  link  until 
both  parts  are  taui. 
Let  the  student  draw 
a  sketch  repre- 
senting these  con- 
ditions. 

27.     To  Drop  a 
g  Perpendicular    to 


a    Lin 


Fro 


Point  Wltliout. 
I  Fig.  8,  let  /*  be  a  point  without  the  line  A  B  from  which 
it  is  desired  to  drop  a  perpendicular  to  the  line.  Estimate, 
by  eye.  the  point  at  which  the  perpendicular  will  meet  A  B. 
Let  C  be  the  point  thus  estimated.  Erect  a  perpendicular 
CR  to  A  B  at  C  as  explained  in  the  preceding  article. 
Prolong    this   perpendicular  a   short   distance   past  P,  and 
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its  distance  PD  from  P.  As  CR  is  not  far  trom  /*, 
the  point  D  directly  opposite  P  can  be  located  by  eye  with' 
sufficient  accuracy.  Measuring  from  C  a  distance  C E  eqaal 
to  PD,  the  point  E,  where  the  perpendicular  from  P  meets 
A  B,  is  determined. 

28.     To  Run  u  Line  Pnralle)  to  Another. — tx:t  A B, 
Fig.  9,  be  a  line  to  which  a  parallel  through  a  given  point  i* 

— * s 


I 


is   to  be   run.      Drop  a   perpendicular  from  /'  to   A  B 
explained  in  Art.  37.     Let  C  be  the  point  where  this 
pendicular  meets  A  B.     Measure  C P.     At  any  other  point  D 
in   the   line  AB.   erect   a  perpendicular  to   the  latter  li 
Measure  on  this  perpendicular  a  distance  PQ.  equal  to  C P. 
A  line  through  P  and  Q  will  be  the  required  parallel. 

29.  To  UetermliK.'  th»>  Anfflc  Between  Two  Lines. 
Let  A  n  and  A  /;.  Fig. 
10.  be  two  lines  on  thft' 
ground.  To  determine' 
the  angle. /?--?£",  meas- 
ure off  from  A  on 
and  .-/  E  equal  distanceft 
.•/  B  and  A  C.  Measur* 
the  distance  B  C.  Then, 
the  angle  DAE  is  calculated  from  the  relation 
\  BC 
AB 
The  derivation  of  this  equation  ia  very  simple.  The  t 
angle  BAC  being  isosceles,  the  perpendicular  AH  on  BU-, 
bisects  both  the  angle  DAE  and  the  base  BO.  that  is, 
BAH  =   i  DAK.  and  BH  =   i  B C.     The  right  triangle! 


sin  ^  DAE  = 
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LAMPLB.— If.  In  Fig,  10,  A  B  a.oA  A  C  axK  each  100  feel  and  B  C 
7.6  feel,  what  is  the  value  of  the  angle  DAE} 
^.Solution.— Substituting  the  values  uf  f  Cand  A  B  \a  the  equation 
D  above, we  obtain. 


Gin 


\DAE  = 

6°  44',  nearly;  and,  therefore,  DAE  =  Itt"  W 


EXAMPLES    FOK    PRACTICE 

a  Pig.  10,  Wfiand  //(THreeuch  lOOfeet  and  JC  ieM.Sfeet. 


s  the  valoe  of  the  angle  D  A  Et 


Ans.  37°  48* 


I'S.     If  the  distaoces  A  B  and  A  C.  Pig.  10.  are  each  120  feet  and  the 
tanceircis9e.7  feet,  what  is  the  vaiue  of  the  angle  D  A  Ei 

Ans.  47°  32' 


30.     To    l,ay    Out    an   Angle. - 

-. Sl 


-In    Fig.   11.   let   it   be 


desi 

W9P' 


required  to  lay  out  an  angle  BA  Cequal  to  ^degrees,  from 
the  line  A  B.  Measure  any  convenient  distance  A  D  on  A  B 
and  from  D  erect  a  perpendicular  DE  equal  to  ADtaji  X. 
Then  DAE  is  the  required  angle. 

If  the  angle  is  between  45"  and  135',  it  is  better  to  erect  a 
perpendicular  .-i  F  at  ,-(,  iind  lay  off  from  it.  in  the  manner 
described  above,  an  angle  equal  to  the  difference  between 
given  angle  and  90^. 

Thus,  if  it  is  desired  to  lay  off  an  angle  5 /J /greater  than 
bnt  less  than  90".  the  angle  HA  J,  which  is  the  com- 
plement of  j9W  A  is  laid  off  from  the  perpendicnlar -4 /",  by 
mokint:  ///equal  to  A/ftan  HAi.     If  it  is  desired  to  la; 
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oS  an  angle  BAG  that  is  greater  than  90°.  but  less  thsQ 
135=.  the  angle  HA  G,  which  is  equal  to  B  A  G  -  90°.  is  laid 
off  from  ihe  perpendicular  A F,  by  making  H G  eqaal  \o  AH 
tan  HA  G. 

If  the  angle  is  greater  than  135°,  its  suppleibent  is  laid  o8 
from  the  prolongation  A  iC  ot  BA.  The  angle  BAJ.lat 
example,  is  laid  off  by  erecting  the  perpeadictilar  KJ  and 
uking  A"/ =  ^  AT  tan  (180=  ~  BAJ). 

ExAMTLB  1.— II  the  angte  BAG.  Fir.  II.  >b  1I«°  W.  sod  (bt 
dJMance  A /f'u  iOO  feet,  wtui  is  tbe  length  o(  tlte  pcrpeadicaiax  ft  C 
to  b«  laid  o8  froto  A  Fin  coonnictiiiK  tbe  aDgfa  B  A  Gf 

sotDTOw.—  in°4y-e<r  =  w»*y..  wrf  «(7  =  100  tM  M'w 

=  M.IO  h-    A&«. 

ExAMPU  2.— What  is  the  tencth  of  tbe  perpeodicslar  A'J 
laid  ofi   From   ^  A'  in   conttracdiig  tbe  angle  BAJ"  152°  30'.   Itit 
distance  .^  A"  being  100  feet? 

SoLmoM— Tbe  ntppleakeal  o(  153°  3V  »  imf  -  ISZ"  VT  =  TT  39^ 
Tberefore.  AV  =  100  Un  IT  3(K  =  52.1  ft.    Aa>. 


■XAMn-ES   roB   PBACTtCK 

1.   If  aeaa^i;/<G.  Fie.  II.  wurao'.  uddM 

»  fe««.  what  ia  the  kngtb  ol  tbe  perpcodicalsr  tf  (7  to 
A Fia  ooostmctiag  the  angle  SA  Gf 


i 


b*  laid  oC  fiocB 
Abs.  S3  Sx. 

?.  Uan  utgle  £  .J  y,  F>K-  H.  it  to  beeotiueml  eq«al  to  US'  IfV, 
rbU  motf  be  the  lenfth  of  [he  pcfpcsdicalor  7  A*,  arbefi  /f  ^iseqcaxU 
o  MD  leM?  Asa.  U  ft. 


31.    To  Pralons  a  Line  Throocb  mn  Obstacle. —  Xn 

pfoloQginS  a  line  A  B,  Pig.  12,  stqipose  that  an  obstacle  .A', 


^V 


i 


ikes  it  tmpossibie  lo  rsi  and 
giodaoed  line  diremy.    Tbe  waj  to  pcoceed 

s  isvsaallTas  loOcMn: 
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K^he  line  A  B  is  produced  to  a  point  C  as  near  the  obstacle 
1  possible;  a  perpendicular  CE  is  erected  at  C.  and  its 
fciEth  CE  made  long  enough  to  clear  the  obstacle.  At  a 
int  M,  30  or  40  feet  from  C,  another  perpendicular  to  ^  C 
E  erected,  and  a  distance  MD  equal  to  CE  is  measured 
The  points  D  and  E  determine  a  line  parallel  to  A  C. 
fcis  parallel  is  prolonged  beyond  the  obstacle,  and  at  two 
Bints  F  and  G,  the  former  just  beyond  the  obstacle  and 
[  latter  about  30  or  40  feet  from  it,  perpendiculars  are 
tected,  on  which  distances  FH  and  G/are  measured  equal 
S  CE  and  MD.  The  points  //  and  /thus  determined  are 
I  the  prolongation  of  A  B.     The  distance  C//  is  equal  to 

',  which  should  be  measured. 
[82>     To  Determine  (be  Distance  to  an  Inaccessible 
Mnt. — In  Fig.  13,  let  it  be  required  to  determine  the  dis- 
tance from  the  point  B  to  an  inaccessible  point  P.     Measure 
BC  in  any  convenient  direc-  p 

tion  and  run  a  line  W  D'  par-  ^^ 

allel  to  B  C.     Measure  A  D,  \    \ 

the  distance  between  the  ^gtfW^^^j^^^^a 
points  where  the  lines  PB  flHMB^^^^niBHflHB 
and    PC    intersect    A' D' .  J  \^^ 

Measure  alsoy^i^.     Then,  7  \    ? 

BP  =  dBj^^  .    ;  V     , 

AD~BC  o^ — ^ \ — a' 

The  derivation  of  this  equa-  '^°'  ^ 

tion  is  as  follows:  Draw  W  £"  parallel  to  DP,  and  inter- 
secting C B  produced  at  E.  Then,  the  angles  of  the  triangle 
B C P  being  equal  to  those  of  the  triangle  ABE,  these  two 
B  P  _  B  C_  ,.,!,„„„„ 


BB 
%  because  B  E  =  AD  -  BC, 

pp ^ AB XBC 
AD-  BC 
-If  in  Pig.  n.  BC=  100  feet,  AB  =  52.4  feet,  and  ^  D 
4.2  fMt,  wbal  is  tbe  distance  B Pi 
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I^uiTioN. — Substituiins  these  vAlues  in  the  «qti«(foa  gjwta  alum, 
BP  =  ^^-^y^  =  216,5  ft.    Ana. 

33.  To  Ueterniine  by  a  Rundom  Line  tbe  nistanw 
Between  Two  Points  That  Are  Invisible  From  Each 
Other. — In  Fig.  14  is  represented  a  case  that  often  occ 
Id  practice.  The  extremities  A  and  fi  of  a  line  whose  dis- 
tance is  to  be  determined  are  known  and  fixed,  but  the;  ait 
not  visible  from  each  other  on  account  of  some  obstmctioa 
to  the  line  of  sight.  The  distance  ^i  B  is  determioed  by 
means  of  an  auxiliary  line  A  ly ,  called  a  random  line. 
This  line  is  run  from  one  of  the  extremities  {A  in  this  case) 
of  the  given  line,  in  such  a  manner  that  it  will  pass  as  near 
the  other  extremity  as  can  be  estimated.  From  this  other 
extremity,  a  perpendicular  is  dropped  on  tbe  random  line, 


-^^^, 


and  the  required  distance  is  computed  by  solving  a  riglit 
triangle.  In  the  present  case,  the  perpendicular  B  D  from  B 
to  A  £y  is  measured,  the  distance  AJJ  is  noted,  and  the  dis- 
tance A B  is  given  by  the  equation  Ap  =  \AD'-^Blf. 
\  ExAMPLB.— If,  in  ?\s.  14,  the  distosue  A  D  is  306.1  teet  and  Uiedls- 
tance  B  D'i&  3■^,l  feet,  what  is  the  distance  from  A  lo  Bf 

SoLnnoN —Here  AD  =  206.1,  BD  =  35.1,  and,  Ibercfore.  sab- 
Btituting  in  ihe  equation  given  above, 

hAB  •=  V2067r  +  35.1""  =■  209.1  H.     Aos. 
I  EXAMPLES    rOB    PRACTICB 

M  the  distances  CB,  CD.  and  DA,  Pig.  13,  are, 
_,      10.  Vi.  and  103  linl<s,  what  is  tbe  distance  C Pi  Ans'  l.lSiS'f 

2.     Two  points  A  and  B  are  invisible  from  each  other.     A  ran 
line  being  run  from  A,  it  is  found  that  iisdistonce  from  S  is  12.6 
if  the  distance  from  A  to  tbe  foot  of  the  perpendicular  is  192. 
what  Is  tbe  distance  froni  A  lo  B} 
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SURVET    OF    A    CLOSED    FIELD 


H  THE    FIELD    WORK 

^  34.  Prelimtnary  Examination. — Before  making  the 
survey  of  a  field,  the  surveyor  should,  if  possible,  walk 
around  it  and  make  in  his  notebook  a  sketch  showine  the 
boundary  lines.  He  should  mark  all  corners  and  study  the 
field  in  a  general  way,  so  as  to  obtain  a  fairly  approximate 
idea  of  its  form  and  contents. 

,  35.     Measurements. — The  sides  of  the  field  should  first 
B  measiu'ed.     If  they  are  straight  lines,  the  measurements 


are  made  as  explained  in  Art.  15.  In  the  case  of  an  irregu- 
lar boundary  line,  such  as  C  N A.  Fig.  15,  which  is  the  edge 
of  a  stream,  one  or  more  straight  lines  are  run  as  close  to 
the  irregular  boundary  as  possible.  From  these  auxiliary 
lines  are  taken  perpendicular  measurements,  called  ottsets, 
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to  those  points  of  the  boundary  where  any  considerable 
change   in   its  direction  occurs. 

Thus,  in  Fie:.  Ifl,  the  straight  line  G  A  is  run  close  to  the 
shore  line  GNA.  The  distances  G  H,  G  J,  and  GL  from 
G  to  the  points  of  GA  opposite  those  points  of  GNA  to 
which  offsets  are  to  be  taken,  are  noted,  and  the  offsets  HI, 
J K.L  M  measured,  when  the  hne  G  A  is  being  run.  It  will 
be  observed  that  all  distances  along  a  main  or  auxiliary  line 
■are  counted  from  the  beginning  of  that  line.  For  instance, 
instead  of  recording  the  distances  G  H,  H  J,  and  J L,  the 
distances  GH,  G  J.  and  C/,  are  recorded.  The  parts  GJ. 
IK.  KM.  and  MA  of  the  curved  boundary  being  nearly 
straight,  the  portion  of  the  field  between  the  right  Hne  G  A 
and  the  curved  line  GNA  is  divided,  approximately,  into 
the  right  triangles  6"/^ /and ^  L  AfanA  the  trapezoids ////AT 
s.x\AJKLM. 

3(>.  It  is  often  difBcuIt  to  measure  directly  alone  &  line, 
as  when  the  latter  is  determined  by  a  fence.  In  such  cases, 
an  offset  of  3  or  4  feet  is  measured  from  the  line  at  each 
extremity,  and  the  distance  between  the  ends  of  the  offsets 
measured.  The  direction  of  such  short  offsets  is  determined 
by  the  eye  with  sufficient  accuracy. 

37.  DivlilliiK  ttieFU-UI  Into  Triangles.— In  order  to 
make  a  plat  of  the  field  and  calculate  its  contents,  the  field 
is  divided  into  triangles  by  means  of  diagonals,  which  are 
measured  on  the  ground.  The  surveyor  should  use  his  owa 
judgment  as  to  the  best  and  most  convenient  diagonals  to 
measure.  He  should  avoid  using  diagonals  that  make  very 
acute  or  very  obtuse  angles.  Thus,  in  Fig.  15,  DG 
better  diagonal  to  use  than  B  F. 

38.  Tle-Llnes. — Obstacles  often  make  it  impossible  to 
measure  directly  the  diagonals  of  a  field.  In  this  case  the 
lengths  of  the  diagonals  may  be  calculated  by  means  o£  the 
principles  of  similar  triangles.  The  process  is  illustrated 
in  Fig.  16,  which  represents  a  field  whose  diagonals  BD 
and  BE  cross  a  pond,  and  cannot,  therefore,  be  measured 
directly.     If  the  sides  B  A  and  EA  are  produced  to  /^and  G, 


f.SU  CHAIN  SURVEYING  23 

in  such  manner  that  A  F  and  A  G  are  proportional  to  AB 
aod  A  E,  and  a  line  is  run  from  F  to  G,  a.  triangle  FA  G  will 
be  formed  similar  to  B  A  E;  for  in  these  two  triangles  the 
angles  at  A  are  equal,  and,  as  shown  in  geometry,  two 
triangles  having  an  equal  angle  included  by  proportional 
sides  are  similar.  In  order  to  make  A  F  and  A  G  propor- 
tional \a  AB  and  A  E,  fix  the  point  F  at  some  convenient 
distance  from  A.     The  distance  A  G  that  must  be  measured 


AG  = 


along   EA   produced   is   determined    from    the    proportion 
A  F:  AG  =  AB  -.A  E\  whence, 

.  AFXAE 
AB 

Having  fixed  A  and  G,  measure  EG.  The  diagonal  BE 
can  then  be  calculated  from  the  proportion  AF;FG  =  AB 
:  BE,  which  gives 

„£^  FGxAB 
AF 
Such  lines  as  EG  are  called  tie-lines,  because  they  tie  the 
sides   together.     The   diagonal    BD  can  be   calculated   by 
means  of  tie-lines  in  a  similar  manner. 

Instead  of  constructing  a  triangle  such  as  A  EG  by  pro- 
ducing two  of  Ihe  sides,  a  triangle,  such  as  A  F'  G' .  may  be 
constructed  on  the  inside  of  the  tract  in  substantially  the 
same  manner  as  described  above  for  the  triangle  A  EG. 
The  distance  AF'X^  first  measured;  the  point  C  is  then 
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fixed  by  inaking  A  O  equal  to .  ^ — -,     Finally,  F  G  is 

measured,  and  ^£  calculated  from  tbe  relation 

Example.— In  V\%.  KS,  let  the  len^hs  of  tbe  sides  be  u  fnllnwi 
/4*  =  320  (eet,  *r=  217  (eet,  CD  =  U»  feet,  D E  =  7X,  feet. And 
E  A  =  304  feet.  It  is  required  to  calculate  the  length  of  tbe  diagoiul 
B  E  \y}  means  of  a  tie-line. 

Solution.— L<et  the  line  B  A  be  prolonged  100  ft.  beyood  A;  Van 
Is,  make  A  F  =  WO  ft.    Then  A  G  must  be  equal  to 

AB      "-S20--  =  ^''- 
L«t  tbe  length  of  FG,  as  found  by  mea.^urement,tbe  125  ft.;  then, 
«  t  _  PGXAB  _  125X320  _  ^  „       . 
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In  order  to  compute  the  length  of  B  D.  Pig,  IS,  bf  a  tie-line,  tbe 
side  BC  was  prolonged  a  distance  of  HO  feet  from  C.  (a)  Wh»l 
distance  must  /,>  C  have  been  prolonged?  (ft)  The  length  of  the  tie- 
line  was  found  to  be  98  feet;  find  the  length  of  B  D.     .„,  /(o)  72  ft. 

39.  Tlie  Iiopatlon  of  Objects.— It  is  often  desirable  to 
locate  important  objects,  such  as  buildings,  roads,  fences,  etc., 
with  reference  to  the  main  lines  of  the  survey.  This  is  most 
easily  done  by  perpendicular  measurements,  or  offsets,  from 
those  lines.  In  the  case  of  objects  very  near  the  main  line, 
the  points  from  which  the  otisets  should  be  measured  can 
be  estimated  by  the  eye;  in  the  case  of  a  distant  object,  its 
perpendicular  distance  from  the  main  line  is  determineii  by 
the  method  explained  in  Art.  27. 

The  points  from  which  measurements  are  to  be  made 
should  be  determined  as  far  as  possible  while  the  line 
being  nm,  and  their  distances  from  the  next  preceding  comi 
should  be  noted  and  recorded  in  every  case. 

In  Fig.  17,  AB  represents  one  side  of  a  field  from  whi< 
certain  objects  are  to  be  located.     Tbe  point  Wd  spring^; 


\ 
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lay)  may  be  located   by  measunng  the  perpendicular  dis- 
ance  O  W,  and  noting  the  distance  A  O. 

40,  A  point  may  also  be  located  by  measuring  its  dis- 
ances  from  two  points  in  the  main  line.  Thus,  in  Fig.  17.  W 
an  be  located  by  noting  the  distances  A L  and  AM,  and 
hen  measuring  the  distances  /,  W  and  M  W.  In  platting 
he  survey,  the  point  li^can  be  readily  located  by  laying  off 
he  distances  A  L  and  A  M  and  from  L  and  M  as  centers, 
ifith  radii  of  .76  chain  and  .80  chain,  respectively,  drawing 
wo  intersecting  arcs;  their  point  of  intersection  is  the  posi- 
ion  of  the  point  W  on  the  map. 


41.  A  rectangular  building  HGF.F.  Fig.  17.  can  be 
seated  by  measuring  the  perpendicular  distances  of  two  of 
ts  comers  from  the  main  line.  The  dimensions  of  the  build- 
Qg  should  be  measured  and  recorded.  The  building  can 
Iso  be  located  by  measuring  the  distance  of  one  corner  from 
wo  points  in  the  main  line:  one  of  the  points  being  in  a 
traight  line  with  one  side  of  the  building.  Thus,  in  Fig.  17, 
he  point  /  is  in  a  straight  line  with  the  side  G F.  and  J  is 
my  convenient  point  on  the  main  line.  The  position  of  the 
tmilding  is  determined  by  noting  the  distances  ^/and  A  J, 
and  measuring  the  distances  FI  and  FJ. 
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bot  by  any  one  having  a  knowledge  of  surveying.  This 
is  especially  necessary  when  the  notes  are  not  to  be  platted 
by  the  same  person  that  takes  them.  The  pages  of  the 
notebook  should  be  numbered. 

45.  PlnttlnK  <)>e  Notes. — If  a  map  of  the  field  is 
desired,  the  notes  of  the  survey  are  platted  to  some  conve- 
nient scale,  determined  by  the  size  of  the  field  and  the  size  of 
the  map  desired,  A  plat  of  the  field  represented  in  Fig.  15, 
Art.  35,  would  be  constructed  in  the  follownng  manner: 

Any  line  of  the  plat  may  be  drawn  first,  but  it  should  be 
drawn  in  such  a  position  that  the  map  will  come  within  the 
limits  of  the  paper  and  be  approximately  in  the  center.  This 
can  be  easily  done  by  an  inspection  of  the  sketch  and  the 
notes.  In  the  present  case  it  will  be  assumed  that  the  line 
A  B  {■&  drawn  first;  its  length  is  made  equal  to  8.13  chains  to 
the  scale  chosen  for  the  map.  From  A  and  B  as  centers,  and 
with  radii  equivalent,  according  to  scale,  to  9.25  and  8.3$ 
chains,  respectively,  two  arcs  are  described,  whose  point  of 
intersection  locates  the  point  G  on  the  map.  From  B  and 
C  as  centers  and  with  radii  of  AJ)2  and  8.U2  chains,  respec- 
tively, two  arcs  are  described,  whose  point  of  intersection 
locates  the  point  D  on  the  map.  The  remaining  comers  ara 
located  in  a  similar  manner.  Joining  Ihem  by  straight 
lines,  the  straight  boundaries  of  the  field  are  obtained. 

To  plat  the  irregular  boundary  G  N A,  the  distances  G H, 
GJ.  and  G I.  are  laid  off  from  G,  after  G  A  has  been  platted, 
and  nt  the  points  H.  J,  and  L  are  erected  perpendiculars 
H/.JK.  and  Z,^/ equal  to  the  recorded  offsets  1.55,  1.07, 
and  1.40chains.  respectively.  The  irregular  boundary  G  NA 
is  platted  by  drawing  a  freehand  line  through  the  po 
G,  /,  A',  M,  and  A,  making  the  parts  o'f  the  line  between  the 
points  G  and  /,  /  and  A",  etc.  nearly  straight. 
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line  being  nin  may  be  represented  by  a  line  drawn  on  one               1 
side  of  the  center  line  of  the  page  and  parallel  to  it.     On  this               1 
page  are  noted  also  the  date  and  location  of  the  survey,  the                1 
names  and  positions  of  the  different  members  of  the  party, 
and  any  other  remarks  that  the  surveyor  may  deem  neces- 
sary and  useful.     In  sketching,  it  is  better  to  face  in  the 
direction  tn  which  the  line  is  being  measured,  and  to  repre- 
sent the  line  as  running  from  bottom  to  top  in  the  notebook. 
For  this  reason,  nearly  all   surveying  notes  read  from  the 
bottom  to  the  top  of  the  page. 

The  notes  given  below  are  for  part  of  the  field  represented 
in  Fig.  15,     The  survey  is  supposed   to  have  begun  at  A, 
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from  which  the  line  A  B  was  run.  then  B  C,  etc.     The  nun: 
her  8.13,  opposite  B,  denotes  the  distance  from  B  to  A;  th 
number  4.76,  opposite  C.  denotes  the  distance  of  C  from  £ 
and  so  on  with  the  other  points.     The  distances  recorde 
between  those  opposite  the  corners,  as  those  between  B  an 
C,  are  the  distances  of  the  points  directly  opposite  in  th 
sketch,  from  the  immediately  preceding  corner.     Thus,  th 
distances  3.50  and  4.18,   directly  opposite   the   corners   c 
the  dwelling  in  the  sketch,  are  the  distances  of  these  corner 
from  B. 

Notes  should  be  full  and  plain,  and'should  be  kept  as  neat! 
as  possible.     The  surveyor  should  keep  his  notes  in  such  mai 
ner  that  they  can  be  readily  understood,  not  only  by  himsel 

e 

; 

d 
d 

e 

e               ' 

f 

s 

y 
, 

J 

80 


CHAIN  SURVEYING 


§11 


The  area  of  the  part  A  BG  NA  is  equal  to  the  sum  of  the  areas  into 
which  it  is  divided,  or 

31.56  -}-  .81  -}-  3.73  -}-  6.21  -f  .80  -  42.11  sq.  ch.  »  4.21  A. 

As  already  stated,  square  chains  are  reduced  to  acres  by  dividing 
by  10. 
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1.  Plat  the  field   represented  by  Fig.  15  and  calculate  its  area, 
in  acres.  Ans.  9.08  A. 

2.  Plat  the  field  represented  by  Fig.  18  and  calculate  its  area, 
in  acres.  Ans.  10.02  A. 


Pio.  18 


COMPASS  SURVEYING 

(PART  1) 
THE  SURVEYOBS'  COMPASS 


DESCRIPTION 
The  compass  used  in  surveying  consists  essentially 
.  magnetic  needle  supported  freely  on  a  pivot  at  the  center 
I  horisontal  graduated  circle.     To  this  circle  are  attached 


ir  of  sights.  The  needle  and  graduated  circle  are  enclosed 
brass  case  having  a  glass  cover,  and  the  whole  rests  on 
nvenient  support,  with  facilities  for  leveling.  A  compass 
|hni  in  Fig.  1. 


2  COMPASS  SURVEYING  §« 

2.  The  Magrnetlc  Needle. — This  is  a  slender  bar  of 
steel,  usually  from  about  3  to  6  inches  long,  stroDg^Iy 
magnetized  and  supported  on  a  fine-pointed  pivot  on  which 
it  turns  freely.  By  means  of  the  small  thumbscrew  N,  Fig.  1, 
it  can  be  lifted  from  the  pivot  and  held  against  the  glass 
of  the  compass  box,  so  that  it  will  not  wear  the  pivot  by 
oscillating  when  the  compass  is  being  moved.  In  any  given 
locality,  the  magnetic  needle,  when  at  rest,  assumes  a  direc- 
tion that  is  nearly  constant  and  coincides,  approximately, 
with  a  north-and-south  line. 

3.  Magnetic  Poles  of  the  Earth. — The  ends  of  the 

needle  are  attracted  by  two  forces  acting  at  two  xx>ints  on 
nearly  diametrically  opposite  sides  of  the  earth,  called  the 
maguetic  poles,  which  are  not  very  far  from  the  geo- 
graphical poles  of  the  earth.  The  pne  near  the  geographical 
north  pole  is  called  the  north  magnetic  pole;  the  other, 
the  south  magnetic  pole.  The  line  joining  them  is  not 
a  true  north-and-south  line,  and  for  this  reason  the  needle» 
which  lies  in  the  line  of  the  magnetic  poles,  does  not  point 
exactly  north  and  south.  The  end  of  the  needle  that  points 
to  the  north  magnetic  pole  is  called  the  north,  end;  the 
other,  the  south  end. 

4.  l^ip  of  the  Needle, — At  all  points  equidistant  from 
the  magnetic  poles,  the  needle  is  horizontal,  its  two  ends 
being  equally  attracted.  At  points  nearer  to  one  magnetic 
pole  than  to  the  other,  the  needle  inclines  toward  the  nearer 
pole  and  forms  with  the  horizon  an  angle  called  the  dip  of 
the  needle.  In  northern  latitudes,  the  north  end  dips  below 
the  horizon,  and,  in  order  to  keep  the  needle  horizontal,  a 
coil  of  platinum  wire,  movable  along  the  needle,  is*  wound 
around  its  south  half.  This  coil  serves  both  to  preserve  the 
horizontal  position  of  the  needle  and  to  indicate  which  is 
the  south,  and  which  is  the  north,  end. 

5.  The  Sights. — Attached  to  two  diametrically  opposite 
ends  of  the  compass  plate  are  the  sights,  also  called  sight 
vunes,  by  means  of  which  the  compass  is  directed  toward 
any  object.     They  consist  of  upright  bars   of  brass  A^By 
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Pig.  1,  through  each  of  which  is  a  narrow  vertical  slit,  with 
holes  at  its  top  and  bottom,  as  shown  at  /.  Id  some  com- 
passes, the  narrow  slit  extends  only  through  the  upper  half  of 
one  sight  and  the  lower  half  of  the  other,  the  remaining:  half 
of  each  having  a  wider  opening,  in  which  the  line  of  sight  is 
defined  by  a  vertical  hair.  Each  sight  is  attached  to  the  end  of 
the  compass  plate  by  means  of  a  screw  having  a  milled  head 
that  projects  below  the  plate.  This  permits  the  sights  to  be* 
qtiicldy  detached  when  the  compass  is  placed  in  its  case.  The 
sights  of  some  compasses,  instead  of  being  detachable,  have 
joints  near  the  base,  so  as  to  fold  down  on  the  needle  box. 

6.  Tlie  Gmduatetl  Needle  Circle. — Also  attached  to 
the  compass  plate  and  within  the  circular  box  containing  the 
needle,  is  a  graduated  circle  having  a  diameter  slightly 
greater  than  the  length  of  the  needle,  and  at  the  center  of 
which  is  the  pivot  supporting  the  needle.  This  circle,  some- 
times called  the  needle  elrcle,  is  usually  graduated  to  half 
degrees  and  numbered  at  every  tenth  degree  mark  from  0° 
to  90°  in  each  quadrant.  The  zero-degree  marks  are  in  line 
■with  the  sights,  as  shown  in  Fig.  1.  One  of  them,  called 
the  north  end  of  the  compass,  is  indicated  either  by  the  letter  A' 
or  a  fleur-de-lis;  the  other,  called  the  soiilfi  end,  is  indicated 
by  the  letter  5".  These  names  do  not  imply  that  the  line 
determined  by  the  sights,  or  passing  through  the  zero  marks,  is 
a  north-and-south  line;  they  are  used  for  the  purpose  of  facili- 
tating the  reading  of  the  instnmient,  as  will  be  explained 
further  on.  The  90°  divisions  are  marked  E  (east)  and 
tr(west),  respectively;  but  the  position  of  these  letters  is 
the  reverse  of  the  position  of  the  cardinal  points  named 
by  them;  that  is,  E  is  on  the  left  of  north,  and  W  on  the 
right.  This  arrangement  is  also  adopted  for  convenience  in 
reading  the  instrument. 

7.  Plate  Levels. — For  the  purpose  of  indicating  when 
the  compass  is  in  a  horizontal  position,  two  small  spirit 
levels  are  attached  to  the  compass  plate,  as  shown  at  /^and 
O,  Pig.  1.  Each  level  consists  of  a  glass  tube  curved 
sligbtly  upwards.     The    greater   part  of   the  tube  is  filled 
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Tith  alcohol,  the  remainine  space  being  occupied  by  a  small 
babble  of  air.  The  tube  is  mouDted  in  a  brass  tabe,  or  case, 
that  is  attached  to  the  compass  plate  by  screws.  One  of 
these  lubes,  F,  is  parallel  to  the  line  of  sight,  and  the  other.  G, 
is  at  right  angles  to  that  line.  When  these  levels  arc  in 
proper  adjustment,  the  compass  can  be  brought  to  a  perfectl; 
horizontal  jmsition  by  so  moving 
or  tilting  it  as  to  brine  the  airbul> 
bles  to  the  centers  of  the  tubes, 

8.  Outke«i>er. — Oa  Ibe  maiit' 
plate  at  O,  Pig.  1,  is  shown  ■ 
small  dial  plate  having  an  index, 
or  pointer,  that  is  turned  by  roeani. 
of  a  milled-headed  thumb  whed,' 
shown  beneath  the  main  plate, ^ 
This  device  is  called  an  oat- 
bee|>er,  and  is  used  for  keeping 
count  in  chaining.  The  dial  it 
numbered  from  0  to  16  and  tlu 
index  is  turned  one  division  fof 
each  chain  or  each  10  chains  meal 
ured.  as  may  be  most  convenieoC 
or  advantageous.  The  outkeepef 
is  not  essential,  and  is  oot  foand 
on  all  compasses. 

9.  Tlie  Tripod. — The  coah 
pass  is  often  supported  on  a  singis 
standard,  called  a  Jaoob's  static 
This  is  merely  a  straight  pole 

about  4i  feet  long,  having  on  its  lower  end  a  pointed  ste< 
shoe,  for  thrusting  the  staff  into  the  ground,  and  on  its  oppei 
end  brass  mountings  to  fit  the  compass.  A  more  perfect! 
support,  called  a  tripod,  is  somedmes  employed.  This  c 
sists  (see  Fig.  2)  of  three  legs  shod  with  steel  and  c 
ing  by  hinge  joints  to  a  metal  tripod  head. 

10.     Socket  and  Spindle. — Attached  to  the  tioder  sU 
of  the  compass  plate  is  a  projecting  piece,  or  c:enter  (si 
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Fig.  1),  having  in  its  lower  end  a  vertical  socket  S,  by 
means  of  which  the  compass  is  connected  with  its  support. 
This  socket  is  slightly  conical  in  form  and  fits  on  a  spindle, 
on  which  it  turns  freely,  permitting  the  compass  to  be 
revolved  in  a  horizontal  plane.  On  the  lower  end  of  the 
spindle  is  a  ball  turned  perfectly  spherical  and  held  in  a 
spherical  socltet,  the  upper  part  of  which  screws  on  its 
lower  part  in  such  manner  that  its  pressure  on  the  ball  can 
be  regulated  by  lightening  or  loosening  the  screw. 
This  ball-and-socket  joint  permits  Ihe  compass  to 
be  moved  or  tilted  in  any  direction  in  the  opera- 
tion of  leveling  it.  the  screw  being  at  the  same 
time  sufficiently  tight  so  that  the  plate  will  remain 
in  position  when  leveled.  The  lower  portion  of  the 
ball-and-socket  joint  is  attached  to  the  top  of  the 
Jacob's  staff  or  tripod  head,  as  the  case  may  be. 
When  it  attaches  to  the  top  of  the  former,  it  is 
sometimes  called  the  statt  hcnd.  A  spindle  with 
ball-and-socket  joint  and  staff  head  is  shown  in  Fig.  3;  ^is 
[he  staff  head,  B  is  the  ball-and-socket  joint,  and  S  is  the 
spindle,  which  fits  into  the  socket  5'  of  the  compass  shown 
in  Fig.  I,  and  is  secured  by  the  spring  catch  A',  which  drops 
into  the  small  groove  G  shown  in  the  spindle  of  Fig.  3.     The 

I  socket  turns  freely  on  the  spindle,  but  can  be  clamped  in  any 
losition  by  means  of  the  clamp  screw  C,  Fig.  1. 
I  ADJITSTMENT8  OF  THE  COMPASS 

■  11,  Conditions  or  Perfect  Adjustment. — Besides 
Neveral  conditions  that  are  attended  to  by  the  instrument 
maker,  the  following  are  indispensable  for  accurate  work; 

1.  The  plane  tangent  to  the  level  bubbles  when  at  the 
centers  of  their  respective  tubes  must  be  perpendicular  to  the 
vertical  axis  of  the  socket. 

2.  The  two  ends  of  the  needle  must  be  in  the  same 
vertical  plane  as  the  pivot. 

3.  The  needle  pivot  must  be  in  the  center  of  the  gradu- 
ated circle. 
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A  new  compass  made  by  a  good  manufacturer  alwajri 
satisfies  these  conditiocis,  as  the  instrument  is  sold  by  the 
maker  in  perfect  adjustment.  Rough  usage,  however,  a  fall, 
or  a  hard  blow  may  throw  the  compass  out  of  order,  and  it  is 
necessary  that  the  surveyor  should  know  how  to  test  and 
readjust  it. 

12.  To  Adjust  the  Plate  Levels.— Bring  the  bubbles 
to  the  centers  of  the  level  tubes  by  moving  or  rotating  the 
plate  carefully  by  means  of  the  ball-and-socket  joint;  then 
revolve  the  compass  horizontally  through  180°;  that  is.  i 
it  end  for  end.  If  the  bubbles  remain  in  the  centers  of  the 
tubes,  the  levels  are  in  adjustment.  But  if  in  turning  the 
compass  end  for  end,  either  bubble  runs  toward  one  end  ot 
the  tube,  lower  that  end  and  raise  the  opposite  end  suf- 
ficiently to  bring  the  bubble  half  way  back,  by  means  of 
small  screws  that  attach  the  ends  of  the  tube  to  the  plate; 
then  bring  the  bubble  to  the  center  by  moving  the  plate  as  ■ 
before.  Repeat  the  operation  until  both  bubbles  remain  in 
the  centers  of  the  tubes  in  every  position  of  the  compass. 

13.  To  StrulRhtcu  the  Needle. — Level  the  compass; 
and  turn  it  so  that  the  north  end  of  the  needle  points  exactly 
toward  or  cuts  some  prominent  graduation  mark  of  the  needlft 
circle,  and  note  the  exact  reading  of  the  south  end  of  thft 
needle.  In  order  to  read  either  end  of  the  needle  accurately, 
the  eye  should  be  directly  above  a  line  in  the  prolongatioD 
ot  the  opposite  end  of  the  needle.  Then  reverse  the  com- 
pass end  for  end  and  turn  it  so  that  the  south  end  of  the 
needle  cuts  the  same  graduation  mark  and  note  if  'the  north 
end  reads  the  same  as  the  south  end  did  before  reversing. 
If  it  does  not  read  the  same,  correct  one-half  the  error  by 
bending  the  needle  carefully,  and  repeat  the  operation,  usin; 
different  graduation  marks,  until  exact  reversals  are  obtained. 

14.  To  Center  the  Needle  Pivot, — Having,  if  neces- 
sary, straightened  the  needle,  turn  the  compass  so  that  1 
north  end  of  the  needle  will  exactly  cut  some  prominent  grad: 
nation  mark,  and  observe  if  the  south  end  exactly  cuts  th^ 
opposite  graduation  mark.     If  it  does  not,  find  the  positioa 
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SUKVEYlNCi  WITH  THE  COMPASS 


of  the  needle  that  shows  the  greatest  difference  in  the  read- 
ings of  its  opposite  ends;  then  remove  the  needle  from  the 
pivot  and  bend  the  pivot  carefully  at  right  angles  to  this  posi- 
tion an  amount  equal  to  one-half  the  error.  Repeat  the  oper- 
ation until  the  needle  cuts  accurately  all  opposite  gradua- 
IQ  marlcs. 
tELIMlNART  DEFINITIONS  AND  EXPI-ANATION8 

15.  Object  of  Compass  McHsiireiiicnts. — The  com- 
pass is  used  primarily  for  determining  the  directions  of 
lines.  By  means  of  tl,  the  angle  between  any  line  and  the 
direction  of  the  needle  can  be  measured  directly.  The  angle 
between  any  two  lines  is  found  by  a  simple  arithmetical 
operation  from  the  angles  that  they  make  with  the  direction 
of  the  needle. 

16.  Angle  Between  a  I^tne  and  the  Needle. — Let 
.i  B.  Fig.  4,  be  a  straight  line  on  the  ground,  A  H  &  hori- 
zontal line  through  A,  and  ff  H  a  vertical  line  through  B, 
ialersecting  AH  at  H.  As  explained  in  Chain  Surveying;  in 
all  surveying  operations  (except  leveling),  the  line  AB 
is  represented  by  its  horizontal  projection  AH,  and  by  the 


'^stance  from  A  to  B  is  understood  the  length  of  the  projec- 
tion AH.  So,  too,  by  the  angle  between  two  lines  is  meant 
the  angle  between  their  horizontal  projections;  and  by  the 
angle  between  a  line  and  the  needle  is  meant  the  angle 
between  the  direction  of  the  needle  and  the  horizontal 
projection  of  the  line. 


Let  the  compass  PSNQ  be  set  with  its  center  OAixta\f 
ov^T  A,  and  let  the  plate,  after  being  leveled,  be  turned  uatd 
the  point  B  is  seen  by  looking  through  the  slits  in  the  sielni 
P  and  Q.  It  is  evident  that,  with  the  compass  in  this  posi- 
tion, the  horizontal  !ine  SNH'.  passing  through  the  ten 
marks  and  the  feet  of  the  sights  is  parallel  to  the  boruomil 
projection  A  H  ol  AD.  Therefore,  the  angle  between /(jS 
(that  is,  between^  If)  and  the  direction  of  the  needle  h 
same  as  the  angle  made  by  the  needle  with  the  line  paSMiig 
through  the  0°  marks  of  the  graduated  circle.  It  will  sooo 
be  explained  how  this  angle  is  read  from  the  circle. 

17.  Meridians.— A  line  having  the  direction  of  the 
magnetic  needle  is  called  a  maiynetlc  meriaiuii.  A  norlli- 
and-south  line,  that  is,  a  line  directed  toward  the  geographical 
poles  of  the  earth,  is  called  a  true  mertdlau,  or  simply  1 
merldtnn.  The  term  meridian  is  also  often  applied  to  soy 
line  used  as  a  line  of  reference  from  which  to  locate  ths 
positions  of  points  and  the  directions  of  other  lines. 

18.  Bearing  of  a  lilne. — The  angle  that  a  line  (that  is, 
the  horizontal  projection  of  the  line)  makes  with  the  mag- 
netic meridian  is  called  the 
maKuetlc  bearing:  of  tbe 
line.    The  true  bearlugcf 
a  line  is  the  angle  between 
the  line  and  the  tme  merid- 
ian.   In  compass  sur\*eyiiig, 
all  bearings  are  understood 
to  be  magnetic  bearings, 
and  the  word  magntttc  is 
usually  omitted.     Since  the 
magnetic  meridian  is  indi- 
cated by  the  direction  of  the  needle,  the  magnetic  bearing 
of  a  line  is  the  angle  between  the  line  and  the  needle. 

Bearings  are  reckoned  from  0°  to  90°,  and  indicate  the 
amount  by  which  a  line  is  east  or  west  of  north  or  sottlli. 
In  Fig.  5.  A'' .5"  represents  the  magnetic  needle,  A'  and  S 
being,  respectively,  the  north  and  the  south  end;  O  P^,  0P„ 
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OP,,  and  OP.  are  supposed  to  be  lines  of  a  survey.  The 
line  OP.  makes  with  the  north  half  of  the  needle  an  angle  of 
60°;  as  the  line  lies  between  the  north  point  A' and  the  east 
point  E.  its  bearing  is  said  to  be  60°  northeast,  or  60°  to  the 
east  of  north.  This  is  indicated  by  the  notation  N  60°  E, 
read  north  60°  east.  Similarly,  the  bearings  of  OP.,  O P„ 
and  OP.  are,  respectively,  N  42°  W  (north  42°  west), 
S  70°  W  {south  70°  west),  and  S  50°  E  (south  50°  east). 
If  a  line  points  directly  to  the  north,  to  the  east,  etc.,  it  is 
LMid  to  be  due  north,  due  east,  etc. 


119.     To  Determine  the  Magnetic  Bearing  of  a  Line. 

Let  O  P,  Fig.  6,  be  a  line  whose  magnetic  bearing  is  to  be 
determined.  The  compass  is  set  over  the  extremity  O,  so 
that  its  center  shall  be  directly  over  that  extremity.  After 
the  plate  has  been  leveled,  it  is  turned  until  the  point  P  is 
in  line  with  the  slits  in  the  sights,  and  therefore  with  the 
line  .S'A'  passing  through  the  zeros  of  the  graduated  circle. 
It  will  be  noticed  that  the  north  end  A' 
of  the  compass  is  the  forward  end,  or 
the  one  that  is  between  the  eye  and  the 
extremity  P  oi  the  line,  the  observer's 
eye  being  supposed  to  be  at  the  slit 
in  the  south  sight  and  looking  in  the 
direction  S  N.  Having  directed  his 
line  of  sight  in  this  manner,  the  sur- 
veyor looks  at  the  north  end  of  the 
needle  FG.  which  is  distinguished  from 
the  south  end  by  the  coil  s  wound 
around  the  south  half  of  the  needle. 
The  letters  between  which  the  north  fm-s 

end  of  the  needle  lies  indicate  whether  the  bearing  is  north- 
east, northwest,  southeast,  or  southwest — if  the  north  end  of 
the  needle  lies,  as  in  Fig.  6,  between  A'  and  E.  the  bearing  is 
northeast:  if  between  5"  and  W.  southwest:  etc.  The  num- 
ber of  degrees  in  the  bearing  is  indicated  by  the  number  of 
the  graduated  circle  toward  which  the  norik  end  of  the  needle 
points.     Degrees  and  half  degrees  are  read  directly  on  the 
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tme  azlinntti  or  magnetic  azimuth,  according:  as  it  is 
referred  lo  the  true  or  to  the  magnetic  meridian.  Azimuth 
differs  from  bearing  in  tiiat  it  is  always  measured  in  the  direc- 
tion corresponding  to  tiie  movement  of  the  hands  of  a  clock 
when  lying  face  upwards,  through  any  required  angle  up  to 
360°.  starting  from  either  the  north  or  the  south  point.  In 
Fig.  8,  in  which  SN  represents  the  meridian,  and  A^  and  5 
the  north  and  the  south  point,  respectively,  the  azimuth  of 
0P„  counted  from  the  north,  is  115°;  counted  from  the 
south,  295°.  The  azimuth  of  OP,,  counted  from  the  south, 
is  66°;  cotmted  from  the  north,  180°  +  66"  =  246°. 


I 


FIELD  WORK 
22,  TnkliiK  BearlDgs. — To  take  the  bearing  of  a  line, 
the  compass  is  set  directly  over  a  point  of  Ihe  line — one 
extremity,  if  possible.  When  the  compass  is  mounted  on  a 
tripod,  this  can  be  done  accurately  by  means  of  a  plumb-bob 
suspended  from  the  center  of  the  compass;  or,  approximately, 
by  dropping  a  pebble  from  below  the  center.  If  the  compass 
is  mounted  on  a  Jacob's  staff,  the  staff  should  be  planted  in 
a  vertical  position  directly  on  the  line.  Then,  by  means  of 
the  levels,  the  compass  is  brought  to  a  perfectly  level  position. 
A  flagman  holds  a  flag  perfectly  vertical  at  some  other  point 
of  the  line — preferably  Ihe  other  extremity  of  it,  if  the  flag 
can  be  seen  distinctly.  The  surveyor  then  turns  the  compass 
plate  horizontally,  walking  around  the  instniment  so  as  to  be 
constantly  behind  the  south  sight,  and  looks  over  the  sights 
until  they  are  approximately  in  line  with  the  pole  held  by  the 
Uagman.  He  then  looks  through  the  slits — his  eye  being  at 
the  south  slit,  so  that  the  north  end  of  ihe  compass  is  the  for- 
ward end — and  turns  the  plate  until  his  line  of  sight  culs  the 
flag.  With  the  compass  in  this  position,  he  reads  the  bearing 
according  to  the  directions  given  in  Art.  19.  When  it  is  not 
possible  to  set  the  compass  over  a  point  of  the  line,  as  when 
the  latter  is  determined  by  a  fence  or  the  foot  of  a  wall,  it  is 
set  a  short  distance  from  the  line,  and  the  flag  is  held  oppo- 
site the  other  end,  at  the  same  distance  from  the  line. 
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The  line  of  sight  should  be  directed  as  nearly  to  ihe  b 
torn  of  the  flag  as  possible,  in  order  to  avoid  or  diminish  I 
error  that  may  arise  frora  aiiy  deviation  of  the  (Lig  in 
the  vertical. 

When  reading  a  bearing,  the  eye  should  be  directly  oi 
the  needle,  so  as  to  avoid  the  error  from  parallax*  or  t 
apparent  change  in  the  position  of  the  needle  that  occu 
when  the  needle  is  looked  at  along  a  line  not  in  tbe  sai 
vertical  plane  with  it. 

23.     Foresights  and  Backsights. — A  sight  taken 
a  point  of  a  line  on  another  point,  in  the  direction  io  whii 
the  line  is  being  run  or  measured,  is  called  a  foresight;  it 
the   sight    taken  to  ascertain  the  bearing   of    the    line,  i 
explained  in  the  last  article.     In  order  to  check  the  bearin 
as  thus  determined,  the  compass  is  set  at  the    point  fir 
sighted,  or  at  a  point  between  the  point  first  sighted  and  tl 
point  first  occupied  by  the  coi 
pass;   a  sight,  called  a  bad 
stfCht,  is  then  taken  oD  the  latt 
point,  and  the  bearing 
If  the  two  bearings  are  the 
verse  of  each  other,  it  may 
assumed  that  no  mistake 
error  has   been   made,  and  tb 
work  may  be  proceeded  witb 
Thus,  suppose  that  the  bearin 
of  OP,  Fig.  9.  has  been  foun 
by  setting  the  compass  at  O  an 
'"°'  sighting  to  A  to  be  N  50=  I 

A  backsight  may  be  obtained  by  setting  the  compass  at  son 
intermediate  point,  as  C,  and  directing  the  line  of  sight  to  t 
It  is  evident  that,  if  the  bearing  of  O  P.  or  of  O  O",  is  N  50"  I 
that  of  C^C*  must  be  S  50°  W.  Likewise,  if  the  bearinE  * 
O  0'  were  S  30°  E.  that  oi  C  O  should  be  N  30'=  W.  In  evel 
case,  the  bearing  determined  by  a  backsight  must  be  obtail 
able  from  that  determined  by  the  corresponding  foresight  li 
simply  interchanging  the  letters  JV  and  S,  E  and  W. 


k. 
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'  S4.  T^ocal  Attraction. — The  compass  needle  may  be 
(.deflected  from  its  natural  direction  by  the  attraction  of  any 
lagnetic  substance  near  it,  such  as  iron  ore,  the  rails  of  a 
railway,  a  gas  pipe,  the, chain,  a  bunch  of  keys,  etc.  This 
disturbing  influence,  called  local  attraction,  is  very  fre- 
quently met  with,  and  the  surveyor  should  take  special  pains 
to  avoid  the  errors  to  which  it  m^y  give  rise. 

When  the  bearing  determined  by  a  foresight  does  not 
agree  with  that  determined  by  a  backsight,  the  usual  cause 
of  the  difference  is  local  attraction.  To  determine  where  the 
disturbing  influence  lies,  a  backsight  is  taken  from  an  inter- 
mediate point  along  the  line,  or  foresights  and  backsights 
are  taken  on  an  auxiliary 
point  outside  of  the  line. 
Suppose  that  the  fore- 
sight from  O,  Fig.  10,  on 
J>is  N  85"  45' E.  and  that 
the  backsight  from  P  to 
O  is  S  75°  SO-  W.  If  the 
instrument  has  been  read  8  , 
accurately,  there  must  be 
local  attraction  either  at 
O  or  at  P,  since  otherwise 
the  bearing  of  PO  would 
be  S  85"  45' W.    Selecting 

some  intermediate  point,  as  C,  and  taking  a  backsight  on  O, 
it  will  usually  be  found  that  the  bearing  thus  determined 
agrees  with  one  of  the  bearings  determined  from  O  and  P. 
If  the  bearing  of  f  O  is  S  85°  45'  W,  which  agrees  with  the 
bearing  of  OC,  the  local  attraction  is  at  P,  and  the  correct 
bearing  of  O/'  is  N  85°  45'  E.  If  the  bearing  of  (^  O  is 
S  75°  Sty  W,  which  agrees  with  the  bearing  of  P  O,  the  local 
attraction  is  at  O,  and  the  correct  bearing  of  O  /*  is  N  75° 
30'  E.  The  point  &  should  not  be  taken  too  near  either  O 
or  P.aa  otherwise  the  needle  might  be  disturbed  by  the  local 
attraction  existing  at  one  of  the  latter  points. 

If  it  is  not  convenient  to  take  an  intermediate  point  on 
the  line,  or  if  there  is  reason  to  suspect  that  there  is  local 
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attractkni  all  along  the  Use,  (of  etiebu  and  baduirhts  on  q  I 
ootside  poist,  as  O,.  majr  be  taken  from  bodi  O  and  P.  Um 
vaj  be  foaod  thai  there  is  local  attraction  at  both  O  a 
in  wfaicb  case  the  beaiing  must  be  corrected  by  d 
the  angle  by  wludi  the  needle  is  dedected  by  ibe  ^ 
inSoences.  Tfans.  if  the  bearing  of  O.Onit  61' 
thai  of  OO,  is,  according  to  the  reading  of  the  c 
S  65«  aCK  B.  the  Utter  bearing,  which  sbottid  be  S  61  <>»/ E, 
shows  that  the  eSect  of  local  attraction  is  to  de6eci  Uu  i 
needle  toward  the  west  o(  soath,  or  toward  the  east  of  aoiih,  j 
b;  an  amoiuit  eqoal  to  4°.     This  is  shown  ia  the  figure, 


e  S^  is  the  position  that  (be  needle  wonld  bare  if  tl 
were  no  local  attraction,  and  5'  A"  is  the  position  that  it  asn 
at  O.    Tbe  trDc  bearing  of  0/»  is.  therefore,  N  (S5°45'+  4"')4 
E  N  89°  -4y  E.    In  all  this  it  is  assumed  that  there  is  no  lot 
attraction  at  O,.    This  point  must  be  tested  for  local  attr 
tion  by  taking  an  intermediate  point  between  it  and  O,  t 
proceeding  as  with  the  point  C,  Fig.  10. 

When  a  bearing  is  to  be  corrected  for  local  attraction,  it  ^ 
advisable  to  draw  a  diagram  similar  to  Fig.  10,  in  order  ti 
avoid  confusion  and  the  mistakes  that  may  arise  therefrot 

25.     To  Determine  tbe  AD^Ie  Betvre«n  Twro  Lin 
Whose  BeariDKB  Are  Knowrn. — When  the  bearings  of  t 
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lines  are  of  the  same  kind,  that  is.  both  N  E.  NW,  S  E,  or 
SW,  the  angle  between  the  tines  is  obviously  equal  to  the 
difference  between  the  bearings.  Thus,  if  the  beanng  of  a 
line  Oj3.  Fig.  11.  is  N  66°  30'  E,  and  that  of  another  OP  is 
N  39°  15'  E.  the  angle  between  the  hnes  is  66°  30'  -  39°  15' 
=  27°  15'.  In  this,  and  in  what  follows,  the  bearings  of  the 
intersecting  lines  should  be  reckoned  from  their  point  of 
intersection.  If,  for  instance,  the  bearing  of  PO  has  been 
found,  by  sighting  from  P  to  O.  to  be  S  39°  15'  W,  its  bear- 
ing as  determined  from  O,  that  is,  by  sighting  from  O  alone 
49  /».  is  N  SS*  15'  E. 


fin  the  tnajority  of  cases,  the  simplest  and  surest  way  to 
determine  the  angle  between  two  lines  is  to  make  a  rough 
sketch,  in  which  a  line  is  drawn  to  represent  the  meridian, 
and  from  any  point  of  it  two  lines  are  drawn  about  in  the 
positions  that  the  given  lines  have  with  reference  to  the 
needle,  as  indicated  by  their  bearings.  Thus,  in  Fig.  11, 
NS  represents  the  meridian.  A'  being  the  north  point;  OP 
represents  the  line  whose  bearing  is  N  39°  15'  E,  and  OQ, 
the  line  whose  bearing  is  N  66°  30'  E.  Having  marked  the 
values  of  the  angles  NOP  and  N O  Q  on  the  figure,  the 
angle  POQ  can  at  once  be  determined  by  inspection.  Figs. 
12,  13,  and  14  are  further  illustrations  of  this  method.     In 
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Fig.  12.  the  bearing  of  OP  is  N  62"  E,  and  that  of  OQ  ia 
S  19°  E.  The  figure  at  once  shows  that  POQ  is  equsl. 
to  180°  -  (52°  +  19°)  =  109°.  Similarly,  in  Fig.  13,  POg 
-=  PON  -*r  NOQ  =  12"  +  {180°  -43°)  =  149°;  and  ^i 
Pig.  14,  POQ  =  POS  +  SOQ  =  73»  +  62°  =  135°. 

36.  From  a  Point  on  a  Line  or  Known  Bearing, 
to  Hitp  a  Line  Maklnfc  a  Ulven  Angle  With  the  Given 
Line. — The  bearing  of  the  required  line  is  best  determined 
by  a  diagram  showing  the  angles  that  the  given  line  makea 
with  the  needle  and  with  the  other  line.  Suppose,  for 
instance,  that  the  bearing  of  the  given  line  is  S  48°  45*  ff, 
f  and  that  the  required  line  is  to  make  a 
ingle  of  160°  30'  wilh  Ihe  given  line,  it 
being  known  from  other  conditions  that' 
the  required  line  is  to  lie  on  the  right  of 
the  given  line. 

Fig.  15  shows  these  conditions,  NS 
being  ihe  meridian,   O  P  the   given  lino, 
and  OQ  the  required   line.     Evidently, 
NOQ  =   160°  ZG'  -  PO  N  =   160°  W 
Fro.  15  _  (1800  _  480  45')  =  29°  1.5'.     There- 

fore, the  bearing  of  C^  is  N  29°  15'  E.  Having  determined 
that  bearing,  the  compass  is  set  at  0.  and  the  plate  turned 
until  the  north  end  of  the  needle  lies  between  the  letters  if' 
and  E,  and  reads  29°  15',  The  line  of  sight  through  the  slit^ 
(the  north  slit  being  ahead)  has  then  the  direction  of  tbtf 
required  line  O  Q,  which  may  be  marked  by  setting  a 
or  pole  at  any  convenient  point  of  it. 


EXAMPLES    FOR    PBACTICK 

1.  What  is  the  nagle  between  two  lines  whose  bearings  are  N  ! 
IS*  E  and  N  42"  3ff  W.  respecHvelyf  .  Ana.  74°  • 

2.  What  is  the  angle  between  two  tines 
Sff  E  and  S  46°  45'  W,  respectivelyf 

3.  The  bearing  of  two  lines  a 
b  the  angle  between  them? 
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4.  The  bearing  of  a  line  is  N  47°  Sff  W;  what  is  the  bearing  □(_■ 
tine  that  lies  to  the  left  of  and  makes  an  angle  of  138°  IS'  witl>  i^ 
given  line?  Acs.  S  5°  IJ^S 

.■>.    The  bearing  of  a  line  Is  N  20°  SO*  E;  what  is  the  beariDg:|a 
line  that  lies  on  the  right  of  and  makes  an  angle  of  130°  ^j 
given  line?  Ans.;," 

6.    The  bearing  of  a  line  is  S  40°  30"  W;  what  i 
Une  to  the  left  of  and  making  an  angle  of  60°  4^  with  the  given  1 
Ans-i^B^r"  1^ 

27.  To  Survey  a  Closed  Field. — In  surveying  tfclostf 
field  bounded  by  straight  lines,  tbe  corners  are  firat^marked^ 
Tbe  bearings  of  the  lines  are  measured  by  settinaj^  cQjbr 
pass  at  the  different  comers  in  succession,  and  sighting  from 
each  corner  on  the  one  immediately  followin^-^  pie. 
lengths  of  the  lines 


^  ^ 


Pio.  U 


are  measured  with  the  ^ 
chain  or  tape  as  ex- 
plained in  Chahi  Sur- 
vey'ng-  Care  should 
be  taken  to  check 
every  foresight  by  a 
backsight.  In  chain- 
ing, the  head  chainman 
may  be  lined  in  by  the  rear  chainman,  as  in  chain  surveying, 
or  by  the  compassman.  The  latter,  having  directed  the  sights 
in  the  direction  of  the  line,  looks  through  the  slits  when  the 
head  chainman  is  about  to  stick  a  pin  in  the  ground,  and 
motions  to  him  to  move  the  pin  right  or  left,  until  it  ia 
covered  by  the  line  of  sight. 

28.  It  often  happens  that  a  comer  is  not  visible  from  the 
one  immediately  preceding.  This  case  is  illustrated  in 
Fig,  16,  where  the  line  of  sight  from  B  Xo  C  is  obstructed  by 
trees.  The  length  and  bearing  oi  A  B  are  supposed  to  have 
been  measured.  The  length  and  bearing  ol  B  C  can  be 
determined  in  several  ways,  of  which  the  following  is  one  of 
the  simplest. 

Measure    back    from    B    any    convenient    distance    BP 
along  B  A;  set  the  compass  at  C  and  direct  the  line  of  sight 
IIS— 19 
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along  a  line  CX  parallel  to  /J. -J.  In  order  to  do  this,  it  ia 
only  necessary  to  turn  the  compass  plate  until  the  oeedlg 
reading  is  equal  lo  the  bearing  of  B  A.  It  should  be  bome 
in  mind  that  the  bearing  oi  B  A  is  the  reverse  of  thatol.-(fl. 
If,  for  instance,  the  bearing  of  .-Jfl  is  N  20"  \V,  that  o(  BA 
is  S  20°  E,  and  the  reading  of  the  compass  at  C  must  be 
S  20°  E.  Measure  along  C X  a  distance  C C  equal  to  BP, 
Move  the  compass  to  C.  take  the  bearing  of  C  P.  and  have 
the  cbainman  measure  the  distance  PC  This  distance  is 
equal  to  B  C,  and  the  bearing  of  ^  C  is  the  reverse  of  ihat 
of  C  P.  Thus,  if  the  bearing  of  C'/'is  8  70°  W,  thatof  fiC 
is  N  70°  E. 

29.  Important  objects  near  the  line  of  survey  are  located 
in  various  ways,  according  to  circumstances.  Whea  thej 
are  very  close  to  the  line  being  run,  they  are  usually  located 
by  perpendicular  oSsets.  Thus,  the  house  H,  Fig.  16.  majr 
be  located  by  measuring  and  noting  the  perpendiculars  GL 
and  /^A' and  the  distances  DG  and  DF.  It  may  also  be 
located  by  prolonging  fC L  to  its  intersection  Af  with  DE 
and  measuring  and  noting  the  distances  DAf,  At L,  L  A',  and 
the  bearing  of  ML  or  At K.  Such  short  perpendicular! 
as    GL    and   FK  are   usually  run   by  the   eye. 

A  distant  object,  as  the  rock  R,  is  located  by  measuring  iti 
distance  from  any  convenient  point,  as  7",  on  one  of 
boundary  lines,  and  taking  the  bearing  of  T R;  or  by  simply 
taking  the  bearings  of  lines,  as  TR  and  UR.  directed  to  it 
from  two  points  on  the  line  of  survey.  The  latter  method 
especially  useful  for  the  location  of  inaccessible  points.  1 
making  the  map  of  the  field.  T  and  V  are  located  by  thei) 
recorded  distances  from  E.  The  intersection  of  two  liai 
having,  respectively,  the  bearings  of  T R  and  U R  and  drawf 
in  the  map  through  the  points  representing  T  and  U,  wfl| 
determine  the  position  of  R. 

30.  PassliiK  Obstacles. — In  running  and  measuring  i 
line  of  known  bearing,  it  Is  sometimes  impossible  to  measuni 
its  whole  length  directly,  either  because  parts  of  the  line  r 
through  inaccessible   or   not   easily  accessible   ground, 
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because  the  line  goes  through  objects,  as  trees  or  houses, 
that  prevent  direct  measurement.  An  instance  of  this  condi- 
tion is  illustrated  in  Fig.  17.  where  the  line  of  survey  AB 
runs  through  the  buildings  A*  and  £.  The  same  figure  illus- 
trates two  of  the  most  convenient  methods  of  passing  obsta- 
cles, one  method  being  used  for  passing  A'  and  the  other  for 
passing  L. 

The  method  used  in  passing  the  building  A' is  as  follows: 
Having  run  the  line  to  a  point  P  as  near  fC  as  possible,  the 
compassmaa  sets  the  instrument  at  P  and  turns  off  a  line  PQ 
in  any  convenient  direction.  He  reads  the  bearing  of  PQ, 
which  should  preferably  be  a  whole  number  of  degrees.  A 
stake  is  driven  at  a  point  Q  of  PQ  such  that  a  line  through  it 
and  parallel  io  A  B  will  clear  the  obstacle  A',  The  instru- 
tnent  is  then  set  at  Q,  a  backsight  on  Pis  taken  in  order  to 
check  the  bearing  of  PQ,  and  a  line  QQ'  is  run  from  Q 
parallel  to.  or  having  the  same  bearing  as,  AB,  and  long 


enough  to  clear  the  obstacle.  The  distances  PQ  and  QQ' 
are  measured.  The  instrument  is  now  set  at  Q",  from  which  , 
a  line  Q" P'  is  run  parallel  to  QP  (that  is,  having  the  s 
bearing  as  QP,  not  a.^  PQ).  On  this  parallel,  a  distance!?'/ 
equal  to  Q  P  in  measured.  The  point  /*  thus  determined  i 
in  the  line  A  B  and  the  distance  P P'  is  equal  to  QQ.  Set- 
ling  the  compass  at  /"  and  turning  the  plate  until  the  read- 
ing of  the  needle  is  equal  to  the  bearing  of  A  P,  the  line 
of  sight  will  be  directed  along  AB  and  ihe  work  may  be 
continued  in  the  usual  manner, 

31.     The  obstacle  /.,  Fig.  17,  is  passed  by  means  of  an 
equilateral  triangle.     The  line  having  been  run  to  a  point  C 
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near  L,  a  line  CD  making  an 

angle  of  60°  wi 

th  ^  ^  is  tumt^l 

oS  (see  Art.  26).     The  distance  CD  is  taken  so  that  a  lincH 

tt/ 

from 

A  at  60°  witltV 

Mff/^f 

CD. 

will  clear  theT 

J                r    MUllifm 

obstacle.    The  proper    1 
position  of  Z>  can  be    1 

'-f^Mm/im 

^^^--^ 

^Mw' 

estimated  by  the  eye. 

The   distance   CB 
having   been   meas- 

tf"     ■* 

ured. 

the  compass  {*■ 

PQ    IS 

set  at  D,  and  a  lio^l 

DR  equal  to  C  D  and  at  60"  with  it  fs  run.     The  point  ^| 

thus  determined  is  on  A  B, 

and  the  distance  C  E  \&  eqmfl 

to  CD. 

m 

In  this,  as  in  all  com- 

yi 

pass  work,  the  surveyor 

// 

should  test  all  bearines 

/ 

by  backsights. 

/ 

32.     In   Fig.  18  is 

^            / 

/    / 

represented  a  very  com- 

^V'/ 

/ 

mon   condition.     Here 

/ 

/ 

the  line  of  survey  .-]  B 

p/ 

/ 

crosses  a  river,  the  dis- 

/ 

/ 

tance   across  which 

/   .  ;   / 

'             ■ 

cannot  be  measured  di-     / 

^  , .-«'  / 

■ 

rectly,    nor   ascertained    '' 

-     / 

by  either  of  the  methods 

w 

^^^^H 

explained  in   the  last 

^^^^H 

two  articles.     The  dis- 

I 

^^^^H 

tance  from  A  \.o  &  point 

0 

^^^^^1 

/'near  the  bank  having 

^^^^^1 

been  measured,  the  dis- 

^^^^H 

tance  PB\%  determined 

^^^H 

as  follows: 

^1 

From   P,  run  a  Une 

riG  19 

H 

PQ'vn  any  convenient  direction;  note  its  bearing,  and  mak^| 

its  length  approximately  equal  to  P B.     If, 

however. />  5  ilfl 
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inconveniently  long,  PQ  may  be  made  equal  to  about  one- 
half  or  even  one-miarter  of  it.  Theoretically,  PQ  may  have 
any  length;  but,  in  practice,  it  is  preferable  not  lo  have  it 
too  short  as  compared  with  PB.  Next,  set  the  compass  at  Q 
and  take  the  bearing  olQ  B.  From  the  bearings  of  W  5,  PQ, 
and  QB,  the  angles  P  and  Q  can  be  computed  (Art.  25); 
also,  B  =  180°  -  {/•+  Q).  In  the  triangle  PQB,  the  side 
PQ  and  the  angles  are  known,  and  the  side  PB  can  be  found 

by  the  relation  PB  =  ^^  sin  Q. 
sin  5 

ExAMPLB.— Suppose  that  in  Fig.  19  the  length  ot  PQl'&  100  feet; 
the  bearing  of  A  B  {s'N  45°  15'  E;  that  of  PQ.  S  4=  20'  E;  that  of  QB, 
N  28°  20'  E;  what  is  the  distance  from  P  to  Bl 

Solution. — The  angles  of  the  triangle  PQB  can  be  determined 
from  the  t)earings  as  followfi:  la  Fig.  19,  NS  represents  the  merid- 
ian. It  is  evident  thai,  in  the  triangle  QPB.  angle  /"is  equal  lo  180° 
-  (45"  l.y  -I-  4°  20')  =  130°  25";  angle  Q  is  equal  lo  4°  20'  +  2«'=  20" 
=  30°  40";  and  angle  B  is  equal  to  1H0°  -  (130°  25'  +  30°  40')  =-  18°  66'. 
Then,  PB  =■  ^^  ™^  sin  30°  40'  =  157.3  ft.    Ans. 


EXAMPLES    FOn    PRACTICB 

1.  If  JD  Pig.  18  tbe  bearing  of  AB  is  S  63°  15'  E;  that  of  PQ, 
S43°.W  W;  that  of  fi^ff.  N  84°  20'  E;  and  the  distance /"^  is  I.tO  feet, 
nhal  is  the  distance  from  Pt.a  Bi  Ans.  1SI.7  ft. 

2.  If  in  Pig.  18  tbe  bearing  of  ^5  is  N  45°  15'  W;  that  ot  PQ, 
N50<'3O'E;  KhaXotQB.  Ne7''25'W;  and  the  distance /"G  is  200  feet, 
what  is  the  distance  from  P  to  Bl  Ans.  199.7  ft. 


\. 


OF  THE  COMPASS  IN  BAD^ROAD  SURVETlNa 
33.  Preliminary  itallroad  Surveys, — The  compass 
is  of  great  value  in  running  preliminary  railroad  lines  where 
local  attraction  is  absent  or  very  slight.  In  case  a  small 
obstruction,  such  as  a  tree  or  a  mass  of  rock,  is  encountered, 
the  compass  can  be  quickly  moved  to  the  opposite  side  and 
the  line  continued  without  delay.  Should  Ihe  line  as  thus 
produced  be  a  foot  or  two  off  the  true  one,  no  serious  disad- 
vantage will  result,  since  it  will  be  parallel .  to  tbe  true  line. 
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and  the  error  will  be  imtnaterial  for  the  purpose  of  prelim- 
inary information.  In  the  early  days  of  railroad  buildioj;, 
some  lines  were  surveyed  and  located  by  means  of  the 
compass   alone. 

34.  Station  Numbera. — In  railroad  surveying,  the  line 
of  survey  is  divided  into  statlouu,  which  are  usually  100  feet 
apart.  At  each  station  a  stake  is  driven  and  marked  with 
a  number  corresponding:  to  the  number  of  hundreds  of  feet 
that  the  station  is  distant  from  the  starting  point,  which  is 
numbered  0.  Any  point  marked  between  regular  stations 
is  sometimes  called  a  substation,  or  plus,  and  the  stake  is 
marked  by  the  number  of  the  immediately  preceding  statioa 
plus  the  number  of  feet  between  that  station  and  the  sul>- 
station  in  question.  Thus,  a  point  between  Stations  5  and  6, 
distant  47  feel  from  Station  5,  is  marked  5  +  47.  and  referred 
to  as  Substation  6+47.  More  usually,  however,  the  term 
station  is  applied  to  both  regular  stations  and  substations: 
the  Substation  5  +  47,  for  instance,  is  referred  lo  as  Statioa 
6  +  47. 

35.  OrKaiilxatlon  of  Party. — A  well-organiied  com- 
pass party  consists  of  a  chief  of  party,  a  compassman,  two 
chiiinmen,  a  flagman,  two  or  more  axmen,  if  the  country  is 
thickly  wooded,  and  a  stakeman.  If  possible,  stakes  ot- 
light,  well-seasoned  wood  should  be  provided.  For  pre* 
liminary  lines,  where  stakes  do  no  permanent  service,  pine 
is  best,  A  convenient  size  is  about  2  feet  in  length  by 
2  inches  in  width  and  1  inch  in  thickness.  A  strong,  activft 
stakeman  will  carry  a  large  number  of  these  stakes,  besides 
the  ax  with  which  to  drive  them.  In  a  timbered  country,,! 
however,  it  is  often  more  expeditious  to  have  the  axmen, 
make  the  stalces  as  they  are  needed,  always  keeping  a  few 
stakes  on  hand  ahead  of  the  requirements.  The  stakes  2 
usually  either  made  from  saplings  about  2  inches  in  diameter 
or  split  from  larger  pieces,  sharpened  at  the  lower  end  for: 
driving  and  blazed  at  the  upper  end  for  marking.  E 
chainmen  should  always  be  provided  with  marking  crayons^ 
For  this  purpose,  ordinary  red  chalk  is  very  satisfactory.     It' 
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is  bought  in  a  crude  state,  but  the  pieces  are  easily  cut  to 
suitable  form.  This  material  makes  a  deep  red  mark,  which 
will  stand  exposure  for  years.  Specially  prepared  crayon 
that  is  excellen,t  for  marking  stakes  can  also  be  obtained. 


36.  The  Actual  Work. — The  party,  having  been  organ- 
ized substantially  as  described  in  the  preceding  article,  is 
prepared  to  begin  work.  The  general  order  of  procedure  is 
usually  about  as  follows:  The  compassman  sets  up  the 
compass  at  the  starting  point,  or  Station  0,  The  chief  of 
party  goes  ahead  with  the  flagman  and  directs  the  latter  to 
set  a  flag  at  the  end  of  the  first  line,  or  at  some  intermediate 
point.  The  compassman  sights  on  the  point  thus  marked 
and  the  chainmen  commence  measuring  the  distance,  as  in 
chain  surveying.  The  head  chainman  marks  the  stakes  and 
should  always  keep  a  number  of  stakes  marked  in  advance, 
so  as  to  avoid  delay.  Of  these  he  need  carry  only  a  few, 
leaving  Jhe  others  to  be  carried  by  the  stakeman.  As  soon 
as  the  direction  of  the  line  is  indicated  by  the  flag,  the  axmen 
should  begin  to  clear  whatever  obstacles  He  in  the  way  of 
rapid  chaining.  At  each  station,  and  the  moment  the  rear 
chainman  has  put  the  head  chainman  in  line,  the  former 
should  carefully  note  the  number  of  the  station  at  which  he 
stands  and  call  the  number  to  the  head  chainman,  who  must 
answer  by  repeating  the  number  next  in  notation.  Thus,  if 
the  rear  chainman  stands  at  Station  25,  he  must  call  "Sta- 
tion 25,"  and  the  head  chainman  must  reply,  "Station  26." 

It  is  good  practice  for  the  flagman  to  carry,  besides  his 
flag,  a  number  of  light  stakes  at  least  8  feet  in  length  and 
some  strips  of  red  flannel  to  attach  to  the  stakes  so  that  they 
may  serve  as  pickets,  or  temporary  flags.  If  the  view  for 
the  compass  is  open,  as  soon  as  the  compass  is  in  line  and 
the  flagman  has  a  signal  to  that  effect,  he  should  replace  the 
flag  by  one  of  the  stakes  with  a  piece  of  flannel  attached, 
and  join  the  chief  of  party,  who,  unless  the  line  is  to  be  con- 
tinued farther  in  the  same  direction,  has  gone  ahead  to 
select  another  point  for  the  flag.  As  soon  as  the  compass- 
man has  recorded  the  bearing  of  the  line,  he  should  take  the 
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compass  and  walk  rapidly  to 
the  point  marked  by  the  flaj;, 
or  picket,  and  if  in  full  view, 
of  the  chainman,  should  remove 
the  Ras,  or  picket,  and  set  up 
the  compass  and  be  prepared 
to  take  the  next  bearing.  As 
soon  as  the  chainraen  reach 
the  compass  and  have  meas- 
ured the  "plus"  from  the  last 
full  station,  the  rear  chiiinmaa 
calls  out  the  full  station  and 
plus,  which  the  head  chainmaa 
marks  on  the  stake  and  the 
compassman  records  as  the 
length  of  the  course  run.  If 
the  same  line  is  to  be  contin- 
ued without  change  of  direc- 
tion, the  compass  is  set  at  the 
same  bearing  as  that  of  the 
course  just  run,  and  the  chain- 
men,  measuring  forwards,  are 
lined  in  by  the  compassman 
(see  Art.  27). 

37.     Example  of  the  VsB 
of  the  Compass  In  Railroad 

Work. — Suppose  CAD,  Fig, 
20,  to  be  the  line  of  a  railroad 
in  operation  and  that  it  has 
been  decided  to  run  a  compass 
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line  from  the  point  A,  at  the  end  of  the  curve,  along  the 
valley  of  the  stream  .V  >'  to  the  point  B.  The  bearing  of 
the  straight  line  A  D  cannot  be  determined  by  setting  up  the 
compass  at  A,  on  account  of  the  attraction  of  the  rails.  The 
direction  of  this  line,  however,  for  the  purpose  of  prolong- 
ing it,  can  be  obtained  by  setting  up  the  compass  at  ./  and 
sighting  to  the  f^ag  held  at  D.  The  point  A,  which  is  the 
starting  point  of  the  line  to  be  run.  is  marked  0.  Producing 
DA  a  distance  of  440  feet,  the  point  E  is  reached,  which  has 
been  previously  indicated  by  the  chief  of  party  as  a  proper 
place  for  changing  the  direction  of  the  line.  The  compass 
being  set  up  at  £",  the  bearing  of  the  line  A  E,  which  is  the 
prolongation  of  the  line  DA,  is  found  by  backsighting  to  A, 
or,  what  is  preferable,  to  the  point  D,  if  that  point  can  be  seen 
from  E.  It  should  be  remembered  that  the  bearing  of  A  E, 
OT D E,  is  the  reverse  of  that  of  EA,  or  ED.  The  number 
of  Station  E,  namely,  4  +  40,  and  the  bearing  of  A  E  are 
then  recorded  by  the  compassman.  By  this  time  the  chief  of 
party  has  located  the  point  Ean6  the  flag  is  in  place  for  sight- 
ing. The  axmen,  if  there  is  work  for  them  to  do.  are  put  in 
line  by  the  head  chainman,  clearing  only  so  much  as  will 
interfere  with  rapid  chaining.  The  bearing  of  the  line  EE 
being  recorded,  the  compass  is  moved  to  E,  replacing  the 
picket  left  by  the  flagman.  leveled  up  and  directed  toward  the 
point  G.  When  the  chainmen  reach  E,  the  number  Jl  +  20 
of  this  station  is  recorded  by  the  compassman,  the  instru- 
ment is  directed  to  G,  and  the  work  continued  as  before. 

^P  FORMS  Fon  COMPASS  FIELD  NOTES 

38.      Form   No.    1,   given    on   next   page,   is   a   common 
and  convenient  form  for  keeping  the  record,  or  notes,  of  a 

compass  survey.  The  left-hand  half  of  the  diagram  represents 
the  left-hand  page  of  the  notebook;  the  right-hand  half,  the 
right-hand  page.  The  notes  are  supposed  to  apply  to  the  field 
ABCDE,  Fig.  21.  The  comer,  or  station,  A  is  the  starting 
point  of  the  survey,  the  courses  being  run  from  A  to  B,  from 
B  to  C,  etc.     As  in  chain  surveying,  the  notes  read  from 
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bottom  to  top.  Opposite  the  letter  denoting  a  corner  is 
given  the  bearing  of  the  course  running  from  that  comer  to 
the  following  one,  in  the  order  in  which  the  survey  was 


made.     For  instance,  the  bearing  N  43°  2(y  E  horizontally 
opposite  A  denotes  the  bearing  of  the  course  AB,    The 
number  opposite  a  corner  in  the  column  of  distances  is  th& 
distance  of  this  corner  from  the  preceding  one. 
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The  right-hand  page  is  used  for  remarks  and  sketches. 
When  no  objects  are  to  be  located  along  the  linfe,  as  in  th^ 
case  from  A  to  B^  no  sketch  is  necessary.     Between  B  and  C, 
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a  sketch  is  drawn  showing  the  location  of  a  road  and  mill 
with  respect  to  the  line  li  C.  The  line  being  run  is  usually 
represented  by  the  center  line  on  the  right-hand  page,  unless 
objects  are  to  be  located  at  great  distances  on  one  side  of  the 
former  line,  in  which  case 
it  is  represented  by  a  ver- 
tical line  drawn  near  the 
right  or  the  left  edge  of 
the  page,  as  may  be  neces- 
sary. This  !s  illustrated 
by  the  lines  PQ  and  K L. 
which  represent  parts  of 
B  C  and  D  E,  respectively. 
A  number  written  in  the 
column  of  distances  be- 
tween two  letters  denoting  corners,  indicates  the  distance  at 
which  the  point  horizontally  opposite  it  in  the  sketch  is  from 
the  immediately  preceding  station  or  corner.  Thus,  the  num- 
ber 100,  horizontally  opposite  P,  indicates  that  the  distance 
from  B  io  P'\&  100  feet. 

39.  Form  No.  2  shows  a  method  of  keeping  compass 
notes  that  is  very  clear  and  explicit,  and  is  especially  suited 
to  surveys  in  which  it  is  not  necessary  to  locate  any  points 
or  objects  outside  the  main  line.  The  notes  here  given  are 
for  the  four-sided  field  represented  in  Fig.  22. 
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Cmna 

BuiiDC 

D<>EMce 
Feet 

Rematka 

w 

sw-sa'w 

543-7 

w 

Sao-oo'B 

3S7.S 

m 

N7>°4S'E 

328,3 

% 

Nsi-is'W 

347.4 

A  is  northeast  cort 
reservoir  waU. 

ero£ 
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The  bearing  and  distance  horizontally  opposite  any  of  the 
courses  in  the  first  column  are,  respectively,  the  bearing  and 
length  of  that  course.  Thus,  the  bearing  and  length  of  CD_ 
are.  respectively.  S  80"  OCK  E  and  287.8  feet. 

The  lines  are  supposed  to  be  run  in  the  directions  indicated' 
by  the  letters:  CD  is  run  from  C  to  D,  not  from  D  to  C. 

40.  In  simple  cases  similar  to  the  one  just  illustrated, 
the  best  way  to  keep  the  notes  is  generally  to  make  a  sketch 
of  the  field  and  write  along  each  line  its  length  and  bearing. 
See  Fig.  22. 

41.  Form    No.  3   is  a  modification  of   No.  2,   and  Is 

mainly  used  in  railroad  surveying.  The  notes  here  shown 
are  those  for  the  preliminary  survey  described  in  Art.  37. 
Each  principal  station  is  denoted  by  a  whole  number,  as 
explained  in  Art.  34,  and  each  substation  by  an  integer 
followed  by  a  decimal,  the  integer  denoting  the  number  of 
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Station 

Bearing 

Dis- 

Remarks 

From      To 

35-7S    47-75 

N25''40'E 

12.00 

Sta.  47-75  at  end  of  line. 

27-50    35-75 

N  14°  10' E 

».2S 

20-35    27-50 

N    2''3o'W 

7-iS 

Heavy  timber. 

11.20    2o.3t; 

N  15°  10' W 

9. IS 

4.40    11.20 

N  25°  00'  W 

6.80 

Open  prairie. 

0     4.40 

N  75"  00'  W 

4.40 

Sta.  0  is  at  P.  C.  of  14" 

47-75 

curve  to  left  at  Bellford 
Sta.  on  0.  &  P.  R.  R. 

the  station  immediately  preceding,  and  the  decimal,  tbw 
number  of  feet  from  that  station  to  the  substation 
question.  Thus,  Station  27..'iO  is  the  same  as  Station 
27  +  50.  Distances  are  given  in  hundreds  of  feet.  Thus, 
the  distance  from  27.60  to  35.75.  which  is  equal  to  (35.7S 
-  27.50)  stations,  is  {8.25  X  100)  feet,  or  825  feet. 
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(PART   2) 
A.TITUDE   AND   LONGITUDE    RANGES 


DEFINITIONS  AND   GENERAL   FORMULAS 

1.  Bererence  Lines. — For  the  purposes  of  platting  and 

calculation,  it  is  often  convenient  to  locate  all  the  points  of 
a  survey  by  their  coordinates  with  reference  to  two  coordi- 
nate axes  perpendic- 
ular to  each  other. 
In  Fig.  \,  TV  and 
G  G'  are  two  coordi- 
nate axes  intersect- 
ing at  O.  The  point 
P  is  located  with 
reference  to  these 
axes  by  its  perpen- 
dicular distances  HP 
and//' P,  or //P and 
O  //,  from  G  G'  and 
TT',  respectively. 

2.  In  surveying, 
TT"  usually  repre- 
sents a  meridian, 
either  true  or  mag- 
netic,   according    as  '" 

the  bearings  of  the  courses  are  referred  to  the  true  or  to  the 
magnetic  meridian.     Such  a  meridian  is  called  a  reference 
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meridian,  or  principal  meridian,  while  the  perpendic- 
ular G  G',  which  is  an  east-and-west  line,  is  called  a  Tetervuot 
parallel  of  latitude,  or  principal  |tarallel  of  latltudfli 

The  reference  meridian  and  parallel  are  ceneralljr,  Ihoueh 
not  necessarily,  taken  through  the  most  westerly  corner  ot 
station  of  the  tract  surveyed. 

3.  latitude  and  Ixin^tnde. — The  latitude  of  a  point 
is  the  distance  of  ihe  point  from  the  reference  parallel  of 
latitude.  Latitudes  are  measured  along  north -and-soutli 
lines.  In  Fig.  1,  the  latitudes  of  the  points  /*,/*..  A  ^re, 
respectively,  H P  {=  OH'),  H,P.  (=  OH,'),  and  H,P^ 
<=  OHJ).  The  latitude  of  a  point  is  a  north  latitude 
or  a  souih  latitude  according  as  the  point  is  north  orsonA 
of  the  reference  parallel.  For  the  purposes  of  combinia^ 
latitudes  by  algebraic  addition,  north  latitudes  are  considers 
positive,  and  south  latitudes,  negative.  Thus,  if  HP  i 
3R0  feet,  and  H,  P,  is  525  feet,  tbe  latitude  of  P  is  said  to  fa 
4360  feet,  or  simply  360  feet,  while  that  of  P,  is  said  tc 
be  -525  feet. 

4.  Tbe  lon^tude  of  a  point  is  tbe  distance  of  the  poinl 
from  the  reference  meridian.  Longitudes  are  measured  alon| 
east-and-west  lines.  The  longitude  of  a  point  is  an  eaal 
lonKittide  or  a  west  longitude  according  as  the  point  li 
east  or  west  of  the  reference  meridian.  East  longitudes  a] 
considered  positive;  west  longitudes,  negative-  In  Fig.  ! 
thelongitudeot /-is  j¥' /*(  =  (?//),  and  that  of /'.is  -/T.'J 
(=  -OH^. 

5.  BeKinning  and  End  of  a  Line. — Tbe  point 
which  a  line  is  run  and  measured  is  called  tbe  l>eglonlng 
tbe  line.  The  other  extremity  is  called  the  end  of  the  Un 
If,  for  instance,  tbe  line  PQ,  Fig.  1.  is  measured  from 
to  Q,  and  its  bearing  is  taken  by  sighting  from  P  toward  ; 
then  P  is  the  beginning  and  Q  the  end  of  tbe  line.  If  tl 
line  is  run  from  Q  to  P,  tbe  beginning  is  Q,  and  tbe  end. 
In  the  former  case,  the  bearing  of  the  line  is  N  30°  E;  in  tl 
latter,  S  30°  W. 


COMPASS  SURVEYING  3 

6.  LBtitude  and  L.nnKltnde  Ranges. — The  algebraic 
difference  obtained  by  subtracting  the  latitude  of  the  begin- 
ninsr  of  a  line  from  the  latitude  of  the  end  of  the  line  will 
here  be  called  the  latitude  ranKe  of  the  line.  Likewise, 
the  algebraic  diiierence  between  the  longitude  of  the  end 
and  the  longitude  of  the  beginning  of  the  line  will  be  called 
the  lonsttude  rauge  of  the  line.  It  should  be  kept  Id  mind 
that  in  obtaining  these  differences,  the  coordinate  (latitude 
or  longitude)  of  the  end  of  the  line  is  the  minuend,  and  that 
of  the  beginning  of  the  line,  the  subtrahend;  also,  that  the 
subtraction  is  algebraic,  latitudes  and  longitudes  having  the 
signs  explained  in  Arts.  3  and  4. 

Referring  again  to  Fig.  1,  the  latitude  range  of  PQ  is 
KQ  -  HP  =  HD  -  HP  =  PD.  The  longitude  range 
is  K' Q  -  HP  =  K' Q  -  K' D  =  DQ.  If  the  line  had 
been  run  from  Q  to  P,  its  latitude  range  would  have  been 
HP  -  KQ  =  KE  -  KQ  =  -EQ  =  -PD;  and  its 
longitude  range,  H'  P  -  K' Q  =  H'  P  ~  H' E  =  -EP 
=   -DQ. 

As  will  be  observed,  any  line,  as  PQ,  is  the  hypotenuse 
of  a  right  triangle  whose  legs  are  the  latitude  range  and 
Ihe  longitude  range  of  the  line  {PE  and  EQ,  in  the  case 
of  PQ).  The  latitude  range  indicates  how  far  the  end  of 
the  line  is  north  or  south  of  the  beginning;  and  the  longi- 
tude range,  how  far  the  end  of  the  line  is  east  or  west  of 
the  beginning,  or  of  the  meridian  passing  through  the 
beginning.  The  latitude  range  is  positive,  and  is  called  a 
north  latitude-range,  or  a  northing,  whenever  the  line 
bears  north;  it  is  negative,  and  called  a  south  latitude- 
range,  or  a  southing,  whenever  the  line  bears  south.  The 
longitude  range  is  positive,  and  is  called  an  east  longitude- 
range,  or  an  eastlnKi  when  the  line  bears  east;  it  is  nega- 
tive, and  called  a  west  longitude-range,  or  a  ^vesting, 
when  the  line  bears  west.  Thus,  the  latitude  and  the  longi- 
tude range  of  PQ  are,  respectively,  +PD  and  -f/J  Q;  those 
of  QP  are  —QE  and  —EP.  Likewise,  the  latitude  range 
of  P,Q,  is  —P,D,,  because  the  end  of  the  line  is  south  of 
the  beginning.     The  longitude  range  is  -\-DiQ„  because  the 
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end  of  the  line  is  east  of  the  beginning.  These  valaesmir 
be  verified  by  observing  that  Ihe  latitudes  of  P^  and  Q,  are, 
respectively.  —H^  P,  and  —H,D„  whose  algebraic  difiereace 
is  -H,D.  ~{~H,P^  =  -iV.  A  +//./*>  =  —P.Dc,  «Dd 
that  the  longitudes  of  P,  and  Q,  are.  respectively,  -\-HiPy 
and  +>('■'  Q„  whose  difference  is  equal  to  A  Q^. 

NOTB. — In  older  books,  and  in  some  modem  books,  the  temi  latitail 
is  applied  to  what  has  here  been  called  latitude  range;  wbjlo  vtu!  n 
here  called  longitude  range  is  in  tbem  called  departure.  The  eipTt!- 
sions  latitude  difference  and  longitude  difference  are  sonietitiies  aaei 
instead  of  latitude  range  and  longitude  range,  respectively. 

7.  General  Pormnlas. — Let  AB,  Fig.  2,  be  a  coune 
whose  length  is  /,  and  whose  bearing  is  G.  In  the  rigta 
triangle  AMB,  in  which  A  At  is  the 
direction  of  the  meridian  through  A,  the 
latitude  range  A  M  and  longitude  range 
MB  are  denoted  by  /  and  g,  respect- 
ively. From  trigonometry,  we  have, 
t^lcosO  (1) 

i-  =  /  sin  C  (3) 

These  formulas  serve  to  compute  the 
ranges  when    Ihe   length   and  bearins 
of   the   course    have    been    measured. 
Special  care  should  be  taken  to  give  / 
'*  and  g  their  proper  signs,  /  being  positive 

when  G  is  north  {that  is,  either  north- 
east or  northwest)  andg  being  positive  when  G  is  east  {tfast 
is,  either  northeast  or  southeast).  When  G  is  south  (that  is, 
either  southeast  or  southwest) ,  /  is  negative;  and  when  G  is 
west  (that  is,  either  northwest  or  southwest),  ^  is  negative. 
If  /  and^  are  given,  G  is  found  by  the  formula 
tan  G  =  -^  (3) 

and  /  by  either  of  the  formulas  folio vrin^ 
(4) 


In  applying  formula 


sin  G 

■  ^Ir+r       (5) 

3  and  5,  the  si^fos  of  /  andf  shoiil^ 
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be  disregarded;  that  is,  both  t  and  g  should  be  treated  as 
positive. 

Example  1.— The  length  of  a  course  is  896.7  feet,  and  its  bearing 
N  W  15'  W;  what  are  the  ranges  of  the  course? 

Solution.— Here  /  =  890.7  ft.,  and  C  =  39°  15".  Since  the  bearing 
15  northwest,  its  latitude  range  is  positive,  and  its  longitude  range, 
.    negative.     We  have,  then,  applying  formulas  1  and  2, 


=  i.y 


4.4  ft. 


Pg  =  -896."  sin  3«°  1^  =  -567.4  ft.  Ans. 
In  calculations  of  this  kind,  logarithmic  functions  should 
be  employed  in  preference  to  natural  functions.  The  work 
is  conveniently  arranged  by  writing  first  the  logarithm  of  the 
length  of  the  course,  then  writing  the  logarithmic  sine  of 
the  bearing  over  it,  and  the  logarithmic  cosine  of  the  bearing 
under  it,  and  adding  upwards  in  one  case  and  downwards 

I  the  other,  as  follows: 
logf  =  2.7  5  3  8  5;  ;  =  567.4  ft.     Ans. 
log  sin  39°  15*  =■  1.8  0  1  2  0 
log 
log 
1 


>3  mp  15'  = 


1.8  8  8  9 


=  2.8  4  1  6 
—The   latitude  range  and  thi 


longitude   range  of   a 
13.71  and  -9.38  chains;   find  the   bearing 


'   Example  2, 
course    are,  respectively, 
a,Dd  length  of  the  cuurse. 

SoLOTiON. — Since  both  ranges  are  negative,  the  course  bears  south' 
Neglecting  signs,  we  have,  by  formulas  3  and  4, 

'  13.71 


.C  =  ^ 


,  whence  G  " 


Ans. 


/=  - 


134"  2; 


=  16.61  ch.    Ans. 


I   The  logarithioic  work  is  conveniently  arranged  as  follows: 
log  /  =  1.2  2  0  3  6;  /  =  16.61.     Ana. 
log  Bin  34"  23'  =  1.7  5  1  84 
log  VM  =  0.9  7  2  2  0 
log  13.71  =  1.1  3  7  04 
log  tan  C  =  i.8  3  5  16;  t?  =  34°  23'.    Ans. 
[  The  logarithm  of  9.38  is  written  first,  and  under  it  that 
\  13.71.      The   difference   between   these   two    gives   the 
Eiic  tangent  of  G.  from  which  G  is  determined.     At 
i^ttme  that  G  is  taken  out  of  the  table,  its  logarithmic 
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sine  is  taken  and  written  above  that  of  9,38;  it  is  then  sub- 
tracted from  the  latter  logarithm  to  obtain  the  logarithm  of  /. 
For  the  purpose  of  finding  /,  it  is  better  to  take  ^  to  tlie 
nearest  minute,  as  this  does  not  involve  any  addiiiona]  work; 
but,  as  bearings  are  taken  to  the  nearest  quarter  o(  a 
degree,  the  bearing  of  the  line  would  be  stated  as  S  34°  SCKW. 


EXAMPLES    FOR    PRACTICE 

'V  El  Ten  to  tbe  seated  quitrter  ol  ■  deati 

19M  chains,  and  its  beanng;  N  18°  1&'  B; 

._,/!'=   18.83  Ch. 

2.    A  line  649  feet  long  bears  S  b'  45'  E;  tiiid  its  ranges. 

course   S.33   chains   long  and    bearing 

A°^-{f  =  -3,19  ch. 

a  197  foot  and  Its  bearing  is  S  63°  45'  W; 

.       )/-  -im,.'>(l. 

^^[g=  -I5«,Stt. 

5.    The  latitude  range  nnd  longitude  range  al  a  conrse  ore,  respect- 
ively, —3.17  and   -4,23  chains;   find  the  length  /  and  the  bearing  G 


BALANCING    THE    COMPASS    SURVEY    OF    A 
C1X>SEU    FIELD 


1.    The  length  of  a 
find  the  rang«B  of  tbe 


4.    The  length  of  a  c 
find  its  ranges. 


ERROR    OP    CLOSURE 

8.  DerinltlonB,— Let  A  B  C D  E,  Fig.  3.  be  a  closed 
field,  O  T &  reference  meridian,  and  OG  n  reference  parallel 
of  latitude.  It  is  obvious  that,  if  all  the  courses  and  bear- 
ings were  determined  with  absolute  exactness,  and  a  plat  of 
the  field  made,  the  end  (say  A )  of  the  last  line  would  coiih 
cide  with  the  beginning  of  the  first.  Under  such  conditions, 
the  survey  is  said  to  vioae.  As,  however,  no  measurft 
ments  are  free  from  error,  and  as  the  compass  is  read  onlj 
to  tbe  nearest  quarter  degree,  a  survey  never  closes.    Wlitf 
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B  notes  are  platted  the  end  of  the  last  liae  does  not  coin- 
e  with  the  beginning  of  the  first.  This  condition  is  shown 
BFig.  4,  whereW^is 
e  first  line  as  platted 
\)m  the  notes,  and 
fjl.  the  last. 
[  The  distance  A.  A 
I  the  end  of  the 
Ut  line  to  the  begin- 
of  the  first  is 
illed  the  totui  cr- 
r  of  closure.  The 
^tio  of  the  total  error 
^closure  to  the  sum 
E  the  lengths  of  all  ^ 
e  courses  expresses 
t  error  per  unit  of 
iaeth,  and  will  here  "^o-s 

be   called   the  relative  error  of  closure,  or  the  rate  of 
For  example,  if  the  sum  of  the  lengths  of  the  sides 
of  a  survey  is  3,575 
feet,    and    the    total 
error  of  closure .-},  A, 
Fig.   4.   is   6.6    feet, 
the  relative  error  is 
6.6     ^  J_ 
3,576        550 
or  1  in  550, 

In  ordinary  com- 
pass surveying,  a  rel- 
ative error  of  1  in  500, 
or  .002.  should  not 
usually  be  exceeded. 

9.  CondltlonB 
of  Closure. — Refer- 
ring again  to  Fig.  3,  it  will  be  observed  that  the  sum  £'  C 
of    the    northings,   or   uorth    latitude-ranges,   E'A',   A'B*, 
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!l 


I 


I 


and  ^O  is  numericalls-  equal  to  the  sum  C7  £*  of  the  soolfc 
iDgs,  or  south  latitude-ranges,  C IV  and  £>'£'.  It  may  In 
shown  in  like  manner  that  the  sum  of  the  easliaes  is  i 
ically  equal  to  the  sum  of  the  westings.  This  is  othenria 
evident,  since,  in  moving  arouud  the  field  from  one  pwrt 
back  lo  the  same  poini,  one  must  move  as  far  in  one  dire* 
tion  as  in  the  opposite. 

[n  order  that  a  survey  may  close,  it  is,  therefore. 
sary  and  sufficient  that  the  sum  of  the  northings  sboidd  ht 
equal  to  the  snm  of  the  southings,  and  that  the  stim  of  the 
eastings  should  be  equal  to  the  sum  of  the  westings;  or.  wW 
is  the  same  thing,  that  the  arithmetical  difference  betvcM 
the  smn  of  the  northings  aad  the  som  of  the  southings  sbooli 
be  lero.  and  the  arilhmeti<sil  difference  between  the  sum  p[ 
the  eastings  and  the  smn  of  the  westings  shoald  be  zero. 

If  the  south  latitnde-ranges  are  considered  negative,  tbt 
arithmetical  difference  between  the  sum  of  the  northings  am 
the  snm  of  the  southings  is  simply  the  algebraic  sum  of  A 
the  latitude  ranges.     Likewise,  if  the  west  longitude-rangel 
are  considered  negative,  the  arithmetical  difference  betwetf 
the  sum  of  the  eastings  and  the  sum  of  the  westings  is  tbs 
same  as  the  algebraic  sum  of  all  the  longitude  ranges.     Vi 
may.  therefore,  say  that,  in  order  that  a  stUTey  may  close, 
is  necessary  and  snfficient  that  the  ilgebratc  snm  of  the  long 
tode  ranges  and  that  of  the  Utitnde  ranges  sbotild  both  be  veto. 

10.  Let  ,S;  be  the  algebraic  som  of  all  the  latitade  nngea 
and  St  the  algebraic  sum  of  all  the  longitude  rages.  Thi 
coaditioos  of  dosore  are  extxessed    algebrxicaay  by 


i  =  0.  j;  =  0 

11.     Formula  for  BelatiTe   Error  of   Clfisiir«. — M 

stated  in  An.  8.  the  cooditioos  S,  =  Q.  S,  =  Q  never  o 

In  Fig.  4.  for  example,  the  sam  of  the  noUk 
s'a  E*  At'  +  JT  C  =  £'C  —  A.'.-r.tadOaAoi 

the  so«a  UtirBfc«Bge».-{C />  +  /?' f)  =  ~£*  O. 

S.  '^  £•  C  -  A.'  A'  +{-E'Ci  ~  ~~^,'^, 
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f  It  will  be  observed  that  S,  is  numericaily  equal  to  the 

btitude  range  A,//  of  the  closing  line  .^,.-/.  but  has  the 

iposite  sign.     Likewise.  S,  is  numericaUy  equal  to  the  lon- 

mde  range  //j4  of  A,A,  but  has  the  opposite  sign;  that 

I,  Sf  =  ~H A.     It  should  be  borne  in  miad  that  HA,  being 

jiTfesting,  is  negative,  and  that,  therefore,  —HA.  or  .S",,  is 

psilive.     This  13  evident  from  the  figure,  which  shows  that 

ft  sum  of  the  eastings  is  greater  than  that  of  the  westings. 

[  It  is  thus  seen  that  the  closing  hne  is  a  course  whose 

tllude  range  is  equal  to  the  algebraic  sum  of  all  the  lati- 

ide  ranges  with   its  sign  changed,   and  whose  longitude 

i  equal  to  the  algebraic  sum  of  all   the  longitude 

nges  with  its  sign  changed. 

[The  right  triangle  A,  HA  gives, 

A.  A  =  -iA^H'  +  HA'  =  V5,*  +  S/ 

I  The  signs  of  Si  and  S,  may  be  disregarded  in  this  equation, 

ice  the  square  of  a  negative  quantity  is  always  positive. 

^tbe  sum  of  the  lengths  of  all  the  courses  is  denoted  by  Si, 

i  the  relative  error  of  closure  by  e,  we  have, 

A. A       <s;  +  S/         Is,'  +  S,' 

'''ST"  ~~^,     "  \^sr^ 


-m 


The  application  of  this  formula,   and  the   advantage  of 
having  it  in  this  form,  will  be  illustrated  presently. 


FIRST    METHOD    OF    BALANCING    A    COMPASS    SURTBT 

1 2.  Detlnltlon. — For  the  purposes  of  platting  the  notes 
and  calculating  the  contents  of  a  closed  field,  it  is  necessary 
to  adjust  the  notes  so  that  the  plat  shall  close;  that  is,  so 
that  the  algebraic  sum  of  the  latitude  ranges  and  the  alge- 
braic sum  of  the  longitude  ranges  shall  both  be  zero.  The 
process  of  effecting  this  adjustment  consists  in  applying 
certain  corrections  to  the  ranges,  and  is  called  b&liincinK 
the  survey,  although  it  might  more  properly  be  called 
balancing  Ihe  no/a. 
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13.  OMrrectliiflr  tlie  Ifaui«es. — ^When  all  Ae  fines  htie 
bees  measured  nnder  similar  circnmstaaces,  and  there  is  no 
reasoa  to  think  that  certain  lines  are  nx>re  likely  to  be 
El  emor  than  others,  the  total  error  in  the  sam  of  the  ranges 
of  either  kizKi  (latitade  or  lons^ttnde)  is  distribated  amoo; 
the  ranges  of  the  Tarioiis  ooorses  by  means  of  the  {oDowins 


TTu  mi^irmk  sum  0i  mil  the  rm^ga  si  €iik£r  kimd  is  U  tke  nm 

ra^gt  ci  Mvj  ^.mrse  is  im  the  length  ci  tkal  amrse. 

Let  St.  S^  5.  be.  as  before,  the  sam  of  the  latftode  ranges, 
that  of  the  lon^inide  ranges,  and  that  of  the  oonrses.  respea- 
ively;  /  the  length  of  a  cocrse.  /  its  latitude  range,  g  its 
iocginde  ri-ge.  i:zd  r,  and  c^  the  correctioas  to  be  applied 
to  t  and  g,  respecrively.  The  principle  stated  above  may  be 
expressed  algebraically  as  follows: 

From  these  equations  are  derived  the  foQovin^  cooTenieot 

working  formnlas: 

...  =  /xf  \l\ 

■J. 

^. 

c  5 

In  arp'ying  these  formnlas,  the  valne  of  -:;f  and  that  of  ^ 

are  nrst  calcn'.ited;  then  the  length  of  each  coarse  is  mnlti— 
nliec  hv  the  va'ne  of  "■^-  :n  order  to  obcam  the  correctiocs  fot'" 

the  larinde  nnges,  ind  by  the  vilne  of  -/.  in  order  to  obtain 

c 

the  ccrrscnons   for  the   lon^lmde   ranges.     The   ratios  -^ 

Si 

and  —  serve  also  to  compete    'rv  ::mn!a  of  Art.  11,  the 

relinre  error  of  closnre,  dnd  to  vie:em:r:e  the  corrections  io 
be  jpclied  :o  the  lengths  o:  the  ocnrses.  is  wiH  be  explained 
presently. 
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In  all  cases,  the  corrections  r,  and  c,  are  to  be  subtracted 
algebraically  from  /  and  g,  respectively,  it  being  understood 
that  St  and  S,  have  their  proper  signs,  and  that  all  the 
operations  are  performed  algebraically.* 

14.     Correcting  tlie  Lengths  or  tbe  Coarses. — The 

corrections  applied  to  the  ranges  will  generally  alter  the 
lengths  of  the  courses.  Since  any  conrse  is  the  hypotenuse 
of  a  right  triangle  whose  legs  are  the  ranges  of  the  course, 
its  corrected  length  may  be  obtained  by  taking  the  square 
root  of  the  sura  of  the  squares  of  the  corrected  ranges. 
If  /'  and  g'  denote,  respectively,  the  corrected  latitude 
range  and  longitude  range  of  a  course,  we  have,  for  the 
corrected  length  /'  (see  formula  5,  Art.  7), 


The  corrected  length  of  a  course  may,  however,  be  more 
readily  computed  by  means  of  the  following  formula:! 


•Tbe  reason  for  this  will  be  readily  seen  by  considering  the  correc- 
tion Ci  to  be  applied  lo  the  latitude  ranges.  If  the  arithmetical  sum  of 
the  northings  is  (jreater  than  that  of  the  southings,  the  northings  must 
be  decreased  and  tbe  southings  increased,  arithmetically;  but,  as  the 
southings  are  negative  latitude  ranges,  increasing  them  arithmetically 
is  decreasing  them  algebraically,  Thns,  if  a  southing  is  changed 
from  —12  to  —12.08,  it  is  increased  arithmetically  by  .06,  and 
decreased  algebraicaHy  by  ,06,  since  -12.06  =  -12  -  .06.  In  the 
case  under  consideration,  S,  is  positive,  and  so  is  I  X-^  =  c,,  since 
/  and  Si  are  always  positive.  Therefore,  subtracting  Ct  from  a  north- 
ing will  make  the  northing  smaller  arithmetically,  and  subtracting 
it  from  a  southing  will  make  the  southing  smaller  algebraically,  but 
greater  arithmetically. 

If  the  arithmetical  sum  of  the  southing.'^  is  greater  than  that  of  the 
northings,  the   southings  must   be   decreased   arithmetically  and  tbe 

northings  increased.  In  this  case,  St  is  negative,  and  so  is  /  X  ^  =  «i. 
Now.  sabtracting  the  negative  quantity  c,  from  a  northing,  which  is 
positive,  makes  the  northing  greater:  and  subtracting  it  from  a  south- 
iDg.  which  is  uegative,  makes  the  southing  algebraically  greater,  but 
arithmetically  smaller.  Thus,  if  the  value  of  c,  is  —1.5,  and  the 
latitude  range  to  which  the  correction  is  to  be  applied  Is  —  123,5.  the 
fesalt  is -123.5 -(-1,6)  =  -123.5  +  1,6=  -122,  which  is  algebraic- 
ally greater,  but  arithmetically  less,  than  —123,6. 
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in  which  ct  =  correction  to  be  snbtracted  algebraically  from 
measured  length  of  course,  as  recorded  in 
field  notes; 
/  =  latitude  range  of  course; 
g  =  longitude  range  of  course; 
S„  5„  5„  the  same  as  in  previous  articles. 
The  student  should  not  forget  that  /.  5„  g,  and  S,  must  be 
aken  with  their  proper  signs. 

Example.— The  table  given  belan  contains  the  beftriags«nd  lengthi 
qE  the  courses  of  a  compass  survey,     The  lengths,  as  nieaaured,  and 
he  ratiges,  aa  calculated  from  the  measured  lengths  and  bearings,  are 
primed  in  large  typo  horiw>ntally  opposite  the  letters  denotlD^  thecor- 

and  in  smaller  type,  the  corrected  values  of  the  'lengths  and  raniies. 
The  problem  is  to  determine  these  corrected  values  and  the  relative 
error  of  closure. 

NoTB.-In  practtee.  Ihe  cornwlad  vkluM  are  writleD  hi  red  lok  atrave  in*  orlitoH 

Conrie, 

Bearinna 

LeDKllii 

LailtDde  Riiiiaei 

—1  1 

N.  + 

S. - 

B.+ 

w.- 

AB 
BC 
CD 
DA 

N62°00'E 
S29<'45'E 
S31*'46'W 
N  61"  00'  W 

(10.61) 
10.63 
(4.08) 
4.IO 

7.69 

(M61 

7-13 

(«-S!) 
6-54 

tl.«) 
3.46 

G.54 

(Bm) 
8.3B 

a. 03 

6.»4 

39  .SS 
(-ai 

_-~ 

10.10 

10.41 

-I0.3Q 

+-ia 
(-V 

10.29 

(-A) 

L 

Solution.— (a)    To  determint  (he corrected  latitude  ranges.    HerethaM 
am  of  the  courses,  or  5/.  is  20.65.    The  Bum  of  the  northings  Is  lO.OO.* 
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and  that  of  tbe  southings  is  -10.10.  For  tbe  algebraic  sura  or  the 
latitude  ranges  we  have,  therefore, 

S,  =  10.00 +(-10.10)=  -.10 
To  apply  formula  1,  Art.  13,  we  have 

S,  ^      _JQ_  ^        10 
S,       "-MM  2,i)f>5 

As  the  comclions  are  very  small,  and   the  work   need  not   be 
absolutely  accnrate,  we  may  write  3.000  instead  of  2,1)55.    This  gives, 

S,  3,000  "^ 

Applying  formula  1,  Art.  13, 

ciorAB  =  10.63  X  -.003  =  -.03 
It  wUl  be  observed  that  j^.-^  of  10.(«  is  .OlOft),  and  therefore  10.63 
X  .003  =  .01063  X  3.  As  the  calculation  is  not  lo  be  carried  beyond 
links,  or  buadredths.  it  is  sitfficieat  (o  multiply  .0106.  or  say  .Oil,  by  3. 
A  little  attention  to  these  details  of  calculation  will  shorteu  the  work 
caoaiderably.     Likewise, 

f,  for  J9C»  4.10  X  -.003  3  -.01 
O  for  CD  =  7.69X  -.003  =  -.03    (See  below) 
f,forP-4  =  7.13  X  -.003  =  -.02 
The  sum  of  these  corrections  should  be  equal  Eo  S,,  or    -.10,  but  is 
only  -.08.     We  must,  therefore,  apply  a   correction  of  .01  lo  two  of 
the  ranges.     As  tbe  lengths  of  the  third  and  fourth  courses  are  nearly 
equal,  we  shall  add  arithmetically  1  link  to  the  correcLJoa  for  CD  and 
that  for  DA,  writing 

ctotCn  =  -.03 
Ud  clot  PA  =  -.m 

As  stated  above,  this  kind  of  work  is  comparatively  rough,  and 
therefore  does  uot  require  very  exact  calculations. 
Subtracting  algebraically  tjie  corrections  just  found  from  the  corre- 

Ilponding  latitude  ranges,  (he  corrected  ranges  are  found  to  be, 
for  A  S.     6.54  -  ( -  .03)  =  6.54  +  ,03  =  6.S7 
for  BC.  -3.56 -(-,01)  =  -3.56  +  .01  =   -3.65 
1  forCA  -6,54  -(-.03)  =  -R.54  +  .03  =   -8.51 

I  toTDA,      3.46  -  (-.03)  =  3.46  +  . tt3  =  3.49 

I  These  are  the  corrected  values  written  in  parentheses  above  the 
l^ginal  values.  In  practice,  the  correction  can  always  be  applied 
Etientally. 

(i)     To  determine  the  corrected  lon^tude  rangei.    Here  the  auin  of 
*tie  eastings  is  10.41,  and  that  of  the  westings,  -  10,29.     Therefore, 
J  5,  =  10,41  -  10.29  =  .13 
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Applying  formula  2,  Art.  13, 

Cg  tor  AB  ^  10.63  X  .004  «  .0  4 
Cg  tor  BC^  4.10  X  .004  =  .0  2 
Cg  for  CD  =  7.69  X  .004  =  .0  3 
Cg  tor  DA  =    7.13  X  .004  -  ^ 

T2 
The  corrected  longitude  ranges  are, 

for  A  B,      8.38  -  .04  «  8.34 
for  B  C.      2.03  -  .02  =  2.01 
for  CD,  -  4.06  -  .03  =  -4.08 
tor  DA,  -  6.24  -  .03  =  -6.27 

{c)     To  determine  the  corrected  lengths  of  the  courses.    To  apply 
formula  of  Art.  14,  we  have, 

-f  =  -  .003,  ^'  =  .004 

Then,  remembering  that  all  the  quantities  in  the  formula  are  alge- 
braic, and  that  southings  and  westings  are  negative, 

Ci  tor  AB  =  6.54  X  -.003  -H  8.38  X  .004  =  .01 

Ci  tor  BC  ^  -3.56  X  -.003  -h  2.03  X  .004  =.  .02 

ci  for  CD  =  -6.54  X  -.003  -  4.05  X  .004  =  .00,  practically 

ci  tor  DA  =  3.46  X  -.003  -  6.24  X  .004  =  -.03 

Subtracting  algebraically  these  corrections  from  the  lengths  of  the 
courses,  we  find, 

corrected  length  ot  A  B  =  10.63  -  .01  =  10.62 
corrected  length  ot  B  C  =    4.10  -  .02  =  4.08 
corrected  length  of  CD  =    7.69  -  .00  =  7.69 
corrected  length  ot  DA  =r    7.13  -  (-.03)  =  7.16 

{d)     To  determine  the  relative  error  of  closure.    The  formula  ol 

Art.  11  gives  

e  =  Vr003*  -h  .004'  =  Vr00b025  =  .005 

This  error  is  5  in  1,000,  or  1  in  200,  and  is  greater  than  would 
allowed  in  any  but  exceedingly  rough  work. 
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EXAMPLE    FOB    PKACmCE 

^The  table  given  below  conlaias  tlie  lengths  and  bearingG  of  (he  sides 
B  live-sided  field,  and  also  the  values  of  tlie  ranges  as  computed  (rom 
h  original  notes,  the  corrected  values  of  the  ranges,  and  those  of  the 
Verify:  (o)  the  original  values  of  tbe  ranges;  (6)  Ihe  cor- 
ted  values  of  the  ranges;  {c)  the  corrected  values  of  tbe  lengths. 
}  Calculate  the  relative  error  of  closure.  Ana.  [d)e  =.002 


CD 


N4i''3o'E 
N7S°i5'E 
S  lo"  45'  E 
SS7*'«'W 
N4I 


o'W 


METHOD    OF    BALANCING    A    COMPASS    SUKTET 

15.  Weighting  the  Courses. — The  i^le  given  ia 
Art.  13  should  not  he  followed  when  there  is  reason  to 
believe  that  some  courses  are  more  likely  to  be  in  error  than 
others,  as  when  some  of  the  lines  have  been  measured  over 
rough  and  broken  country,  while  the  others  have  been  meas- 
ured over  smooth  and  open  ground.  In  such  a  case  the 
greater  part  of  the  error  will  probably  occur  in  the  lines 
measured  under  unfavorable  conditions,  and  consequently  a 
greater  correction  should  be  applied  to  those  lines.  The 
best  method  of  balancing  a  survey  of  this  kind  is  to  slate.  In 
numbers,  the  probability  of  error  in  each  course,  as  compared 
with  the  probability  of  error  in  any  one  of  the  courses,  whose 
probability  of  error  is  taken  as  unity.  These  numbers  are 
called  welKliis  of  the  courses.  Usually,  the  line  that  has  been 
run  under  the  most  favorable  conditions  is  assumed  to  have 
a  weight  of  1.  Then,  if  another  line  of  the  survey  has  been 
run  under  such  conditions  that  it  is  probable  that  three  times 
as  much  error  has  been  made  as  in  the  same  distance  on  the 
line  whose  weight  ia  1,  the  second  line  will  have  a  weight 
of  3;  and,  similarly  for  the  other  courses.  This  assigning  oi 
weights  to  the  courses  is  termed  wolgbttng  tbe  courses. 
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U  should  be  done  during  the  field  work  or  immediatelf  after 
it  is  finished,  while  an  accurate  iudgment  can  be  formed  eon- 
cerning  the  difficulties  in  the  measurement  of  each  line.  The 
weights  should  be  entered  in  the  notes. 

16.     Balauclni;    n    Survey    by    Weighted    Courses. 

When    the  courses    of   a  survey  have  been  weighted,  the 
survey  is  balanced  by  formulas  similar  to  those   given 
Arts.    13   and   14;  but,   whenever  the  length  of  a  course 
occurs   in    those    formulas,    it    should   be   replaced   by  the 
product  of  that  length  by  the  weight  of  the  course. 

Let  /  and  7d  be,  respectively,  the  length  and  weight  of  K 
course:  Sim  the  sum  obtained  by  multiplying  the  length  rf 
each  course  by  its  weight  and  adding  the  results.  The  other 
letters  having  the  same  meanings  as  in  previous  article) 
we  have: 

^.  =  /«'x£  (1) 

€,=  l^^f-  (2) 

The  correction  c,  to  be  applied  to  the  length  of  the  coun 
is  given  by  the  formula 


These  corrections  are  to  be  subtracted  algebraically  from 
the  corresponding  quantities. 


CALCXILATING   AREA  OF   A  COMPASS   8URVTCT 


PRBLIMINARY    OPERATIONS 

17.     To  Determine  the  Most  Westerly  Cornep  of  ib 

Field. — It  is  sometimes  convenient  to  take  the  reference 
meridian  through  the  most  westerly  corner  of  the  field 
veyed.  This  corner  is  very  easily  determined  from  the 
corrected  longitude  ranges  as  follows: 
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Let  A  B  CD  EFG  A,  Fig.  5,  be  the  field.  Imagioe  a  refer- 
ence meridian  SN  passed  through  any  of  the  corners,  as  S. 
The  longitude  of  the  next  corner  C  is  C,  C,  which  is  equal  to 
the  longitude  range  of  B  C.  The  longitude  of  D  is  A  A 
which  is  equal  to  D,  C,  or  C,  C,  plus  C  D;  that  is,  the  longitude 
of  D  is  equal  to  the  longitude  of  C  plus  the  longitude  range 


of  CD.  The  longitude  of  E  is  E,  E,  which  is  equal  to  E,  D', 
or  D,D.  minus  D' E,  or  to  D,D  +  {-  D'E);  that  is.  the 
longitude  of  E  is  equal  to  the  longitude  of  D  plus  the  longi- 
tude range  of  D  E. 

In  general,  the  longitude  of  the  end  of  any  course  is  equal 
to  the  algebraic  sum  of  the  longitude  of  the  beginning  of  the 
course  and  the  longitude  range  of  the  course.     The  longitude 
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of  j4,  for  instance,  is  —A^A;  that  ot  G  is  G,  G,  and  we  have 
-A,  A  =  -{G'A-A,G')  =  -IG'A  -  G,  G)  =  G,G 
-G'A  =  G,  C  +  (-  G'  A). 

To  determine  the  longitudes  of  all  the  corners,  the  lotip. 
tude  range  of  the  first  course  B  Clrom  the  auxiliary  reference 
meridian  is  written  down  as  the  longitude  of  the  setond 
corner  C;  to  this  is  added,  algebraically,  the  longitude  range 
of  the  next  course  CD,  to  obtain  the  longitude  of  the  ihirij 
corner  D.  To  the  result  is  added  the  longitude  range  of 
the  next  course  D  E  io  obtain  the  longitude  of  the  tourtli 
corner  E;  and  so  on. 

Having  determined  the  longitudes  of  all  the  comers,  the 
corner  whose  west  longitude  is  arithmetically  greatest  is  the 
most  westerly.  Should  it  happen  that  the  longitudes  of 
the  corners  are  positive,  this  would  indicate  that  the  corner 
through  which  the  auxiliary  reference  meridian  was  passed 
is  the  most  westerly.  In  the  actual  application  of  this 
rule,  it  is  not  necessary  to  draw  the  auxiliary  reference 
meridian  SN,  Fig.  5,  nor  even  to  make  a  diagram  at  aU. 
Any  course  may  be  called  the  "first  course,"  and  the  longi- 
tudes of  the  corners  may  be  determined  as  above,  by  a  simple 
process  of  successive  additions.  As  a  check  on  the  work,  the 
longitude  of  the  last  corner  A,  Fig.  5,  should  be  arithmetic- 
ally equal  to  the  longitude  range  of  the  last  course,  but  have 
the  opposite  sign.  Thus,  in  Fig.  5,  the  longitude  of  A  witli 
reference  to  5  A*  is  —A^A,  while  the  longitude  range  of  AS 
is  +A.A. 

Ekauplb. — The  longitude  ranges  of  a  six-sided  Held  l>eing  as  given 
below,  it  IB  required  to  determiDe  the  roost  westerly  corner  of  the  Reld, 


Courw 

R>ii«e 

AB 
BC 
CD 
DE 
EF 
FA 

+  37.19 
-43.16 
-18. 94 
+29.18 
-24-73 
+10.46 
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Soi.DTioif , — Starting  with  ^  5  as  the  first  course,  the  operations  are 
trraoged  as  (otiovs  (Long,  stands  for  lon^ilude,  and  R.  for  range): 
+3  7.1  9  =  Long,  of  B 

tLong.  R.  of  BC  =  -4  3.1  6 
-    5.9  7  =  Long,  of  C 
Long.  R.  of  CD  =  -1  8.»  4 
-2  4.9  1  =  Long,  of  Z) 
Long.  R.  of  DE  =  +2  9.1  8 
^-    4.2  7  =.  Long,  of  B 
Long.  R.  of  EF=  -2  4.7  3 
-2  0.4  6  =  Long,  of  F 
=  -(Long.  R.  o(F^) 
the  longitude  of  D  is  Ihe  (arithmetically)  greatest  wesling,  D  Is 
tbtt  most  westerly  comer.     Ans, 

In  the  majority  of  cases,  the  most  westerly  corner  can  be  at  once 
ascertained  (roni  an  inspection  of  Ihe  longitude  ranges.  Thus,  in  the 
present  case,  it  is  seen  that  since  the  eastiog  ot  A  B  is  about  37,  and 
the  westing  of  ^  C  about  43.  the  corner  C  is  about  6  chains  {=•  43 
—  37)  west  of  A.  As  /?  is  about  IS  chains  west  of  C.  it  Is  about 
S5  chains  west  of  A.  From  D,  we  go  about  29  +  20  (ranges  of  DE 
and  FA)  or  49  chains  toward  the  east,  and  only  go  back  about  25 
chn-ins  (range  of  E  F)  toward  the  west,  so  that  we  still  remain  east  olD. 
This  comer  is,  tlierefore.  the  must  westerly. 


Determine  the 
loQgitnde  ranges  i 


KXAMPLB    FOR    FRACTICB 

most  westerly  comer  of  the  eight-sided  t 
re  as  given  below; 


Conru 

Lone-R. 

Cooue 

Lone.  R. 

A  B 
BC 
CD 
DE 

-11.34 
+  ia.o3 
-  97& 
+  8.31 

EF 
FG 
GH 
HA 

+  16.64 
-ig.50 

+11.97 

Ans.  The  comer  H. 
18.  liOnstttKle  aiitl  Double  Lon^tncle  of  a  Coarse. 
The  longitude  of  a  line  is  the  longitude  of  its  middle 
point.  In  Fig.  6,  where  .S'A''  is  the  reference  meridian, 
and  JC,L.P,  Q  are  the  middle  points  of  AB,BC.DE,EA, 
respectively,  the  longitudes  of  these  courses  are  K,  K,  Z.,  £., 
P,  P.  Q.  Q. 
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The  double  lonfrltude  of  a  line  is,  as  the  name  implies, 
twice  the  lons:itude  of  the  line. 

19.  As:ain  referring:  to  Fig.  6,  it  will  be  noticed  that, 
since  B  Bi  Ci  C  is  a  trapezoid,  and  LiL  bisects  BC  and  is 
parallel  to  d  C  and  Bi  B,  we  have 

r      r    _   Bi  B  •{'  Ci  C 

^•^ 2 

and,  therefore,         2  L^L  =  B^B  -{-  CxC 
That   is,  the  double   longitude   of  ^C  is   equal  to  the 

sum  of  the  longitudes 
of  its  extremities.  The 
same  principle  evidently 
applies  to  all  other 
courses. 

Let    the    longitude 
ranges  of   the  courses 
AB,  BC,  CD,  etc.  be 
^'^ denoted,  respectively, 
by  gx,  ^.,  ^.,  etc.,  their 
double    longitudes    by 
Mx,  J/,,   yl/„   etc.,   and 
the    longitudes    of    the 
corners  B,  C,  D,  etc. 
by   ;;/,  w,  ;«„   etc.     The 
numbers  on  the  corners 
will  serve  to  make  this 
notation  clear  and  easily 
remembered. 

Taking    the    course 
DEy  the  longitudes  of 

whose  ends  are  w,  and  w*,  and  whose  longitude  range  is  ^«, 

we  have  (see  Art.  17) 

Likewise,  ;«,  =  /;/.  H-^, 

Adding  these  two  equations, 

But  fn»  4-  W4  is  the  double  longitude  Af^  of  DJS,  and  m. 
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|»  m,  is  the  double  longitude  Af,  of  CD.     Substituting  these 
Hues  in  the  preceding  equation,  the  result  is 
Jtf.  =  Af. +£.+£■. 
As  DE  is  any  course,  this  formula  may  be  stated  in  words 
thus: 

The  double  longitude  of  any  course  U  equal  to  the  double  longi' 
tude  of  the  prtcedhtg  course,  plus  the  longitude  range  of  the 
preceding  course,  plus  the  longitude  range  of  the  course  considered. 
This  principle  affords  a  very  simple  method  of  computing 
the  double  longitudes  of  the  courses.  The  double  longitude 
of  the  first  course  /I  B  is  obviously  equal  to  the  longitude 
range  B,  B,  or  g„  of  that  course.  The  other  double  longi- 
tudes can  be  calculated  by  arranging  the  work  in  the  general 
manner  indicated  below  (D.Long,  stands  ioi  double  longitude)  % 
g,  =  D.  Long.  olAB 

+^ 
M,  =  D.  Long.  olBC 

+^. 

M,  =  D.  Long,  of  CD 

+1. 

M.  =  D.  Long,  of  DS 

XI 

M.  =  D.  Long.of£^(=  -g.) 
e  additions  are,  as  usual,  performed  algebraically.     As 
a  check,  the  double  longitude  of  the  last  course  must  be 
equal  to  the  longitude  range  of  that  course.* 

*Tbe  reason  for  this  is  that,  to  obtain  At,,  all  (he  longittide  rftDges 
are  added  twice,  except  the  last;  that  is. 

M,  =  V.  +  %.  +  V.  +  ?r.  +r. 

By  adding  and  sabtractlDgf..  this  may  be  written 

As  the  quaotity  in  parentheses  is  the  algebraic  sum  of  the  adjusted 
lonitilude  ranges,  it  is  equal  to  zero  (An.  12),  and  therefore  M,  ia 
eqoal  to  — f  >. 
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EzAMPLS. — Find  the  doable  loogitiides 
field  from  the  f ollowio^  Dotes,  the 
the  most  westerly  comer  Az 


of  Cbe  Goofies  of  a  fiv«. 
fcfweucc  meridian  paaiqg 


c_ 

FmC 

E.+ 

w.- 

CD 
DE 
EA 

973 
Mi 

MS 

79 
10.17 

SoLCTTON. — Denoting  the  longitude  ranges  of  AB^  BC,  titt, 
by^i.^a,  etc.,  and  arranging  the  work  as  indicated  in  this  article, 
we  have: 

^,  =  9.7  3  =  D.  Long.  otAB 

g^  =  9.7  3 

g.  =  8.4  1 


2  7.8  7  =  D.  Long,  of  ^C 
8.4  1 
-      7.18 


^.  

2  9.1  0  »  D.  Long,  of  CD 
^.  =  -     7.1  8 
g^  =  .7  9 

2  1.13  =  D.  Long,  of  Z>^ 

^«  =  -        .7  9 
g^  =  -  1  0.1  7 

1  O.I  7  =  D.  Long,  of  EA 
=  -(-10.17)=  -^.. 

In  adding  several  numbers  having  different  signs,  those 
having  one  sign  are  added  first,  then  those  having  the 
opposite  sign,  and  then  the  two  results  are  combined  by 
algebraic  addition. 


§13 


COMPASS  SURVEYING 


EXAMPLE    FOR    PRACTICE 


^f  Verify  the  values  of  the  double  longitudes  given  in  the  following 
tsble.  tbe  refereuce  meridian  passing  through  A: 


CODtMl 

PmI 

F»l 

AB 

4-     734-5 

+    7=4'S 

BC 

-l.ooa.o 

+    447.0 

CD 

-1,276.0 

-.,831.0 

DE 

-    3735 

-3.479.5 

EF 

+4.431.0 

+    579-0 

FA 

-2.505.0 

+1,505.0 

,    Genei^l   Rule. — Let  SN.   Fig.  7,  be  a  reference 

meridian  passing  through  the 

most  westerly  corner  of  the 

field  ABCDE.     The    lines 

BB„    CC    KK.,    etc.    arc 

perpendicular   to  SN.     The 

courses  are  supposed  to  have 

been  run  in  the  order  of  the 

letters;  that  is.  from  A  to  B, 

then  to  C,  and  so  on.     Their 

latitude    ranges    are    there- 
fore  equal,    respectively,    to 

-AB..BX,,  CD,,  -D.E.. 

and  ~E,A.      The    middle 

point    of  D  E  being  A",   the 

length  of  A* A",  is  the  longi- 
tude of  DE. 
The   area  of  ABCDE  A 

is    obviously    equal    to    the  g 

sum  of  the  areas  of  the  trape- 
zoids BCC.B.  and  CD  D,  C. 

minus  the  sum  of  the  tri- 
ples yiZf^,  and  f.-ij5,,  and 
i  trapezoid  D  E£,  D^.    The  area  of  the  latter  trapezoid  is 


equal  to  A*,  A"  X  D,  E,;  or.  dtsresarding  sig:ns,  equal  lo  the 
longitude  oi  D  F  multiplied  by  the  latitude  range  of  the  same 
course.  It  is  easy  to  see  that  the  same  rule  applies  to  e^-er^ 
other  trapezoid,  such  as  B  CC.Ii,,  and  to  the  triangles  ^^fl, 
and  £".-/£",.  The  area  of  A  B  B^,  for  instance,  is  equal  to 
the  altitude  ,f4^,  (=  latitude  range)  multiplied  by  »  B,B 
(=  longitude  of  A  B). 

If  the  area  of  the  field  is  denoted  by  5.  and  the  double 
longitudes  of  AB,  B  C,  etc.  by  Af„M„  etc.,  the  longitudes 
of  these  courses  will  be  ---,  --'.  etc.,  and  we  shall  have, 
5  =  BCC,B,-i-CDDX.-ABB,-EAE,-DEE,D, 

=  5.C.  xf-+  CA  X^^^-AB.X^'-E,Ax^ 

=  i(5.  C  X  M  +  C,  D,XM,-  AB.xM.-  E,A-X.  M, 
-D.EXM.) 

As  B.C..  C.D.,  -AB,.  -E.A,  etc.  are  the  latitude 
ranges  of  the  courses,  the  quantity  in  parentheses  is  the  alge- 
braic sura  of  the  products  obtained  by  multiplying  the  lati- 
tude range  of  each  course  by  the  double  longitude  of  thafc^ 
course;  hence  the  following  general  method  for  detennioiDri 
the  area  of  a  iield: 

Rule. — Multiply  the  latitude  range  of  each  course  by  tit 
double  longitude  of  the  course,  givittg  to  the  product  its  pn 
sign,  according  to  the  signs  ol  the  factors.  Add  these  produelA 
algebraically,  and  divide  the  sum  by  2. 

The  products  just  referred  to  arc  called  double  arei 
as  each  represents  twice  the  area  of  a  trapezoid  or  a  triangh 
Thus,  the  product  A  B,  X  M.  represents  twice  the  area  of 
triangle  ABB,. 

The  sign  of  the  final  result  may  be  negative;  but,  as  it 
simply  indicates  the  relative  positions  of  the  positive  and 
negative  areas,  it  may  be  disregarded,  and  the  arithmetical 
difference  taken  between  the  sum  of  the  positive  and  that  ol 
the  negative  products,  subtracting  the  smaller  from  the  larger/^ 
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21.  ArranRement  or  the  Work. — The  work  is  con- 
veniently arranged  as  in  Ihe  table  given  below,  which  refers 
to  a  six-sided  field,  the  reference  meridian  passing  through 
the  most  westerly  corner  A. 


COOTMI 

CliatDi 

Double 

LODBllDdai 

LaHiodc 
Rmiwei 

Double  Art» 

+ 

AB 
BC 
CD 
DE 
EF 
FA 

+174 
+63.3 
+  13.1 
-33.1 

-20.5 

+  37.4 
+  I1B.0 
+  194-3 

+  174.3 
+  91.1 

+  ao,5 

+87.9 

-.3.8 
-37.S 
-33-3 
+34.1 

+43.3 

745.38 

3,195.51 

887.65 

3,8oS.40 
7,386.85 
5.804,19 

I^Url 


3)13,070,40 

S  =  6,03S,ao 
=    603,53  A. 

The   double   longitudes   are   calculated   as   explained    in 
19.     Each  double  longitude  is  multiplied  by  the  lati- 
tude range  on  the  right  of  it  and  the  product  placed  in  the 
double-area  column  under  the  proper  sign. 

22.  Position  of  the  Reference  Meridian. — In  calcu- 
lating areas,  it  is  not  necessary  to  take  the  meridian  through 
the  most  westerly  corner.  The  double  longitudes  may  be 
computed  from  any  corner,  provided  that  they  are  given  their 
proper  signs,  and  that  the  signs  of  the  double  areas  are  given 
their  algebraic  significance  according  to  the  signs  of  the 
double  longitudes  and  of  the  latitudes.  The  advantage  of 
passing  the  meridian'  through  Ihe  most  westerly  ( 
that  Ihe  double  longitudes  are  all  positive. 
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-e*  of  tbe  Reld  to  which  the  folloiriii;  DOt< 


CwnM 

LuimiB  Raocu 

UwcttHhill 

Peel 

P«t 

AB 

-3.343-0 

+    «3 

BC 

-3.416.0 

+».S4' 

CD 

+     876-5 

-1.96. 

DE 

-     674-S 

-».87 

EA 

+S.SS70 

+9.»6 

PtATTLNG  BY  IiATITUBEB  AND  lANG 
23.  I^atltades  of  Corners. — If  a  reference  p 
latilade  is  passed  through  any  comer  of  a  field,  the 
of  all  the  corners,  with  respect  to  that  parallel,  s 
mined  by  the  same  general  rule  used  for  the  deiei 
of  the  longitudes  of  the  corners  (Art.  19);  that  is, 
ing  at  the  comer  through  which  the  parallel  pa 
courses  are  taken  in  the  order  in  which  they  were 
latitude  of  the  end  of  the  first  course  is  equal  to  thi 
range  of  that  course;  the  latitude  of  the  end  of  th 
course  is  equal  to  the  latitude  of  the  end  of  the  fir 
plus  the  latitude  range  of  the  second  course;  and.  in 
the  latitude  of  the  end  of  any  course  is  equal  to  lh< 
of  the  beginning  of  the  course  plus  the  latitude  ran 
course.  Usually,  the  reference  meridian  and  the  i 
parallel  of  latitude  are  passed  through  the  same  coi 
EXAWPLB.— To  determine  the  latitudes  and  longitadeB  i 
ners  of  the  field  to  which  the  folloning  notes  refer,  tbe 
meridian  and  parallel  passing  through  the  corner  A\ 


Latitude  Ruse* 


Lantrltmlii : 


AB 

+  48. 17 

BC 

+  17.66 

CD 

-  30.»S 

DE 

—  106,67 

EF 

+  96.49 

FA 

-   »5-50 
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BOLOTION.— The  operationa  and  results  are  indicated  by  rhe  follow 
g  arraagemeut  (Lat.  stands  for  latitude  and  R.  for  range): 

Latitddbb 

Lat 
Lat 

.  R.  ol  AB 
.K.otBC 

=  + 
=  + 

4  8.2  7 
17-6  6 

=  Ut. 

otB 

Lat, 

.  R 

olCD 

+ 

6&.9  3 
3  0.2  5 

»=  Lat. 

ate 

Lat. 

R. 

otDE 

+ 

3  5.6  8 
1  0  6.6  7 

=  Lat.. 

atD 

Lai. 

R 

otEF 

=  + 

7  0.9  9 
9  6.4  9 

=  Lat.  . 

olE 

Lat. 

R. 

oiFA 

+ 

2  5.6  0 

2  5,5  0 
0  0-0  0 

=  Lat.  < 

=  Lat.  1 

^tF 
:,iA 

LONCmjDES 

1                 Long. 
1                  Long. 

R. 
R. 

oiAB 
otBC 

4  1.7  3  = 
3  7.18 

=  Long 

.otB 

t«ng. 

R. 

otCD 

7  8.9  1  ■ 
14.9  2 

=  Long 

.  of  C 

Long. 

R. 

olDE 

-     9  3.8  3  = 
=  +12M7 

=  Long 

.oiD 

Long. 

R. 

olEF 

+ 

=  + 

2  7.3  4  =  Long 
7  5.8  5 

.otE 

1 

Long. 

R. 

at  FA 

+  103.1  9  = 
=  -103.1  B 

=  Long 

.  ot  F 

0  0  0.0  0  =  Long,  of  ^ 
I  It  will  be  observed  that  both  the  latitude  and  longitude 
t  A,  as  calculated  from  the  preceding  latitudes  and  longi- 
tudes, should  be  zero.  This  is  a  check  on  the  calculations. 
24.  Application  to  Platting.— Having  computed  the 
latitudes  and  longitudes  of  the  different  courses,  a  plat  of 
the  field  is  very  conveniently  made  as  follows: 

Draw  a  light  pencil  line  SN,  Fig.  8,  to  represent  the 
reference  meridian,  in  such  position  that  the  plat  will  be 
as  nearly  in  the  center  of  the  sheet  as  can  be  estimated  from 
an  inspection  of  the  notes,  or  from  a  rough  sketch  previously 
made.  On  this  meridian,  mark  the  corner  A  from  which 
latitudes  and  lonEimdes  are  reckoned;  that  is,  through  which 
the  refereuce  parallel  of  latitude  is  supposed  to  pass.     Prom 
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Af  lay  o£E  on  5*^  distances  ABi,  A  C,  etc.  equal  to  the  lati- 
tudes of  By  C  etc.,  upwards,  if  the  latitudes  are  positive; 
downwards,  if  they  are  negative.  Through  the  points  B^y  C„ 
etc.,  draw  light  pencil  lines  B^B'y  CC,  etc.  perpendicular 
to  SNy  and  on  them  lay  off  distances  BxBy  C  C  etc.  equal 
to  the  longitudes  of  the  corners:  to  the  right  for  positive 
longitudes,  and  to  the  left  for  negative  longitudes.    The 


polygon  A  B  CDEFA  formed  by  joining  the  points  Ay  By  C, 
etc.  is  the  required  plat  of  the  field. 

The  reference  meridian  and  parallel  are  often  passed 
through  the  most  westerly  corner  of  the  field.  When,  how- 
ever, the  field  extends  a  great  distance  east  and  west,  and 
the  scale  is  large,  it  is  preferable  to  pass  the  reference  lines 
through  a  corner  about  half  way  between  the  most  westerly 
and  the  most  easterly,  as  illustrated  in  Fig.  8, 
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VARIATION    OF  THE   NEEDLE 

p5.  Declination  of  the  Needle. — It  has  been  stated 
t  the  magDetic  meridian  is  the  direction  of  the  magnetic 
die,  tbat  the  true  meridian  is  a  true  north-and-south  line, 

1  that  these  two  meridians  do  not  coiacide  except  in  a  few 

»]ities.     The  angle  that  the  magnetic  meridian  forms  with 

S  true  meridian,  or,  what  is  the  same  thing,  the  angle  that 

s  magnetic  needle  makes  with  a  true  north-and-south  line, 
tcalled  the  tleclluatlon  of  the  needle.    Instating  y  j/ 

ft  declination  of  the  needle  from  the  true  merid- 
,  the  north  end  of   the  needie  is  referred   to, 
the  declination  is   said   to   be  east  or  west 
Kording    as    the    north    end    of   the    needle    is 

iflected  to  the  right  (east)  or  to  the  left  (west) 
of  the  true  meridian. 

In  Fig.  9,  let  A'5be  the  tme  meridian  for  any 
given  place,  and  JV' S'  the  magnetic  meridian. 
The  angle  NAN'  is  the  declination  of  the  needle 
for  that  place;  it  is  shown  as  east  declination. 
Usually,  the  direction  of  the  magnetic  north  is 
indicated  by  half  an  arrowhead  on  one  end  of  a 
line  representing  the  magnetic  meridian,  while  the  '"'"^ 
true  nortli  is  indicated  by  a  full  arrowhead,  as  shown  in  Fig.  9. 

The  declination  of  the  needle  has  different  values  in  dif- 
ferent localities,  and  also  varies  from  year  to  year  in  a  given 
locality.  The  differences  in  the  values  of  the  declination 
for  different  localities  are  not  regular  nor  conslanf,  though 
In  a  general  way  they  follow  a  more  or  less  regular  system. 

The  declination  of  the  needle  in  any  locality  is  ascertained 
by  taking  the  magnetic  bearing  of  a  line  whose  true  bearing 
is  known.  The  difference  between  the  two  bearings  is 
the  declination. 

In  nearly  all  large  cities,  the  direction  of  the  true  meridian 
is  established  by  astronomical  methods,  and  a  line  having 
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that  direction,  to  be  used  for  reference,  is  marked  by  pe^ 
maneat  monuments.  The  magnetic  bearing  o£  such  line, 
taken  at  any  time,  gives  the  declination  at  that  time. 

The  true  meridian  can  be  determined  by  astronomical 
observations  with  the  compass;  but  the  methods  are  too 
cumbersome  and  crude.  The  instrument  that  the  surveyor 
should  use  for  that  purpose  is  the  transit,  in  a  manuer  to  be 
explained  in  another  Section  of  this  Course. 

26.  On  account  of  its  many  imperfections,  the  compasi 
is  not  now  used  for  any  important  final  surveys.  In  casei 
surveyor  has  to  employ  it  for  a  final  survey,  as  that  of  a  farm 
to  be  sold,  and  he  does  not  know  the  declination  at  the  place, 
the  best  thing  for  him  to  do  is  to  set  permanent  marks  oa 
one  of  the  lines  of  the  survey,  and  describe  those  marks  in 
his  notes.  Later  the  true  bearing  of  the  line  can  be  dctei^ 
mined,  and  this  will  give  the  declination  at  the  time  thu 
survey  was  made;  or.  if  the  lines  are  to  be  rerun  with  a 
compass,  the  difference  between  the  magnetic  bearing  of  tha 
line,  as  originally  recorded,  and  the  new  bearing  will  give 
the  change  in  the  declination  during  the  interval,  which  is* 
correction  to  be  applied  to  all  the  bearings.  The  importaat' 
thing  that  the  surveyor  should  keep  in  mind  is  that  the  posi- 
tions and  directions  of  the  lines  of  a  permanent  survey  must 
be  so  determined  that  there  shall  be  no  difficulty  in  rerunning 
them  at  any  time;  and  that,  on  account  of  the  changes  in  the 
direction  of  the  magnetic  needle,  that  end  cannot  be  attained 
by  simply  stating  the  magnetic  bearings  of  the  lines  at  i 
certain  time, 

27.  IsoRonlc  ami  Adonic  Lines, — A  line  connectinB 
all  points  where  the  declination  of  the  needle  is  the  same  la 
called  an  IsokouIc  line.  An  aKonle  line  is  a  line  con- 
necting a!)  points  where  the  declination  is  zero;  that  is,  wherS 
the  needle  points  in  a  true  north-and-soulh  direction.  Bodi 
isogenic  and  agonic  tines  are  extremely  irregular,  and  keep 
changing  their  positions  almost  constantly.  Charts  showing, 
these  lines  are  published  for  different  years  by  the  United 
States  Coast  and  Geodetic  Survey,     Outside  of  the  agonia 
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line,  the  north  end  of  the  needle  inclines  toward  that  line;  in 
other  words,  the  declination  at  any  place  is  east  or  west 
according  as  the  place  is  west  or  east  of  the  agonic  line. 

28.  Secular  Vnrlotlon. — The  declination  of  the  mag- 
netic needle  is  not  only  different  in  different  localities  on  the 
earth's  surface,  but  in  a  given  locaiity  it  undergoes  gradual 
change.  This  change  in  the  declination  of  the  needle  during 
any  given  period  of  time  is  now  commonly  called  the  varia- 
tion of  the  needle,  although  the  term  variation  was  formerly, 
and  is  still  sometimes,  applied  to  the  declination.  There  is 
a  genera)  variation  of  the  needle  that  seems  to  be  of  a  periodic 
character;  that  is,  it  is  progressive  or  continues  in  the  same 
direction  through  a  long  period — over  a  century — at  the  end 
of  which,  movement  in  the  opposite  direction  begins.  This 
variation  in  the  declination  of  the  needle  is  called  spciilar 
variation,  and  the  change  in  the  direction  of  the  variation 
is  called  the  secular  change. 

29.  The  Yearly  Change. — In  the  United  States,  at  the 
present  time  (1906),  the  agonic  line  is  moving  slowly  west- 
wards; in  localities  east  of  this  line  the  west  declination  is 
increasing,  and  in  localities  west  of  it  the  east  declination 
is  diminishing.  The  change  in  the  declination  is  not  at  all 
uniform,  however,  but  differs  in  different  localities  and  at 
different  times  in  a  given  locality.  Its  values  in  the  United 
States  vary  between  1  and  5  or  6  minutes  per  year. 

The  amount  of  the  yearly  variation,  as  observed  at  differ- 
ent points  in  the  United  States,  is  written  on  the  isogenic 
chart  published  by  the  Coast  and  Geodetic  Survey.  It  is 
expressed  in  minutes  and  tenths  of  a  minute  per  year. 
These  values  for  the  yearly  variation  of  the  needle  are 
approximately  correct  for  a  number  of  years  following  the 
date  for  which  the  chart  is  constructed,  and  may  be  used  for 
obtaining  roughly  approximate  values  of  the  declination  in 
future  years. 

30.  Dally  Variation  of  the  Needle. — The  needle  has 
also  a  quite  regular  daily  change,  commonly  called  the  dlnr- 
nal  variation.     It  swings  daily  through  an  arc  that,  in  the 
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northern  part  of  the  United  Slates,  varies  from  about  5  min- 
utes in  winter  to  about  II  minutes  in  summer.  The  north 
end  of  the  needle  reaches  its  extreme  eastern  position  about 
8  A.  M.  It  then  moves  westwards  and  reaches  its  exlreme 
western  position  about  1:30  p.  m.,  when  it  begins  to  move 
eastwards  again.  It  has  its  mean  position,  or  position  giving 
the  true  declination,  about  10:30  A.  M.  and  between  7  and 


The  amount  of  the  change  and  the  times  of  the  extreme 
positions  differ  somewhat  in  different  localities  and  are  also 
subject  to  a  more  or  less  systematic  change  during  the  year,; 
The  deviations  of  the  needle  from  its  mean  daily  positioOf 
for  different  hours  during  the  day,  are  given  in  the  follow 
ing  table;  ihey  are  expressed  in  minutes. 

Two  sets  of  figures  are  given,  designated  as  for  northen 
localities  and  southern  localities,  respectively.  The  fonne( 
apply  to  latitudes  between  about  37°  and  49°  north,  and  thl 
latter  to  latitudes  between  about  25°  and  37°  north. 

31.  To  Reilneo  an  Observed  BenrlnfC  to  the  DaUj 
Mean. — The  daily  variation  of  the  needle  is  so  small  that  ti 
the  ordinary  work  of  the  surveyor  it  may  be  neglected 
entirely.  When  determining  the  declination  of  the  needl^ 
however,  by  directing  the  line  of  sight  of  the  compass  a1on| 
a  true  meridian  that  has  been  established,  if  the  observation 
is  not  made  about  10:30  A.  M..  when  the  needle  has  its  r. 
position  for  the  day,  it  is  well  to  reduce  the  declinatic 
observed  to  its  mean  value  for  the  day.  A  bearing  observed 
at  any  hour  may  be  reduced  to  its  mean  value  for  the  day  by 
means  of  the  table  given  on  the  opposite  page,  which  con- 
tains the  corrections  to  be  applied  to  any  observed  bearing, 
in  order  to  reduce  it  to  the  mean  bearing.  The  way  in  which 
these  corrections  are  applied  is  the  same,  in  principle,  as 
that  employed  for  reducing  magnetic  to  true  bearings,  or  ■ 
vice  versa,  which  will  presently  be  explained. 

32.  Magnotic  distnrbaoeea  affecting  the  direction  o 
the  magnetic  needle  may  occur  at  any  time  and  cannot  I 
predicted.     When  of  considerable  amount  and  large  extent 
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tbej  are  known  as  msgnetlc  storms.  Their  presence  is 
gKaerallj  indicated  by  rapid  and  apparently  aimless  lluctaa- 
6ons  of  the  needle.  Tbey  caose  deflections  of  the  ated\t 
that  often  amotmt  to  i  desree,  and  oocasiocaliy  to  i  anil 
even  1  degree.  The  compass  shoold  not  be  nsed  during  a 
magnetic  storm,  as  its  indications  are  then  uncertain  and 
anreliable. 


33.  To  CbAD^e  the  Bearing  of  a  Line  Prom  Hag. 
netic  lo  True  or  Vice  Versa. — When  the  declination  of 
the  needle  is  known,  the  tme  bearing  of  a  line  can  be  very 
easilf  determined  from  its  magnetic  bearing  and  vice  versa. 


J»  r 


'  In  a  great  many  cases  one  can  picture 
in  one's  mind  the  relative  positions  ol 
the  true  and  the  magnetic  mendian, 
and  of  the  line  whose  bearing  is  to  be 
changed  either  from  magnetic  to  true 
or  from  true  to  magnetic.  Thus,  if  ibe 
declination  of  the  needle  is  2°  east, 
and  the  magnetic  bearing  of  a  line  is 
N  4.3*  OCy  E,  it  is  easy  to  see  that  the 
true  bearing  of  the  line  is  N  46°  (Xf  B, 
since  the  line  is  43°  east  of  the  magnetic 
north,  and  the  latter  is  2°  east  of  the 
true  north.  Usually,  however,  it  Is 
better  to  make  a  sketch,  from  whidi 
the  change  from  one  bearing  to  another  can  be  readily  made 
without  any  danger  of  confusion  or  e 

Suppose,  for  example,  that  it  is  required  to  find  the  true 
bearing  of  a  line  whose  magnetic  bearing  is  S  89'  15*  W,  tht 
declination  being  2^  18'  east.  In  Fig.  10.  the  true  and  the 
magnetic  meridian  are  shown  by  the  lines  5  A'  and  5*  A", 
respectively,  the  magnetic  north  being  2"  18'  east  of  llM 
true  north.  The  given  line  is  represented  by  O.-t,  making 
an  angle  of  89°  15'  with  OS".  It  is  evident,  from  the  figure,' 
that  the  angle  that  the  line  makes  with  the  true  meridian, 
or  the  angle  .4  OS,  is  equal  to  the  sum  of  the  angles  W  OS^. 
and  S'  OS,  or  89°  I^  +  2">  IS*  =  91°  S3f.     Since  this  angle 
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^.greater  than  90°  and  bearings  are  not  reckoned  above  90°, 
B  tme  bearing  is  northwest  and  is  equal  to  the  angle  A'O^. 
le  angle  NO  A  is  equal  to  IJ^O"  minus  the  angle  A  OS, 
r  180"  -  91"  33'  =  88°  27'.  The  true  bearing  of  the  line 
^A  is,  therefore,  N  88°  27'  VV. 

f  34.     Declination    Vernier. — In  some   compasses,   the 

me  passing  through  the  zeros  of  the  needle  circle  has  not 

I  fixed  position  coinciding  permanently  with  the  line  of  the 

Bghts.  but  can  be  turned  about  the  center  of  the  instrument 

irough  any  required  small  angle  to  either  side  of  tbe  line 

E  sight,  the  amount  of  the  deviation  being  measured  by  a 

IBduated  arc  attached  to  tbe  needle  circle  that  turns-along 

I  graduated  arc  or  limb  fixed  to  the  main  plate  of  the  com- 

By  means  of  this  device,  called  variously  a  decllna- 

vernler,  doclluatlon  arc,  and  Tarlallun  arc-,   the 

>f  zeros  can  be  set  at  an  angle  with  the  line  of  the 

Igbts  equal  to  the  declination  of  the  needle  at  any  given 

^lace  and  time,  so  that  tbe  needle  will  read  zero  when  the 

compass  is  sighted  on  a  true  nortb-and -south  line.     This 

makes  it  unnecessary  to    allow   for  the   declination  of   the 

needle  in  reading  the  compass,  saving  both  the  trouble  of 

doing  it  and  the  liability  to  error. 

EXAMPLES    FOR    PBACTICE 

1.     The  declinalion  being  3°  20' west,  what  isthe  true  bearing  of  a  liae 
whose  magnetic  bearing  is:   (o)  N  28°  65'  W>  {b)  S  37'  Iff  Wf 

Ans  /!")   N32''15'W 
■^°*-lii)   S  .'WSO'  W 

3.  When  tbe  declination  is  5°  Sff  east,  what  Is  the  true  bearing  of  a 

line  whose  magaetic  bearing  is:  (a)  S  IZ'  Sty  Ef  (b)  N  27°  55'  E? 

L  Ans/f"!   S6°5tfE 

fc  Ana.^j^j  N33''25'E 

K  8-    The  magnetic  bearing  of  a  line  is  N  2"  SV  E;  tbe  decEination  is 
If^  SS'  nest;  what  is  the  true  bearing  of  the  line?  Ans.  N  1°  55'  W 

4.  The  declination  being  5"  20"  east,  what  ii 
Ihie  whose  magnetic  bearing  is  N  86°  ib'  E? 

fi.  Id  a  norihem  locality,  the  bearing  of  a  line  as  observed  during 
t  month  of  July,  a(  3  v.  u.,  is  N  48°  21'  E;  reduce  the  bearing  lo  its 
)r  mean  value.  Ana.  N  48°  16'  E 


■»•  »■<»•« 


^iiff^t    t    .:*  '^su!.ujrr  Ans.  S  15^  2 


:x  .attr.stfte-   If^  :.-.«'*7i   i   "rtrrrtra  jk- T  iiP  ST  If:  se&kb  the  imznq 
a  r::AU-7  -T^tir  'ausi:.  .^oSk.  S  •Ml''  31 


TRANSIT  SURVEYING 

(PART  1) 
THE  TRANSIT 


OENERAI.  DEBCBIPTION 

1.  Tho  Engineers'  Transit.— The  instrument  that  is 
now  used  most  extensively  in  surveying  is  called  the  eugl- 
neei-s',  or  surveyors',  transit.  It  combines  to  aa 
unusual  degree  Ihe  features  of  accuracy  and  convenience. 
It  generally  has  a  magnetic  needle  and  a  graduated  needle 
circle,  and  can,  therefore,  be  used  as  an  ordinary  compass. 
In  the  transit,  however,  the  line  of  sight,  instead  of  being 
given  by  a  pair  of  sights,  is  defined  by  the  axis  of  a  telescope. 
The  transit  is  primarily  intended  for  measuring  angles  io 
a  horizontal  plane  independently  of  the  needle,  but  some 
transits  have  also  a  vertical  circle  or  arc  for  measuring 
angles  in  a  vertical  plane.  Usually,  transits  are  so  graduated 
that  they  measure  angles,  or  "read,"  to  the  nearest  minute; 
but  there  are  some  that  read  to  the  nearest  30,  20,  or  even 
10  seconds;  while  in  geodetic  work,  improved  transits  are 
used  by  which  an  angle  can  be  measured  lo  the  nearest 
second. 

2.  The  telescope  T.  Fig.  I,  revolves  in  a  vertical  plane 
on  the  axis  a,  which  is  called  the  axis  or  revolution,  or 
trniisverse  axis,  of  the  telescope,  and  is  supported  by  the   . 
stnndards  D.     These  are  attached  to  the  upper  plate, 
vernier  plat«,  U,  to  which  is  also  attached  one  of  the  small 
plate  levels  /.      Another  plate  level  /'  is  attached  to  the 
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vernier  plate,  as  shown  in  Pig.  2,  or  to  one  pair  of  stn 
ards,  as  shown  in  Fig.  1.     The  nbjcct  ^liis».  or  objeedi 
lens,  of  the  telescope  is  at  c;  it  is  protected  from  the 
rays  of  the  sun  by  the  suusbade  d,  aad  is  focused  b; 


milled  thumb  wheel  b.  which  is  here  sliown  on  top 
the  telescope,  though  it  is  commonly  placed  on  tbe  risl 
hand  side. 

3.     A  spirit  level  /.  is  Eittached  to  tbe  telescope  looj 
tudinally.     This  consists   of  a  ^lass   tube,  curved   sUicbt] 
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(iwards,  and  nearly  filled  with  alcohol  or  a  mixture  of 
alcohol  and  ether,  the  rest  of  the  space  inside  being  occupied 
by  a  small  air  bubble,  called  the  level  bubble.  The  tube 
is  protected  by  a  brass  case  having  an  opening  in  the  top, 
through  which  the  bubble  can  be  seen.  In  order  that  the 
position  o£  the  bubble  can  be  distinguished  accurately, 
graduations  are  marked  either  on  the  top  of  the  glass  lube 
or  on  a  small  brass  scale  placed  just  above  the  opening. 
When  a  level  bubble  is  in  the  center  of  its  tube,  as  shown  by 
the  graduations,  it  is  said  to  be  cenlereil.  Each  end  of  the 
brass  case  is  attached  to  the  telescope  lube  by  means  of  a 
small  siud,  as  shown  at  li,  and  can  be  raised  or  lowered  by 
means  of  two  capstan-head  nuts  that  screw  on  the  stud.  This 
level  is  often  called  the  attncbcd  level. 

4.     The  graduated  arc    I',  called  the  vertical  limb,  or 

vertical  arc,  and  the  vernier  i'',  are  for  measuring  vertical 

angles.     The   telescope  can   be  clamped   and   held    at   any 

inclination  to  its  axis  of  revolution  by  means  of  the  clanip 

scre^v  F;    it  can  then  be   turned    slowly  on  that  axis  by 

means  of  the  tangeut  screw  g,  to  which  is  attached  a 

circular  scale  called  a  n^'adlciiter.     In  some  transits,  the 

vertical  arc  is  attached  rigidly  to  the  transverse  axis  of  the 

telescope,  as  shown  in  Fig.  1,  while  in  others  it  connects  by 

a  joint  that  allows  it  tb  turn  freely  on  that  axis.     This  joint, 

bowever,  can  be  clamped  by  means  of  a  clamp  screw  similar 

to   that  shown  at  F\  and  then  it  turns  with  the  telescope. 

The  vernier  v'.  by  which  the  vertical  arc  is  read,  is  attached 

to  the  standards,  and  in  some  transits  is  made  adjustable,  so 

that  its  zero  mark  can  readily  be  made   to  coincide  with 

the  Eero"  mark  of  the  vertical   limb  when   the  telescope  is 

perfectly   horizontal.     In  some   transits  the  vertical  arc  is 

attached  to  one  pair  of  standards,   and  its  vernier  to  the 

transverse  axis  of  the  telescope. 

6.    A  plain  transit.  Pig.  2,  is  one  that  has  no  vertical 
I    Itinb  nor  attached  level.     The  transit  here  illustrated  is  of 
iSerent  make,  and  consequently  of  somewhat  different 
1  from  that  shown  in  Fig.  1.     Corresponding  parts  are 
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leOcfs  in  ooch  ficvOt  tbu  tl 


6.    The  Plate«. — All  tnrasits  turn  two  o 
rotatiae   indepcadeadr  oa  ibc  : 


iBBtnmeol  is  vertical.  Aese  plates  ratue  n 

[itiiHi      Tbe  lower  of  tbe  two  pbtea  carries  a  cradaated  code 

called  Itae  korisoatal  limb,  or  boirlaofi  dKte. 
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the  upper  or  vernier  plate,  which  rotates  within  and  above 
the  other,  are  attached  two  verniers,  which  travel  along  the 
graduated  circle  of  the  lower  plale.  By  means  of  these 
plates,  carrying,  respectively,  the  graduated  circle  and  the 
verniers,  horizontal  angles  are  measured.  The  graduated 
circle  is  entirely  covered  and  concealed  by  the  upper  plate, 
except  at  two  small  openings  where  the  verniers  are  attached 
to  the  upper  plate.  Through  each  opening,  which  is  pro- 
tected by  glass,  can  be  seen  the  vernier  and  a  short  arc  of 
the  graduated  circle.  The  opening  through  which  one  ver- 
nier is  read  is  shown  at  v.  Fig.  2;  the  other  is  diametrically 
opposite.  The  verniers  are  usually  distinguished  by  marking 
one  --/  and  the  other  B.  The  vernier  plate  can  be  clamped 
firmly  to  the  lower  plate  by  means  of  the  clamp  screw  A', 
called  the  upper  clauip,  or  veraler  clamp;  and  by  means 
of  the  screw  I,  called  the  upper  taunr^nt  si-rew,  it  can  be 
revolved  slowly  on  the  lower  plate,  moving  the  vernier  along 
the  divided  circle,  so  that  the  instrument  can  easily  be  set  at 
any  given  angle.  In  order  to  prevent  any  lost  motion,  the 
tangent  screw  operates  against  the  opposing  spring  s. 

At  C  is  shown  the  compass  circle,  or  needle  circle, 
which  is  attached  to  the  upper  plate.  The  needle-lifting 
screw  is  showo  at  n.     These  are  the  same  as  in  a  compass, 

7.  The  Centers. — The  upper  plate  [/,  Fig.  3,  is  attached 
to  an  accurately  turned  and  slightly  conical  axis  or  spindle  Q 
that  extends  down  nearly  to  the  tripod  head.  In  transits  of 
the  most  modem  construction,  this  axis  revolves  within  a 
socket  that  is  controlled  by  the  Icvellug  screws  SS  and 
about  the  upper  portion  of  which  revolves  a  socket  that 
extends  down  from  the  lower  plate,  forming  what  is  called  a 
compound  center.  The  centers,  which  control  the  entire 
iostninient  above  the  leveling  screws,  can  be  clamped 
against  rotation  by  means  of  the  clamp  screw  A"',  and  the 
instrument  can  then  be  revolved  slowly  by  means  of  the 
tangent  screw  i".  This  clamp  screw  is  called  variously 
tbe  low^er  clamp,  clamp  to  the  centers,  or  clamp  to 
fc)ie  lovrer  plate,  and  the  tangent  screw  is  designated  by 
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Su 


correspondinc  terms.  The  centers  are  connected  wiih  ihe 
plate  O.  sometimes  called  the  lower  leveling  plate,  bj 
means  of  a  liemisphcrical  or  ball-and-socket  joint,  shown  at 
M,  Fic-  3.  The  centers  and  the  entire  instrumeni  above 
tliem  are  sniiported  in  position  by  the  four  leveling  scrcwi. 
which-  serve  also  to  level  the  instrumeni.  The  plate  0 
screws  on  the  tripod  head.  This  plate  and  the  leveliDS 
screws,  considered  together,  are  sometimes  spokea  of 
the  levelluft  head. 


8.  HIilliliiK  CfiHor.— The  exact  position  of  the  iastrn- 
meni  over  a  point  is  indicated  by  a  planil>-l>ob  suspended 
from  a  ttmittl  chain  or  loop  attached  to  the  lower  end  of  the 
center*  at  the  central  point  p.  Fig.  ^.  It  will  be  noticed 
that  the  centers  do  not  connect  directly  with  the  lower 
leveling  plate  O.  but.  by  means  of  the  bemispherical  jointM 
ctmncct  with  a  plate  li.  which  bears  against  ibc  nnder  side 
of  the  Icv'elint:  pbte.  By  luoseoine  the  lereline  screws. 
'  On  pl«te  B  and  the  Icvctins  screws  thU  support  tbe  enliift 
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instrument  can  be  moved  or  shifted  a  small  distance  in  any 
direction  on  the  lower  leveling  plate,  thus  permitting  the 
instrument  to  be  easily  and  exactly  centered  over  a  point, 
where  it  is  held  firmly  by  merely  tightening  the  leveling 
screws.  This  arrangement  is  called  a  sMftlng^  center  or 
sliiftlng  tripod  liead. 


PRINCIPAIi    PARTS    OF    THE    TRANSIT 


^— -  ••■ 


Pig.  41 


C' 


THE    TEL.E8COPB 

9.  lienses. — In  general,  a  lens  is  a  transparent  body 
with  curved  surfaces.  In  passing  through  a  lens,  rays  of 
light  are  bent,  or  refracted,  their  direction  being  thus 
changed.  The  lenses 
commonly  used  for  op- 
tical instruments  have 
either  two  spherical 
surfaces,  as  shown  in 
Figs.  4  and  5,  or  one 
spherical  and  one  plane 
surface,  as  shown  in 
Fig.  6. 

The  principal  axis, 
or  simply  the  axis, 
of  a  lens  having  two 
spherical  surfaces  is 
the  line  X  K,  Figs.  4 
and  5,  passing  through 
the  centers  C,  O  of 
those  surfaces.  In  the 
case  of  a  lens  having 
one  plane  and  one 
spherical  surface,  the  axis,  is  the  line  XV,  Fig.  6,  passing 
through  the  center  C  of  the  spherical  surface  of  the  lens 
and  perpendicular  to  the  plane  surface.  In  surveying  and 
other  optical  instruments,  several  lenses  are  often  joined 
together,  forming  a  compound  lens.     The  axes  of  these 
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j*:::?.*^  sr*  ilTrtTf  :r  ib*  sazse  line,  irhidi  is  ca3ed  the  axis 
Tzt  oj^Tic-*!  c-ienK-r  ::  £  j£=i5  :«  £  poini  wi&fr.  and  is  the 


ri.7  ::  l.^i:  ;Lf?:r.j  -Jiri'T^z  ::  is  refracted  cs;:ially  sad  in 
;T;':r::r  i.rr:'  .  -  f  1:  ire  ^rcii-s:*  surfaces  of  ibe  lezs.  so 
lii:  "-le  rir  '.ti-vf  f  ibe  j£i.j  :n  *  iirertsc'^  psrallel  to  that  in 

10.     f.^r.rr&l  I>e««-rrii*rtoii  oT  Tbe  Telescope. — One  of 

IT:  —  :  f :  .-;■— .:Lr.:  tii^rt?  : :  l  rr=^f::  :s  tbe  telescope,  by 
-rrt-Lni-  .:  v:..i  nt  :-*  ::  ?.-r.:  rrm  tbe  pcfnt  occ^piec  by 
trr  I'iT-uner:  :.  iz-  :  r-str^t-i  71.  in:  :f  5e5=eiL  It  cc-zsisis 
::  :-  ..  —  :.-_:  i.f  ::  Le-sf*  rliz^i  iz  £  r:ibe-  L>ne  of 
ir.t>-  :  ::z::-r  1:  :7f  ijJZt-L  n;  <»l»>eci  £:!«&«-.  or  objective, 
r::T-.--rr  '-i^t  -TL^ r  .1  .  ^-'  L.TiJig  TTizi  hz.y  cr;ect  TOTTard 
-vz::-  :.":  :r  i>:.;»f  .-  i:rr::ri.  ir5e:i<>  then.  £::i  rziakes 
111 3.  :.r:r  2-1  .i-r-:ri  .rr.i^t  ::  "ibe  :r7en-  Tbis  iniage 
i-i:.:--?  ::  :»-  -i  i  ;.^rf  f:i-i:r  neenzi  ibe  axis  cf  the 
.;  i-:ir    :i    i   ;•:  .r.:   :i^i-L   lit    T^.k-hs  of   the  objcK-tlve. 

.— i£t  :.  :rr  rrserrer's  ere  ibrcc^h 
ri>r-     ._    fi  ii.e  cTepIeoi^.     The 


--■•—-■         »■ ' 


"  "^fc  '• " "  ^"  "^        *    ' » " 


■  f-i  ;■    ."  !    f  Tf-7  ".*».^i:    l.i^r-V.  tS? 

:i^T_.-ij  iTi   ini^i*  i:rej:!y  in 
:  ^  .  :;-r::>  ~7r>:ie  c."^'iTi::  ar.d 

". ■.  r  r  :  i-f       Tt"r>rji>e>  liviig 

-.:  i-.-ii-  ::  ib't  '.Lzztr  :li«>  are 
LI  zTr-'.-TT  Anericaa 


— :r-  lbs.:  ibe  luie  ci  <ighi 
:  ■  -1  :.iT  T«::-:  r:  2.-  cb^ec: 
*:  :>:■:::•;    r«r:  nue  nateri^ 
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:OTniTion  focus  of  the  object  glass  and  the  eyepiece.  These 
iross-bairs,  as  seen  through  the  eyepiece,  seem  to  be  in  the 
same  position  as  the  image  of  the  distant  object,  to  which 
they  appear  to  be  attached. 

The  cross-hairs  are  fastened  to  a  substantial  brass  ring,  or 
diaphragm,  placed  within  the  telescope  aod  held  in  position 
by  capstan-headed  screws  that  pass  through  the  telescope 
tube  and  screw  into  the  diaphragm,  as  shown  in  Fig.  7. 
They  are  commonly  placed  at  right  angles  to  each  other, 
one  being  vertical  and  the  other  horizontal.  The  ring, 
toeeiher  with  the  cross-hairs  that  are  attached  to  it.  is  some- 
times called  the  reticle 
retlcnle.  By  means 
of  the  four  capstan- 
headed  screws{of  which 
tbree  are  shown  at  j:, 
Pig.  1 )  that  control  it, 
Qie  reticle  can  be  moved 
and  the  cross-hairs  ad- 
justed, as  will  be  ex- 
plained elsewhere.  The 
cross-hairs  are  either  of 
platinum  wHre.  drawn  very  fine,  or  of  spider  webs.  Some 
engineers  prefer  the  platinum  cross-wires,  because  they  are 
less  affected  by  changes  of  temperature;  others  prefer  spider 
webs,  because  they  are  more  opaque,  and  also  because  they 
do  not  gather  moisture  nor  dust. 

S,  Line  of  Sight  or  of  Colllmatlon. — Considered  in 
aieral  sense  and  without  reference  to  the  instrument,  a 
be  of  slfiEht  is  a  line  joining  any  observed  point  with  the 
eye  of  the  observer.  With  reference  to  the  telescope  of  a 
transit,  the  line  ot  sight,  or  line  ot  i-olllmatloii,  is  a  line 
passing  through  the  optical  center  of  the  object  glass  and  the 
intersection  of  the  cross-wires.  When  this  line  is  directed  to 
any  external  point,  the  image  of  the  point  appears  to  coin- 
cide with  the  intersection  of  the  cross-hairs,  and  the  instru- 
csent  itself,  or  the  telescope,  is  said  to  be  directed  to  the 
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P'^iinr  '".h'serveri.  In  :h:s  po^.tinn.  :he  line  of  collimaiion 
rioting -;  -.r  :.-.'-n-..:f»'?  vr/.  :he  lir.e  between  the  point  of 
r>bser  •'if.r.n    ir.ii    ■lie   ::■'.•.:".:    •.'^served. 

rnF    noRizoNTAr.  r.racB 

1 .3 .  7  r.e  .:  <-.  -  - .'  -.  m  1  " :  r.:  h  ■  r  ^t  iii  u  a  red  ci  rcle ,  is  divided 
ir.T.-.  ^V  ■*.v-^'  ::■">  '^  :e;^-?.-»s.  .imi  each  degree  is  further 
r! •;■.-■..>.-:  r.:.-  "v  -  ''.ve  f  ■.-.i.i'  ciirrs.  as  the  case  mav  be. 
If  : hr*  1  ►'  J- * '*  : -;  ::•■.>::  ■. n: .-.  •  v  -.  et\MA I  parts .  each  part  will 
rr,e\ <'.'='  V  r:  —.■:'■•  ^  -  i r :  t- * :  : :  into  th ree  equal  parts, 
e  ri I  r.  ;■.  i  - "  v  "  r.-.  ^^ ;  >  ■ : r  ^  J  r.".  :r. ■.:: e  'i.  E  ach  su bd i vi s ion  of  a 
<'lr*:;T"'^  ^  V.  i-'k-^  .  ■  i  ■  .-.-.e  -;.".:v.e'.vh.i:  shorter  than  the  regu- 
lar !  ;,■ '  -^ ■■*  ;;T  i .  / : . i  ■ .  ■:  ■;  v .: : '.  •*  ;.^  ic \\  r.  ::h  de  grree  i  s  indicated 
by  .1  .  ■■.  ^-"-  ■,■.:-./•  '■.-..  ir.ti  e^ich  :  en  th  degree  is  marked 

by  .n  ^ '  -. '. .  '.   -.  ^  ^  -  '. : ".  -*  I ;- . :  .  s  x\  -; .:  r.  -  rr.  hered . 

T;v  ^r.;./::'!  :  ^  .^  r.-.:r.-'-ere'2  :n  various  ways,  three 
sy  ^ r  ?■  r:  ^  :  r. :  r.-. ' ■  i-^ '  .-. ;.  ".o :  r.  ^  e rr.  r. ! :  y  ed .  T h ese  may  be 
de>  ri ■■'':■■  1    •;'s 

1 .  T r. f^-  *i z i nil  1  r h  ^s^Xft^u\,  :?.  -t r. :ch  the  fi gures  extend 
frriiv   n     <-■.-;:-.:   •>       ;:::".!  the  er.f.re  circle  to  3f50. 

2.  'i':.:':  Tniii^ir  *\'-r»-m.  ir.  -.v'.-.:  h  the  figures  extend 
fr'-::.  "  r.  .  -  ".-  '''  :^h  the  adjacent  semi- 
cir  !•  ^:.;"'    ."•..  :.'  !  .■'*..   --..  pposite  the  zero  point. 

'5.  '!..'•  *'*iiiij.:i-,  «\«*r»-ni.  :■-.  ■  .'..^h  the  ngures  extend 
tTi'.  h    V.  iv   :r=  :v.    *■  r.:-    ■!  ■.-.■. e:rically  opposite   each 

ttthfi   ri.r- ■■:;,■-.  •:.-    .!\..vr.*  .,  :;i/:r  :n:s  to  the  90^  points. 

'IheT'-  iT--  ■>  .  .'  •  r  .'  «  :'  :■  j-.ires  extending  around 
the  ^^^r.'i'i;  ::t '1  r  ■■  '  ■.  "ir.-.v  --.h  row  being  numbered 
accorriii.::  t'.  '  :.-■     :  *!■.■•  ■    :-.--^rirjed  systems.     In  some 

trail •%:t^.  b'.rh  r  •  -  :'•:•  :  •■'.••  :";r>t.  or  azimuth,  system. 
extciulin;:  ::i  '■;'•,  -':'■  l.r--  ::  :>  :iround  the  circle.  The 
difTtircnt  mvstc::.^    ::  •    /.>  >  .    ::.'::ned  in  various  ways. 

I  III"     \  rKMKK 

11.     (*ciifr:il  Priiirlpli*  f»f  th«»  Vernier. — A  vernier 

is  .'in  ;nixili:iT''  s  a]'-  ^-fl  :'<  r  :';:>■  purpose  of  measuring,  on 
another  scmIi".  fr.i-  tio:vi'.  :  :.^:'^  •••  thf  Miiallest  subdivisions  of 
the  latter  scale      'I'hii^.  if  a  s^ale  is  divided  into  feet  and 
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,  the  vernier  may  be  used  to  measure  on  that  scale 

of  tenths,  or  hundredths,  of  a  foot.     The  manner  io 

Jbich  this  is  done  is  shown  by  the  illustrations  that  follow. 

I  In  Fig.  8,  A  B  \a  a  scale  graduated  to  inches,  and  /I/ A'  is 

r  that  can  be  slid  along  .Iff  in  either  direction.     In 

s  case,  the  graduated  part  of  the  vernier  is  7  inches  long, 

I  shown  by  the  scale,  but  is  divided  into  eight  equal  parts, 


J^ 


j_ 


I 


nurobered  from  0  to  8;  that  is,  the  vernier  is  divided  into  a 
number  of  equal  parts  (eight)  that  is  one  more  than  the 
number  of  divisions  (seven)  it  covers  on  the  scale.  Each 
division  of  the  vernier  being  one-eighth  of  the  total  length 
of  the  vernier,  is  one-eighth  of  7  inches,  or  i  inch;  and, 
therefore,  the  difference  between  one  division  on  the  scale 
and  one  on  the  vernier  is  i  inch. 

Suppose,  now,  that  the  vernier  is  slid  along  the  scale 
until  it  occupies  the  position  shown  in  Pig.  9,  with  its  zero 
between  the  2-inch  and  the  3-inch  mark  of  the  scale.  For 
convenience,  the  division  lines  on  the  vernier  will  here  be 
larWed  and  denoted  by  the  letters  «,,  a„  a,,  etc.  The  zero 
the  vernier  being  at  a.,  its  distance  2-a,  from  the  2-inch 


-r-L- 
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mark  of  the  scale  is  ascertained  as  follows:  It  will  be  noticed 
that  the  division  line  a,,  or  5.  of  the  vernier,  coincides  with  a 
di\nsion  line  of  the  scale.  It  should  be  very  particularly 
noticed  that  it  is  not  necessary  to  observe  the  number  of  the 
division  line  of  the  scale  that  coincides  with  a  division  line 
of  the  vernier.  As  one  division  of  the  scale  is  greater  by 
i  inch  thaii  one  division  of  the  vernier,  the  distance  fi-a.  on 
the  scale  is  i  inch;  as  two  divisions  of  the  scale  are  greater 


i  .-:j:.i  ir.-.-  :v:  i  —  ji:*:.*  if  -J:,;  -r*rzi^r  tbe  cisraacc  5-4, 

'.'r;:::-     *:--    t-;- i.  : .  '-i-t  1 1—  :i;r  : :  ■±'*  ciTts-ca  Use 
-jiz  ''.--:  '.'  '.'i.^'  :■.  "i.-itr  v--_^  1  ii"- Ti:c  Lr:'*  ::  :ie  scale. 

-t—-  :-   '/.  ■"  •_:-!  :.r--  -niSL  .:  n-t  scol-*  ■_*  tli-red  a:  the 

B  ■  -  ■  •  ^^^  ■  ■ 

^^^^^  ^^PW  ^^  .'  •  •      ■ 

■-     ■■  ■  ,_       —   i   -    ^  -  -■_.  -  ^  "_•  "  -i*      »*—  -       -"^  ••'iT       '"  •      •Vji 

.'.  _^7_._  ?  _    ~~«.     .  -mm.'Z  »■•     .      .  -A_JL_    ^  •-    •  k^*C 

B  »V*B  ■■■■% 

^»  •  •  -  ■      « 

=:  ^-_  :_-■.-:    t_-^    .'    ".z   vr-nirr  .^/.V    jovers 

i      •-'  It     ■  -.  It  r-  _    .r:  ?z:«i  — .?  ."s  .:"  the  >ca'.e. 

I    ^-_'_   :    .      .-     .-     ?   -    .■    j;    '.-=   >:j.le  :c'  lie  position 


§14  TRANSIT  SURVEYING  13 

M'  N'.  in  which  its  zero  coincides  wrilh  the  end  of  the  dis- 
tance to  be  measured.  The  scale  shows  that  the  distance 
Ca,  is  made  up  of  the  two  parts  Ca  and  a  a,,  the  former  of 
which  is  0.3  +  .04  =  .34  foot.  The  distance  aa.  is  deter- 
mined by  the  vernier  thus:  As  will  be  noticed,  the  eighth 
division  mark  of  the  vernier  coincides  with  a  division 
mark  (it  is  not  necessary  to  note  which  one)  of  the  scale. 
Since  one  division  of  the  scale  is  greater  by  .001  than  one 
division  of  the  vernier,  the  seventh  mark  of  the  vernier  is 
.001  foot  from  the  scale  division  mark  immediately  below  it; 
the  sixth  mark  of  the  vernier  is  .002  foot  from  the  scale 
division  mark  immediately  below  it,  etc.  In  this  manner  it 
is  found  that  the  zero  mark  of  the  vernier  is  .008  foot  from 
the  scale  division  mark  a  immediately  below  it.  The  dis- 
tance a  a.  is.  therefore,  .008,  and  Ca.  =  .34  +  .008  =  .348 
foot.  Here  the  number  of  tenths  and  hundredths  in  the 
required  distance  is  read  off  the  scale,  and  the  number  of 
■ihousandths  is  equal  to  the  number  of  the  vernier  division 
taptfk  (eight)  that  coincides  with  a  scale  division  mark. 

Vl6.  Verniers  are  made  in  various  forms  and  are  gradu- 
ated in  various  manners;  but  the  general  principle  of  those 
that  are  commonly  used  in  engineering  instruments  is  the 
same,  and  may  be  stated  as  follows:  The  length  of  the  ver- 
nier is  made  equal  to  a  certain  number  of  the  smallest 
divisions  or  subdivisions  of  the  scale,  and  is  theu  divided 
into  equal  parts,  the  number  of  these  parts  being  greater  by 
one  than  the  number  of  subdivisions  that  the  vernier  covers 
on  the  scale.  Thus,  in  Fig.  8,  the  vernier  covers  seven  of 
tbe  smallest  divisions  (inches)  of  the  scale,  and  is  divided 
into  seven  plus  one,  or  eight,  equal  parts;  in  Fig.  10,  the 
vernier  covers  nine  of  the  smallest  divisions  (hundredths) 
of  tbe  scale,  and  is  divided  into  nine  plus  one,  or  ten,  equal 
parts.  The  difference  between  one  division  of  the  scale  and 
one  of  the  vernier  is  called  the  least  readlnfr  of  the  ver- 
nier, and  its  value  is  a  fractional  part  of  the  smallest  division 
on  the  scale  equal  to  one  divided  by  the  number  of  divisions 
of  tbe  vernier.     In  Fig.  8,  the  smallest  division  on  the  scale 
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is  I  inch;  Ibe  vernier  is  divided  into  eight  equal  pans,  and 
its  least  reading  is  one-eiEfath  of  1  inch,  or  i  inch. 
Fig.  10.  the  number  of  divisions  ol  the  vernier  is  ten.  and 
the  least  reading  is  one- tenth  of  one  of  the  smallest 
subdivisions  on  the  scale;  that  is.  one-tenth  of  .01, 
.001   foot. 

The  distance  from  the  zero  of  the  vernier  to  the  divisioo 
mark  of  the  &cale  immediately  preceding  it  is  indicated  by 
Ihe  number  of  the  vemieT  division  mark  that  coincides  witb 
a  division  mark  of  the  scale.  This  number,  multiplied  by 
the  least  reading,  gives  the  distance  in  question.  In  Fig.  9, 
the  distance  2-«.  was  found  to  be  t  inch,  or  5  (coinciding 
vernier  division  mark)x  Mle^st  reading).  In  Fig.  10,  the 
distance  aa,  was  found  to  be  .COS,  or  8  (coinciding  vernier 
division  mark)  X  .001  (least  reading).  The  namber  thtta 
obtained  by  multiplying  the  number  of  the  coinciding  divt 
sion  mark  by  the  least  reading  is  called  the  reading  < 
ihe  vernier,  while  the  number  of  divisions  and  subdivisioDi 
of  the  scale  preceding  the  zero  of  the  vernier  is  called  tb 
reading  of  tbe  scale.  In  Fig.  9.  the  reading  of  the  sea] 
is  2  inches;  in  Fig.  10,  .M  foot.  The  sum  of  the  reading  c 
the  scale  and  that  of  the  vernier  expresses  the  distance  o 
zero  of  Ihe  vernier  from  the  zero  of  the  scale,  and  is  callei 
the  readlnffof  the  Instrument.  Sometimes  tbe  exprei 
sion  reading  ol  the  \frnitr  is,  for  convenience,  used  instead  e 
reading  of  Ihe  inslrumenl.  and  likewise  lo  read  the  vernier  \ 
used  in  the  sense  of  to  read  the  instrument,  it  being  understoi 
that  the  reading  of  the  scale  is  to  be  taken  first,  and  iba 
increased  by  the  reading  of  the  \ 


17<     Formulas  RelatliiK  t^  tbe  Vernier. 

Let    i  =  length  of  one  of  smallest  subdivisions  of  seal 
n  =  number  of   equal  parts  into  which  vernier  i 

divided; 
r  =  least  reading  of  vernier; 
m  =  number  of  vernier   division   mark  coincidiq 

with  division  mark  of  scale; 
R  =  reading  of  \ 
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^  Then,  from  what  was  said  in  the  last  article, 
r  =   '  (1) 


^H.   BXAMPLB  1. — A  scale  JE  divided  into  inches  and   half  inches:   the 

^Bveraier  is  divided  into  eight  equal  parts,  nhich  cover  seven  of  the  half* 

inch  divisions  of  the  scale,      (a)    What   is   the   least   reading  of   the 

vernier?      (*)    What    is   Ihe   reading   of   the   vernier   when    its   third 

mark  coincides  with  a  division  mark  of  the  scaleP 

t Solution.— (i)  Here  s  =  J  in.,  and   n  =  H.    Therefore,    by  for- 
lU  1, 
.  -  *  _  1  u      ^„< 


=  -ft  in.  and  m  =  3.     Therefore,  by  formula 
^  =  1x3  =  ^  in.     Acs. 


r 


Example  2. — The  scale  of  a  barometer  is  divided  into  inches  and 
tihielhs.  (a)  What  must  be  the  length  of  a  vernier,  and  bow  must  the 
vernier  be  divided,  thiic  its  least  reading  may  be  .002  inch^  |A)  Wh&t 
is  the  reading  of  the  vernier  when  its  seventh  mark  coincides  with  a 
division  mark  on  Ihe  scale? 

StiLtiTION.  — (a)    Formula   1,   solved   for  n.  gives,  n  =  -.     In  thii 

A  =  -02,  and  r  =   ,002;  hence. 

Therefore,  the  vernier  must  be  divided  into  ten  equal  parts,  ct 
iog  nine  of  the  small  divisions  of  the  scale,  which   makes  it  A  inch 
long.    Aas. 

^(i)  To  apply  formula  3,  wo  have,  r  =  .002,  in  =  7,  and  therefore 
ff  =  .002  X  T  =  .014  in.  Ans. 
18.  The  Clrenlar  Vernier. — For  the  purpose  of  meas- 
uring angles,  a  circle  graduated  to  degrees  and  fractions  of 
a  degree  {usually  halves,  thirds,  or  sixths)  is  employed  as  a 
scale.  Smaller  fractions  of  a  degree  than  those  into  which 
the  circle  is  divided  are  measured  by  means  of  a  vernier. 
sub^Ianiially  as  has  been  enplained.  An  arrangement  of 
this  kind  is  shown  in  Fig.  11,  in  which  A  B  is  the  scale,  or 
graduated  circle,  and  Af  N  is  the  vernier.  The  circle  is 
divided  into  degrees  and  half  degrees,  so  that  here  j  =  i° 
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=  3(y.  As  the  vernier  is  divided  into  six  equal  parts,  its 
length,  expressed  in  de^ees,  is  equal  to  five  ( =  6  —  1) 
of  the  small  divisions  of  the  circle,  or  2i®.  The  least  read- 
ing of  the  vernier,  expressed  in  minutes,  is  (formula  1, 
Art.  17)  ^6^.  or  5'.  In  the  case  shown  in  the  figure,  the 
second  division  mark  of  the  vernier  coincides  with  a  divi- 
sion mark  t>f  the  circle.  The  reading  of  the  vernier,  or  the 
arc  *i  .*.,  is.  therefore,  2x5=  ICK.  The  reading  of  the  circle 
to  a  is  ol  -  30'.  If  the  center  of  the  circle  is  at  the  vertex  of 
an  angle,  one  of  whose  sices  passes  through  the  zero  of  the 
graduated  circle  and  the  other  through  a«,  the  angle  is  equal 
to  the  rcad:::j:  of  the  circle  plus  the  reading  of  the  vernier, 
or  ol-  :»'•  10'  =  51-  40'. 

Us'jal!y.  the  division  lines  on  the  vernier  are  marked  by 
nuTnbers  iiidicatir.g  the  corresponding  readings  of  the  ver- 


Fi-  :i 


r:er  wr.;.::  :r. .><e  lines  coincide  with  lires  on  the  graduated 
' V r. '.: N .  :r.  the  c a se  : *. I :: >:r are i  ir*  Fig .  1 1 .  the  last  divi- 
>*.  v  !  'It*  w.-u'i  \\:  rvarked  and  ci-.lled  '-^^  i  =  6x5);  the  one 
: ii-'it  1:  J.: o ' y  : tx:  jt  dir:  ^ ,  '1'*  1=5x5*:  and  so  on .  This  makes 
.:   v-r.r.e^">>.-.'y   ::•   tvrr^rn:   the    n:t:!t:?Iication   indicated  in 

.   .   .   .  .  .  m»  .  A     aa      ^-.     «&...•       A    9    m 

IIK  The  TiiinsU  Verniers. — Generally,  the  horizontal 
j:r.*e  . :  .-:  tr^-:s::  :>  divided  int.-  decrees  and  halves,  and  the 
vr':::;r:  r-j...is  t.>  niiirntes.  As  in  this  case,  s  =  j=  =  SC. 
.,"1  r  -   1  .  :.-rrv.'i    1.  A-^.  17,  =:-ve>  »r  =  ^^  ==  '?/),  which 

■  •  ««■«**•  «-  • 

•  ..->   . .  vv'.':^-    :.v:"::y-n:-:e  c:   :ne  na.r-cegrree  c:v:s:ons  oi 
t-:-.  ^-r,- .1.:a:v.:  r':\-z.     In  ?:^;.  12    A  B  represents  nan  or  the 
".:::.  "ta!  ^r-jie    ini  .V.V  .ne  vernier,  there  being  another 
vcTitr  MS'    '.n  :r-  !e:t  •::  M.     The  vernier  .VA'  is  used 
\--zr  a=^*-j>  .ir-  :u~:..:  t.  :hr  1-^".:  rhat  is.  when  rhe  zero  of 
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■nier  slides  in  the  direction  A  B,  and  the  degrees  are 
dicated  by  the  upper  figures  (60.  70,  SO,  etc.)  on  the  gradu- 
ted   circle.     The   vernier  M N'  is  used  when  angles   are 
irned  to  the  right,  and  the  degrees  are  indicated  by  the 
wer  figures  (SO,   700,  J/0,  etc.)  on  the  graduated  circle, 
pearly  all  transits  have  two  combinations  of  verniers  similar 
»  N N' ,  the  zeros  of  which  are  180°  apart.     Each  of  tlieae 
mbinations,  although  it  really  consists  of  two  verniers,  is 
aferred  to  as  one  vernier,  one  of  them  being  called  ver- 
nier A   and  the  other  vernier  D.     For  very  accurate  work, 
both  verniers  are  read,  and  if  they  do  not  agree,  the  mean 
of  the  two  readings  is  taken  as  the  true  reading. 

Again  referring  to  Pig.  12,  suppose  that,  the  center  of  the 
graduated  circle  being  over  the  vertex  of  an  angle  to  be 


measured,  and  its  zero  on  one  of  the  sides,  the  vernier  has 
been  slid  to  the  right  along  the  graduated  circle  until  the 
other  side  of  the  angle  passes  through  the  zero  mark  of  the 
■vernier,  and  that  the  vernier  has  then  the  position  shown  in 
the  6gure.  Since  the  vernier  has  moved  to  the  right,  the 
side  M N  is  to  be  read.  The  twenty-third  mark  of  the  vernier 
coincides  with  a  division  mark  of  the  scale,  and,  as  the  least 
reading  of  the  vernier  is  1'.  its  reading,  in  this  case,  is  23'. 
The  reading  of  the  scale,  up  to  the  division  mark  immedi- 
ateJy  preceding  the  zero  of  the  vernier,  is  74°,  The  reading 
of  the  instrument,  or  the  measure  of  the  angle,  is,  therefore, 
74"  -)-  23'  =  74°  23'. 

20.  The  vertical  circle  or  arc  V,  Fig.  1,  is  often  erad- 
uated  to  degrees  and  halves,  and  the  vernier  v'.  Fig.  1,  which 
is  double,  like   the  vernier  of   the  horizontal  circle,  reads 
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either  to  single  minutes  or  to  5  minutes.  K  the  vernier  is 
attached  to  the  standards,  it  is  stationary,  and  instead  of  it 
sliding  along  the  vertical  arc,  the  vertical  arc  slides  on  it 
Care  should  be  taken  always  to  read  that  side  of  the  vernier 
whose  numbers  increase  in  the  same  direction  as  those  by 
which  degrees  are  measured  on  the  graduated  circle. 

HXAMPLRS    FOR    PBACTICB 

1.  Each  division  of  the  scale  of  a  bArometer  Is  .06  inch,  (a)  If 
the  vernier  is  divided  into  twenty-five  equal  pnrts.  what 
reading?  (A)  11  the  readiag  of  the  scale  is  20.10  inches,  nod  Uw 
thirteenth  division  mark  of  the  vernier  coincides  with  n  divitlwi 
nmrk   o(  the  icale,   what   is  the  reading   of   Ihc   baronicler? 

,  I (a)  .«tt 


A.1S  r"'  ■'*"'''■ 


2.  The  graduated  circle  of  a  transit  is  divided  into  degrees 
thirds,  and  the  vernier,  into  forty  equal  parts;  what  is  the  least  rest- 
ing of  the  vernier?  Ans.  t/f 

3.  The  Kraduated  circle  of  a  IratMit  Is  divided  into  lO-mlnaM' 
spaces:  how  many  of  these  spaces  must  the  vernier  cover,  that  Its  lent 
reading  may  be  10"?  Ann,  tt 

4.  What  is  the  reading  of  the  instrument  in  Pig.  12,  the  angla 
being  measured  from  £  toward  j1;  that  is,  assuming  that  the  v 
has  slid  along  the  circle  in  the  direction  NN'I  Ans.  lU&'IT' 


MOTIONS  OF  THE  TllANSIT 

21.  The  Plate  LeveU.— Before  an  anele  can  be  meat- 
ured  with  the  transit,  the  plates  carrying  the  graduated  circle 
and  verniers  must  be  made  horizontal.  This  is  effected  by 
means  of  the  four  leveling  screws  S,  Figs.  1  and  2.  the 
horizontal  position  of  the  plates  being  indicated  by  the  two 
plate  levels  /,  /'.  which  are  placed  :it  right  angles  to  each 
other.  Each  of  these  levels  is  substantially  the  same  ns  the 
large  level  attached  to  the  telescope.  Art.  3,  lint  smaller. 
When  they  are  adjusted  properly  and  each  air  bubble  It 
exactly  in  the  center  of  its  tube,  the  plate  to  which  they  an 
attached  is  perfectly  level,  and  will  revolve  in  a  horizonUli 
plane. 
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iS2.  The  I^eTCllntr  Screws. — The  leveling  screws  5, 
3,  have  milled  heads  by  which  they  are  turned,  and  are 
[ranged  HO"  apart  about  the  axis  of  the  inslntment;  they 
6  thus  in  pairs,  the  two  screws  in  each  pair  being  on  oppo- 
sides  of  the  center,  and  the  vertical  plane  through  one 
■ir  being  at  right  angles  to  that  through  the  other  pair, 
fteir  upper  ends  screw  into  arms,  or  into  a  solid  circular 
late  projecting  from  the  centers,  and  their  lower  ends  rest  on 
e  lower  leveling  plate.  By  turning  the  two  screws  in  either 
,  one  in  and  the  other  out,  the  level  plate  can  be  tipped 
\  the  necessary  direction  to  make  it  horizontal.  A  more 
tnplete  description  of  this  operation  will  be  given  later. 

}.    The  Axes  ot  Rotation. — The  design  and  construc- 

of  the  transit  is  such  as  to  provide  two  axes  of  rotation. 

le  more  important  of  these  is  the  axis  of  the  instrument. 

■t.  6),  which  must  be  truly  vertical  when  the  level  plate 

horizontal;  this  axis  is  also  called  the  rertlc-al  nxis  ot 

telescope.     The  other  is  the  transverse  or  horizontal 

of  the  telescope  (Art.  2).    This  axis,  when  adjusted  prop- 

,  is  at  right  angles  to  the  vertical  axis,  and  is  therefore 

irizontal  when  the  instrument  is  level.     The  point  where 

these  two  axes  intersect  is  the  center  of  the  Instrutneiit; 

that  is,  the  point  from  which  all  measurements  are  taken, 

and  is  the  point  that  is  always  understood  when  the  center 

(not  centers)  of  the  instrument  is  referred  to.     In  a  properly 

constructed  transit,  the  line  of  coliimation  should  pass  exactly 

•DUgh  this  point. 

4.  Rotation  In  Two  Planes. — The  line  of  sight  has 
distinct  turning  motions,  namely: 
Horizonial  Rotation  About  the  Vertical  Axis  of  the 
fnslrumenl. — As  has  been  explained,  the  centers  of  the 
transit  are  so  made  that  this  motion  can  he  effected  in  two 
ways — either  by  revolving  the  upper  plate  only,  or  by  revolv- 
ing both  plates  together.  Since  measurements  of  azimuth 
are  made  by  means  of  the  rotation  of  the  instrument  about 
iitical  axis,  this  motion  is  commonly  spoken  of  as  rota- 
In  azimuth,  and  the  convenient  phrases  to  revolve  m 
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extreme  positions.  The  third  condition  must  be  obtained 
perfectly,  and  this  is  rendered  comparatively  easy  by  the 
shifting  center  with  which  most  modern  transits  are  pro- 
vided. (See  Art.  8.)  The  string  by  which  the  plumb-bob 
is  suspended  from  the  centers  should  be  so  adjusted  that  the 
point  of  the  bob  almost  touches  the  msrlc  over  which  it  is 
desired  to  set  it. 

If  the  instniment  has  no  shifting  center,  the  plumb-bob 
must  be  brought  directly  over  the  point  by  moving  the  legs 
of  the  tripod.  The  direction  in  which  they  must  be  moved 
will  be  clearly  indicated  by  the  position  of  the  plumb-bob. 
In  soft  soil,  the  transitman,  after  laying  down  the  instru- 
ment, goes  around  it,  pressing  the  legs  into  the  ground,  so 
as  to  insure  steadiness.-  The  plumb-bob  can  usually  be 
brought  over  the  point  by  exerting  a  little  extra  pressure  on 

^Hle  or  two  of  the  legs, 
S6.  lievellnK  the  Instrument. — The  next  operation 
is  lo  make  the  level  plate  horizontal.  This  is  called  level- 
InK  the  lustrument,  and  is  accomplished  as  follows: 
Loosen  the  lower  clamp  and  turn  the  instrument  on  its 
vertical  axis  so  that  one  of  the  plate  levels  is  parallel  to  the 
line  passing  through  a  pair  of  opposite  leveling  screws.  As 
the  plate  levels  are  at  right  angles  to  each  other,  when  one 
level  is  parallel  to  the  line  passing  through  one  pair  of 
leveling  screws,  the  other  level  is  also  parallel  to  the  line 
passing  through  the  other  pair  of  leveling  screws,  so  that 
one  is  leveled  with  one  pair  of  screws  and  the  other  is 
leveled  with  the  other  pair.  By  grasping  the  milled  heads 
of  the  two  leveling  screws  in  either  pair,  one  between  the 
thumb  and  forefinger  of  each  hand,  turn  one  screw  in  and 
the  other  out  until  the  bubble  of  the  corresponding  level  is 
centered  approximately,  then  manipulate  the  other  pair  of 
leveling  screws  in  the  same  manner  and  repeat  with  each  pair 
of  leveling  screws  alternately  until  each  bubble  is  centered 
exactly.  The  leveling  screws  being  all  right-handed,  if 
tbe  thumbs  of  both  hands  move  toward  the  center  of  the 
instrument  in  turning  either  pair  of  screws,  the  right-hand 
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>i'ie  of  the  i=5tr=:2:e::t  vzLl  be  elevated  and  the  left-hand 
^li'T  cs;:res5ec.  so  that  the  bubble  will  move  to  the  right, 
T/hilc  ::  :he  :huz:b>  nove  o::rTrard5.  or  from  the  center,  the 
b-h/ble  w:!!  ni-rve  :o  the  left.  T-rr_--g  both  screws  of  a 
pair  :o  the  r:^h:  -Aill  Ic^o^e::  :he=:  0:1  the  lower  leveling 
r:jiii:.  S'j  zh.iZ.  ::  >v:h  p'iirs  are  lo^^senec,  the  instminent  can 
It  ^ihirtc'i  -c  the  :r:;?'.c  heac.  is  ctricr: bed  in  Art.  8,  while 
t-mi:;^  l*.:h  s^rew^  «^:  a  jciir  toward  the  left  will  again 
::^*:::^c  them  and  hole  the  instrument  crmly  in  place.  Both 
-  J.:--?  '. :  ^:jrtw>  should  be  bronght  to  firm  bearings,  but 
y'z.\i'A  not  ce  rimec  s*o  tightlr  as  to  cause  any  strain. 

*27.  YiHTu^lns  the  Telescope. — The  operation  of  bring- 
ii^  '.'r.^  ."•jj-jv.-t  o'-;  jarred  and  the  cr'.^ss-hairs  distinctly  into  the 
rl-r!I  .:  •.■•.'.-■.%-  :?  v;:i*ltd  foi-iislujc  ^he  telescope.  The  object 
i;!j.r-  :s  i::j.-hwC  :.  a  s'lde  that  f.ts  into  the  object  end  of 

•/--J  "lair.  >j".'.>v-  :.>L'  :u'e  and  :»  caused  to  slide  in  or  out 
>  .:  a  ra^k  and  pinion  ij;;^rated  by  a  milled  thumb 
V:^.  I.  I'ry  this  means,  the  object  glass  is  moved  in 
f.r  .m:.  a'>.".rd:n^  a>  the  object  viewed  is  farther  from  or 
nri..---  :■ .  :  >j  :n<:n:n:en:.  The  telescope  being  directed  to 
a-:v  .".'-..:  *:  '.-j-  •  * -•j'vt-d.  th-r  •-'•-r-.t  i^Iass  is  focused  bv 
v:--.  -:j  •/.'.•  -.r-'.v  r  -.ne  '.vay  f.r  t::-  orhtr  until  the  object 
jlI  ■  ■:.■.'-  \  <■'..'' y  :•:  the  r.eli  .:  v.rA".  As  stated  above,  the 
r.-.-.'.-  •-    .       :-^*  *-^    *-he  :ar:her  -.ut  should  the  object  glass 

l'  .:  r: :\  -.i-'j  --i  :■-■•.'.: -it:.:  -.-n  the  jr-.'S-s -hairs  ia  a  similar  man- 
".■--  '■  V  -!:-.::n^  :::■:-  r  ■-•.::  s.-.r.^  the  ey-j  end  '.-f  the  main  tele- 
■  V .      ■  ■    -   n:  V  i ::  - :  r*.:  n:  e n :  s . : h e  e  yep  iece  i  s  co n tr« :>  lied 
.  :  *.::■;•■      v.  ::j^.  >::r:"..ar  :-.   :na:  wnivh  controls  tae 
■.^--  -■  .iv   :v  ^-■•he'-i.  i:  is  j- .■n:r".'Iled  by  a  milled  ring 
^-  :  ■ :  ;  V  y  .-  ■  '-:t -.  -_■ .  v.- h i  j h .  ":■  y  a  r*.^ :  ary  n: o t  :'."> n .  «.■•  pe ra : e  s  a 
.'-'.    .  .":  .  -    ']  :   ^y-y'v'^v   '.':   ■.  r   o;:t.  while    in  -.'ther 
:"  '-  •":.   -"    :.    :^  --.-/y  yM-htd  in  «.r  pulled  on:  with 
'!"/.-     ■■■   -.  .  .   ■-   i  !;-.>vj'"  <■.'  as  to  brin;^  the  cross- 
:--•■";■:■•     •    .  >  '   '  :::.   vy-j  •  f  the  observer:  it  is 
•'-■  :  -     '.  ■■  ...■•:  -n  -v..;:  p-.'-iiti'.in  and  its  focus  seldom 
Lv  .hanL:^'.:  :   r  the  same  observer.     To  bring  the 
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s-hairs  into  proper  focus,  point  the  telescope  toward  the 
f  and  move  the  eyepiece  in  or  out  unlil  the  cross-hairs 
ar  perfectly  sharp  and  distinct.  When  in  proper  focus, 
P  cross-hairs  will  appear  to  be  attached  to,  or  be  a  part  of, 
latever  object  is  observed,  and  will  show  no  movement,  but 
1  retain  exactly  the  same  position  on  the  object  regard- 
E  of  how  much  the  position  of  the  eye  may  be  changed. 


THE  WORK  OF  THE  TRANSIT 

S8.     Transit  Points. — A  point  over  which  the  transit  is 

C  is  called  an  Instruiuont  point,  or  traustt  point.     The 

ikes  that  are  set  to  mark  the  instrument  points  of  a  transit 

■vey    differ    materially    from    the    regular    slalion    slakes 

Kribed  in  Compass  Surveying,  Part   1.     The  flag,  held  at 

b  measured  distance,  is  lined  in  by  the  instrument,  and  a 

tke  is  driven  at  the  point  thus  determined  unlil  its  lop  is 

Hit  li  feet  above  the  ground.     When  a  transit  point  is  set. 

■  position  (or  the  stake  is  found  in  the  same  manner.    But  in 

jB  case  the  stake  has  usually  a  level  top  and  is  driven  nearly 

^b  with  the  ground.     Such  a  stake  is  called  a  liiib  or  plu^. 

•  After  a  plug  has  been  driven  at  the  required  point,  a  pointed 

pole  or  rod  (better  still,  a  pencil  or  a  nail,  with  the  point 

downwards),  is  held  on  it  and  lined  in  by  the  transitman. 

The  exact  point  thus  determined  is  marked  by  a  flat-headed 

lack  driven  Hush  with  the  top  of  the  hub.     After  the  tack  is 

driven,  the  flag  (or  pencil,  or  nail)   is  held  on  it  and  the 

instrument  again  directed  to  it  as  a  check. 

This  operalion  of  marking  the  exact  point  on  the  hub  is 
called  pcutering  the  hub;  and  when  the  hub  is  so  marked, 
it  is  said  to  be  centered.  Thai  the  hub  may  be  easily 
found,  a  stake  similar  to  a  station  stake  is  driven  at  a  distance 
of  about  a  foot  from  the  hub,  at  right  angles  to  the  line,  and 
marked  with  the  number  of  the  station  on  the  side  facing  the 
hub.     Such  a  stake  is  called  a  fruard  stake. 

29.  How  to  Pi-olonK  u  StPHlBht  Line. — Let  A  ff. 
Fig.  13,  be  a  straight  line  whose  position  on  the  ground  is 
fixed  by  stakes  set  at  -^  and  B,  and  let  it  be  required  to 


prolong:  the  line  to  C,  This  can  be  done  in  two  ways;  namely, 
by  fure^l^ht  only,  or  by  backslg^ht  and  foresli^ht,  the 
latter  method  being:  commonly  called  backslg^tit. 

1.  By  FoTisight. — The  transit  is  set  over  the  point  at /I. 
and  the  line  of  sight  directed  to  a  flag:  held  at  B\  if  the 
p<'jint  C  is  to  be  set  at  a  g^iven  distance  from  B^  the  chainmen 

A         B  C 

Fic  U 

meas-.!re  the  required  distance,  the  head  chain  man  being:  kept 
in  line  by  the  transit  man.  When  the  required  distance  has 
been  measured,  the  point  C  which  evidently  lies  in  the  pro- 
longation of  .-/  B,  is  marked  by  a  stake  or  otherwise. 

2.  By  Bticksiicht. — Set  the  transit  over  the  point  at  B  and 
sight  on  a  flag  held  at  .  /.  Plunge  the  telescope,  which  will 
then  be  directed  along  the  prolongation  of  A  B.  Any 
rc^iuired  distance  B  C  may  then  be  measored  from  B  in  the 
direction  indicated  by  the  line  of  sight. 

30.     HotIo^'  of  the  Functions  of  the  Clamps  and 

Taiifjceiit  Screws. — The  manner  in  which  the  clamps  and 
tangent  screws  work  has  already  been  explained.  The  sub- 
ject, h'»wever.  is  here  restated  in  a  different  form,  as  a 
th'jrou;:h  understanding  of  it  is  of  the  greatest  importance 
f<:^r  an  inrcllii^cnt  manipulation  oi  the  transit. 

The  I'^VL-r  clamp  and  the  lower  tangent  screw  control  the 
motion  of  the  lower  plate  about  its  vertical  axis.     When  the 
lower  clamp  is  set.  the  lower  plate,  and  therefore  the  instru- 
ment as  a  wh<»ie,  cannot  be  revolved  except  very  slowly  by 
means  of  the  lower  tangent  screw. 

The  upper  clamp  and  tangent  screw  control  the  sliding 
motion  of  the  upper  plate  over  the  lower.     When  the  upper 
clamp  is  set.  tiie  upper  plate  cannot  be  revolved  over  the 
lower  except  very   slowly   by  means  of  the  upjjer  tangerv.^ 
screw.     When  the  instrument  is  to  be  revolved  as  a  whole^   -; 
the  upper  clamp  should  be  set,  and  the  lower  loosened.    This  i 
motion  does  not  alter  the  reading  of  the  instrument. 

When  the  upper  plate  is  to  be  revolved  over  the  lower,  •"" 
the  lower  clamp  should  be   set,   and  the  upper  loosened.   • 
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This  motion,  which  makes  the  vernier  slide  a.\oog  the 
graduated  circle,  naturally  changes  the  reading  of  the 
instrument. 

31.  Dlrectlnif  the  Line  of  Bight,  or  the  Telescope, 
to  a  Given  Mark. ^Suppose  thai,  the  instrument  being  set 
op  and  leveled  at  some  point,  with  both  clamps  set,  it  is 
desired  to  direct  the  line  of  sight  toward  a  certain  mark,  as 
a  pole  held  at  one  of  the  stations  of  a  survey. 

In  order  to  do  this,  one  of  the  clamps  must  be  loosened. 
If  the  reading  of  the  vernier  is  to  remain  unchanged,  the 
lower  clamp  should  be  loosened;  otherwise,  the  upper 
clamp.  We  shall  assume  that  the  upper  clamp  is  loosened. 
The  plate  is  then  revolved  horizontally,  or  in  azimuth,  one 
band  being  placed  on  each  side  of  it.     The  transitman  walks 


I 
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around  the  instrument,  looking  over  the  telescope,  until  the 
latter  points  to  the  flagpole  to  be  observed,  as  nearly  as  he 
can  estimate  by  the  eye.  He  then  looks  through  the  tele- 
scope, which,  if  necessary,  he  turns  to  one  side  or  (he  other, 
and  up  or  down,  until  the  pole  appears  in  the  field  of  view. 
Still  turning  the  plate  with  his  hands,  he  brings  the  image 
of  the  flagpole  nearly  into  coincidence  with  the  vertical 
'SS-hair.  This  is  shown  in  Fig.  14,  where  a  b  and  c  d  are 
cross-hairs,  and  PQ  the  image  of  the  flagpole.  He  now 
!ts  the  upper  clamp,  and  turns  Ihe  upper  tangent  screw 
until  the  intersection  of  the  cross-hairs  exactly  bisects  the 
pole,  as  shown  in  Fig,  15,  This  completes  the  operation. 
The  process  is  the  same  when  the  lower  clamp  is  loosened 
t>efore  revolving  the  telescope,  except  that  in  that  case  the 
lower  instead  of  the  upper  tangent  screw  is  used. 


L^ 


Whenever  such  expressioas  as  "Loosen  the  lower  clamp 
and  direct  the  telescope  <or  the  line  of  sight)  to  Station  A" 
occur,  it  should  be  understood  that  an  operation  simitar  to 
the  one  just  described  is  to  be  performed. 

32.  Measurement  of  Horizontal  Anglea. — The  hori- 
zontal circle  of  the  transit,  like  that  of  the  compass,  measures 
only  horizontal  angles;  that  is,  angles  between  the  horizonlal 
projections  of  the  lines  of  sight.  This  subject  was  fully 
explained  in  Compass  SHrtrying;  Part  1. 

Let  /I  B  and  A  C,  Fig.  16.  be  two  lines  on  the  ground  the 

angle  between  which  it  is  desired  to  measure  with  the  transit. 

Set  dp  the  instrument  precisely  over  the  vertex  /■/,  level  it 

carefully,  loosen  the  upper  clamp,  and  ttu-n  the  upper  plate 

until  the  zero  of  the  vernier  to  be  read  ( say  vernier  A)  nearly 

coincides  with  the  zero  of  the  graduated  ciTx:1e.     Clamp  the 

,  /C    plates,  and  by  turning 

4»  **""-«■  y""^        the    upper    tangent 

/  \^  screw  bring  the  zero  of 

/  y^  the  vernier  exactly  io 

* ^ €S*  line   with    that   of   the 

P'o-  '•  limb.     This   operation 

is  called  settinf;  the  vernier  at  zero.  Loosen  the  lower 
clamp  (if  it  is  not  already  loosened),  and  direct  the  telescope 
to  a  flag  held  at  B  (see  Art.  31).  Next,  loosen  the  upper 
clamp,  and  direct  the  telescope  to  a  flag  held  at  C,  The  arc 
of  the  graduated  circle  traversed  by  the  zero  point  of  the 
vernier  will  measure  the  angle  B  A  C.  whose  value  can 
determined  by  reading  the  instrument;  that  is.  by  adding 
the  reading  of  the  vernier  to  that  of  the  limb  (see  Arts. 
1 6  and  19).  The  arc  is  here  described  as  turned  clockwise, 
or  in  a  direction  corresponding  to  the  movement  of  the 
hands  of  a  watch  when  face  upwards,  and  in  this  case  has  a 
value  of  \A'A°  'MV,  which  will  be  the  reading  of  the  instrument. 

It  is  not  always  necessary  nor  convenient  to  set  the  vernier 
at  zero  before  measuring  an  angle.  The  upper  clamp  being 
set,  whatever  the  position  of  the  vernier  may  he,  the  tele- 
scope is  directed  to  B,  as  explained  above,  and  the  readioj; 
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of  the  instrument  taken.  The  upper  clamp  is  then  loosened, 
the  telescope  directed  to  C,  and  the  instrument  read  again. 
The  difference  between  the  two  readings  is  the  value  of  the 
angle. 

TBAVEB8ING 


DIFFERENT    METDODS    OF    TRAVERSINQ 

33.  In  surveying,  a  traverse  is  a  series  of  consecutive 
courses  whose  lengths  and  directions  are  determined  by 
measurement.  For  determining  the  directions  of  the  courses 
of  a  traverse,  three  methods  are  commonly  employed, 
namely: 

1,  By  Bearings. — In  this  method,  which  was  treated  in 
Compass  Surveying,  Part  1,  the  directions  of  the  courses  of 
the  traverse  are  determined  by  their  magnetic  bearings. 

2,  By  Asimuths. — In  this  method,  the  directions  of  the 
courses  of  the  traverse  are  determined  by  their  azimuths. 

3,  By  Deflection  Angles,  or  by  Deflection. — In  this  method, 
the  relative  directions  of  the  courses  of  the  traverse  are 
determined  by  measuring  the  angle  by  which  the  direction 
of  each  course  is  deflected  from  the  prolongation  of  the 
immediately  preceding  course. 

TRAVERSING     BY    AZIHDTH 

34.  On  Azimuth, — As  explained  in  Compass  Surveying, 
Part  1,  the  nzimiith  of  a  line  is  the  angle  that  the  line 
makes  with  the  meridian.  It  was  also  explained  that  azimuth 
is  measured  from  0°  to  ,^60°,  either  from  the  south  in  the 
direction  west — north— east,  or  from  the  north  in  the  direc- 
tion east — south — west.  Sometimes,  a  line  that  is  neither  a 
true  nor  a  magnetic  meridian  ia  used  as  a  line  of  reference 
from  which  azimuths  are  measured  in  the  same  manner  as  if 
the  line  were  a  meridian.  Such  a  line  of  reference  is  called 
an  assumed  meridian,  or,  for  shortness,  a  meridian, 

"When  the  directions  of  courses  are  given  by  their  azimuths, 
g   transit  is  used  with  its  horizontal  circle  graduated  from 
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0^  to  360^,  as  explained  in  Art.  13.  It  often  happens  that, 
by  the  addition  of  certain  angles,  an  azimuth  sweater  than 
360^  is  obtained.  An  azimuth  greater  than  360^  is  equal  to 
the  same  azimuth  diminished  by  360°.  Thus,  referring  to 
Fig.  17,  where  ►SA^is  the  meridian,  it  is  immaterial  whether 
we  say  that  the  azimuth  of  ^  ^  is  measured  by  the  arc 
M O  PQ M O  ox  by  the  arc  M  0\  that  is,  whether  we  call  it 
400°  ( =  360°  -h  40°),  or  40°.  In  other  words,  whether  the 
telescope  is  deflected  from  the  meridian  by  400®  or  by  40**, 
it  will,  in  its  final  position,  point  in  the  direction  oiAB,  As 
the  limb  of  the  transit  reads  only  to  360°,  whenever  an  azi- 


Ol 


PlO.18 


muth  jjrociter  than  360°  occurs,  360°  should  be  subtracted 
from  it,  in  order  that  it  may  be  turned  oflE  with  the  transit. 

35.  Forward  Azimuth  find  Buck  Azimuth. — When 
the  azimuth  of  a  line  is  referred  to,  the  vertex  of  the  angle 
measuring  it  is  assumed  to  be  at  the  beginning  of  the  line. 
If  a  backsight  is  taken  along  the  line,  from  the  end  to  the 
beginning,  the  azimuth  of  this  backsight  is  called  the  back 
azimuth  of  the  line,  while  the  azimuth  proper  is  called  the 
forward  azlmiith.  In  Fig.  18,  where  A  is  the  beginning 
and  B  the  end  of  a  line,  and  5'A^and  S'  N^  are  meridians, 
the  forward  azimuth  of  the  line  is  measured  by  the  arc  P R^ 
and  the  back  azimuth  by  the  arc  /''  Q'  R'. 
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^^^It  will  be  noliced  thai  ihe  back  azimuth  P'QR'  is  equal  to 
^P'5i¥'  + 180°,  or  NAR^-\m°:  thai  is,  equal  to  the  for- 
^^ard  azimuth  plus  180°.  In  all  cases,  the  back  azimuth  of  a 
Une  is  equal  to  the  forward  azimuth  of  the  line  plus  180°. 
Should  the  sum  be  greater  than  360°,  it  must  be  replaced  by 
the  difference  between  it  and  360°,  as  explained  in  the  last 
article.  Thus,  in  Fig.  19.  the  forward  azimuth  of  AB  is 
290*;  its  back  azimuth 


is     290°  +  180°,    or 

470°,  or,  subtracting 

360°  from  this  sum, 

'^•fi. 

470°  -  360°,  or  110°.    _ 

\ 

36.  Orienting 
tbe  Transit.  —  To 
orient  a  transit  is 
to  set  its  vernier 
(usually  vernier  A) 
to  read  the  azimuth 
of  a  given  line,  and 
then  direct  the  tele- 
scope along  that  line,  '^'*-  '* 
It  is  evident  that,  if  the  upper  plate  is  then  undamped  and 
revolved  until  the  vernier  reads  zero,  the  telescope  will  be 
directed  toward  the  north  or  toward  the  south,  according 
to  which  point  the  azimuths  are  reckoned  from.  For  this 
reason,  the  orienting  of  the  transit  is  usually  said  to  consist 
ID  so  setting  the  instrument  that  the  vernier  of  its  horizontal 
limb  reads  zero  when  the  telescope  is  directed  toward  the  , 
north  if  azimuths  are  reckoned  from  the  north,  and  toward 
the  south  if  azimuths  are  reckoned  from  the  south. 

3T.  The  Process  or  Azimuth  Traversinjr. — Suppose 
that  A,  Fig.  20,  is  a  given  point  on  a  line  AF  previously 
surveyed,  and  that  it  is  desired  to  connect  this  point  with  the 
point  £  by  a  traverse  following  the  contour  of  the  surface  in 
snch  a  manner  as  to  give  about  the  minimum  rise  and  fall. 
The  true  bearing  of  AF,  as  previously  determined,  is  N  42° 
36'  W;   therefore,   its  azimuth,  counted   from  the  north,  is 
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360"  -42=36'  =  317'*a4'.  The  points  A,  C  and  />  i 
cho»en  in  advance  of  the  survey,  in  such  positions  as  n 
fulfil  the  reijuired  conditions  as  nearly  as  can  be  jodge^i 
each  point  being  selected  while  the  instrument  is  beiaf 
moved  forwards,  set  up,  and  oriented  at  the  preceding  point 
The  instrumental  operations  in  running  this  traverse  areB 
follows: 

The  transit  ts  first  set  up  at  A  and  oriented  by  setting:  the 
vernier  (say  vernier  A),  at  317"  24'  (azimuth  of  A  f)  and 
directing  the  telescope,  with  the  upper  plate  clamped,  along 
A  F,  the  point  /-'bcine  marked  by  a  flag.  The  vernier  clamp 
in  now  loosened,   the   telescope  is  turned   ia  azimuth  and 


directed  to  a  flag  held  at  B.  and  the  vernier  is  read.  Tb* 
reading,  which  in  this  case  is  7.5°  17',  is  recorded  as  the 
azimuth  of  A  B.  As  A  is  the  initial  point  of  the  survey, 
comijletc  information  as  to  how  the  instrument  is  oriented 
should  be  described  by  means  of  a  sketch  or  a  written  state- 
ment. As  a  check,  the  magnetic  bearing  of  A  F  and  thai  of 
the  last  line  should  be  taken  and  recorded.  Suppose  the 
magnetic  bearing  of  A  F  to  be  N  40°  10'  W;  as  the  true 
hearing  is  N  42°  3(i'  W,  the  declination  is  2°  26'  west.  Thil' 
value  should  be  noted. 

The  instrument  is  now  moved  forwards,  set  up  at  B,  ai 
oriented  by  making  the  reading  of  the  vernier  equal  to  ( 
azimuth  of  B  A,  which  is  equal  to  that  ot  A  B  plus  180";  tl 
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is.  76°  17' +  180°  =  255°  17'  (see  Art.  35).  The  upper 
clamp  being  set.  the  telescope  is  directed  to  -•/;  the  lower 
clamp  is  set,  the  upper  clamp  loosenetJ,  ihe  telescope  directed 
to  C,  and  the  vernier  read.  The  reading  is  found  to  be 
89°  SO*,  which  is  recorded  as  the  azimuth  of  B  C.  The 
iastrument  is  then  moved  to  C,  and  the  azimuth  oE  CD  is 
determined  as  explained  for  B  C.  This  azimuth  is  found  to 
be  213°  47',  The  instrument  is  moved  to  D  and  oriented 
by  backsighting  on  C.  The  forward  azimuth  of  CD 
being  2Kr  47'.  the  back  azimuth  is  213°  47'  +  180°  =  393°  47'. 
or 393° 47'-  360°  =  33°  47'  (see  Art. 34).  Setting  the  vernier 
at  this  reading,  and  directing  the  telescope  to  C,  the  transit 
is  oriented  at  D.  The  upper  clamp  is  now  loosened,  the 
telescope  directed  to  It,  and  the  vernier  read  again,  the 
reading  being  the  azimuth  of  DE. 

The  magnetic  bearing  of  D  E  is  now  taken;  suppose  it 
to  be  N  77°  1.5'  E.  As  the  declination  is  2°  26'  west,  the 
approximate  true  bearing  of  D  E,  as  obtained  from  the 
compass,  is  N  74°  49'  E.  Since  the  line  has  an  azimuth 
of  74°  34'.  its  true  bearing  is  evidently  N  74°  34'  E,  which 
agrees  with  that  given  by  the  compass  within  the  limit  of 
accuracy  of  the  latter  instrument,  with  which  angles  are  read 
to  the  nearest  quarter  of  a  degree.  In  a  traverse  consisting 
of  many  lines,  it  is  advisable  to  take  the  magnetic  bearing  of 
every  third  or  fourth  line,  and  compare  it  with  the  true  bear- 
ing obtained  from  the  azimuth  of  the  line. 

38.  Field  Notes  of  an  Azimuth  Traverse. — The 
notes  on  the  next  page  are  those  of  the  azimuth  traverse 
shown  in  Fig.  20.  They  are  similar  to  those  used  in 
compass  surveying,  and  do  not  require  any  explanation. 
The  distances,  which  are  obtained  by  merely  subtracting 
the  number  of  each  instrument  station  from  the  number  of 
the  succeeding  instrument  station,  are  recorded  in  the  fourth 
column.     This  is  usually  done  in  the  office. 

39.  T^tltnde  and  Ivonelludu  Bailees  Computed 
Prom  Azimuths. — The  ranges  of  a  line  whose  azimuth  is 
known  are  calculated  by  formulas  similar  to  those  used  in 
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Compass  Surveyings  Part  2,  the  azimntli  of  tbe  line  being  used 
instead  of  the  bearing.     When  azinmths  are  reckoned  from 


Station  ■  Azimath  .  True  Bearing  Distances 


i6-h95      74^  34' .  N  74**  49^  E 
lo-h  31    ^ij'^  47' 

6-h85 

2  +  90 

F,  64 
0 


End  of  line. 


89° 

30' 

71" 

1/ 

317° 

24' 

N42^36'W; 


I 


I 


Station  0  is  at  Sta. 
58  +  60  of  snnreyed 
line  of  O.  &  B.  R.  R. 
Oriented  by  for- 
ward azimnth  on 
Inst.  Point  /*,  at 
Sta.  64  of  same. 
True  bearing  N  42^ 
36^  W.  DeclinatioQ 
2®  26'  west. 


the  north,  these  formulas  have  the  advantage  that  they  give 
both  the  numerical  value  and  the  algebraic  sign  of  each 
range.     In  Fig.  21,  SN  is  the  meridian,  A  B  \s  ^  line  whose 


Pig.  21 


azimuth  is  Z,  length  /,  and  ranges  /  and^.     The  general  for- 
mulas for  finding  /  and  g  are,  whatever  may  be  the  value  of  Z, 
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(I) 
(3) 


F    Id  Fig.  21  {a),  Z  is  acute,  and  the  formulas  at  once  follow 
from  the  right  triangle  ABB'. 

Id  Fig.  21  (A),  we  have,  siace  south  latitude  ranges  are 
negative,    and    cos  Z'  =   —cos  (180  —  ^')  =  —cos   Z,  and 
sin  Z'  =  sin  (180°  —  Z'}  =  siu  Z, 
t  =  -B'A  =  -/cosZ'  =  -/X  (-cosZ)  =  /cosZ 
g  =  I  sm  Z'  =  /  sin  Z 

In  Fig.  21  (r),  both  /  and  g  are  negative,  and,  since  cos  Z 
i  (180"  +  Z')  =  —cos  Z',    and  sin  Z  =  —sin  Z',  we 


|/=  -B'A /cosZ'  =  IX  (-cosZ')  =  IqosZ 

-BB'  =  -I  siaZ'   =  IX  {-sinZ')  =  I  sin  Z 
.et  the  student  verify  that  the  formulas  apply  likewise 
^Fig.  2J  (rf). 

'  40.  PlattliiK  an  Azimuth  Traverse. — The  most 
accurate  method  of  platting  a  traverse  is  by  latitude  and 
longitude  ranges.  This  method  was  fully  explained  in  Com- 
pass  Surveying,  Part  2.  The  ranges  are  calculated  by  the 
formulas  given  in  the  preceding  article. 

The  plat  may  be  made  with  some  degree  of  expedition  by 
means  of  an  ordinary  circular  or  semicircular  protractor,  a 
decimally  divided  scale,  and  some  means  for  drawing  parallel 
lines,  such  as  a  parallel  ruler  moving  on  rollers,  a  T  square 
and  triangle,  or  a  pair  of  triangles.  The  position  of  the 
initial  point  A.  Fig.  20,  and  the  direction  of  the  meridian 
are  chosen  so  that  the  whole  traversed  line  may  be  platted 
OQ  the  sheet.  Whenever  convenient,  the  meridian  should  be 
made  vertical  on  the  plat. 

It  may  or  it  may  not  be  desirable  to  show  the  line  by 
which  the  instrument  ts  first  oriented,  as  the  line  A  F;  when 
town,  it  is  platted  in  substantially  the  same  manner  as  any 
r  line  of  the  survey;  in  the  present  case,  this  line  has  a 
ring  N  42°  SH'  W.  The  protractor  is  placed  on  the  left- 
1  (west)  side  of  the  meridian  line,  with  its  straightedge 
iciding  with  this  line  and  its  center  at  the  initial  point  A, 
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and  a  point  is  marked  on  the  paper  at  the  graduation  mark 
for  42°  36'  on  the  graduated  semicircular  edge  of  ihe  pro^ 
tractor.  The  protractor  is  then  removed  and  a  line  dniwii 
through  the  initial  point  A  and  the  point  marked.  It  will 
be  noticed  that  the  direction  of  the  line  .■!/■'  is  laid  off  by 
its  bearing.  When  the  direction  of  a  line  is  laid  off  by  iti 
azimuth,  however,  the  angle  is  laid  of!  from  the  north  p 
in  the  direction  of  the  movement  of  the  hands  of  a  walcli; 
that  is,  in  the  direction  east — south — west — north,  up  to  3 
If  the  protractor  used  is  a  complete  circle,  it  is  placed  o& 
the  paper  with  its  center  at  the  initial  point  of  the  line  and 
its  zero  point  on  the  meridian,  north  of  the  initial  point, 
and  the  azimuth  angle  is  laid  off  on  the  graduated  circular 
edge  in  the  direction  just  described.  A  similar  method  is 
employed  with  a  semicircular  protractor  if  the  aEimutb  ii 
not  greater  than  180°, 

When  a  semicircular  protractor  is  used,  however,  and  the 
azimuth  exceeds  180°,  it  cannot  be  laid  off  directly  since  the 
protractor  does  not  measure  angles  greater  than  180°.  In: 
such  a  case,  the  azimuth  is  subtracted  from  360°  and  the 
remainder  is  laid  off  toward  the  west  of  north;  that  is,  from 
the  north  in  the  direction  north — west — south,  by  placinC^ 
the  protractor  on  the  left-hand  (west)  side  of  the  meridiait 
with  its  center  at  the  initial  point  of  the  line  and  its  zero  oii| 
the  meridian  north  of  the  vertex  of  the  angle. 

Protractors  are  usually  graduated  to  degrees  and  hat 
degrees.     Minutes  must  be  estimated  by  the  eye. 

TBATER8IKG    BY    DEFLECTIONS 

41.  The  Process. — The  relative  directions  of  the  courseV 
of  a  traverse  may  be  determined  by  measuring,  with  a  transit^ 
Ihe  angle  by  which  each  line  is  deflected  from  the  prolongft< 
tion  of  the  one  immediately  preceding.  Such  a  traverse  i 
sometimes  called  an  unfile  line.  The  method  by  azimuth^ 
is  far  preferable,  and  the  student  is  advised  to  use 
exclusively.  In  the  field  notes,  an  angle  is  sometimes 
recorded  Ji  or  Z.,  according  as  it  is  turned  to  Ihe  right  or  to 
the  left  of  the  line  from  which  it  is  measured. 
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The  process  of  running  a  traverse  by  deflections  is  as  fol- 
lows: Let  the  line  to  be  run  be  ABC D E,  Fig.  22,  which 
is  the  same  as  that  shown  in  Fig.  20.  The  transit  is  set  up 
at  the  starting  point  A.  and,  with  the  vernier  set  at  zero,  the 
telescope  is  directed  to  a  flag  held  at  F,  the  position  of  the 
line  AF  being  supposed  known  from  a  previous  survey. 
Or.  A  F  T[iAy  be  a  line  defined  by  the  point  A  and  some 
permanent  object,  such  as  a  church  spire  or  a  tree.  The 
important  thing  is  to  have  a  fixed  reference  line  from  which 
to  start  the  survey.  The  vernier  plate  is  then  undamped, 
the  telescope  turned  in  azimuth  and  directed  toward  a  flae 


held  at  the  next  point  B,  and  the  vernier  read.  The  reading, 
which  in  this  case  is  117°  63'.  is  recorded  as  the  deflection 
from  A  F.  As  this  deflection  is  to  the  right  of  A  F,  it  is 
marked  K. 

The  instrument  is  now  moved  forwards  and  set  up  at  B. 
and  the  flag  that  was  at  /"is  moved  to  A.  With  the  vernier 
again  set  at  zero,  the  telescope  is  directed  to  the  flag  at  A, 
and  then  plunged.  The  upper  clamp  is  loosened,  the  tele- 
scope is  directed  to  C,  and  the  vernier  read.  The  reading, 
which  is  14°  13',  is  the  angle  made  by  5  C  with  the  pro- 
longation o£  A  B.  As  it  is  turned  to  the  right  of  that 
prolongation,  it  is  marked  /?.  The  instrument  is  then 
moved  to  C,  and  the  deflection  to  D  measured  in  a  similar 
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The  same  operation  U  repealed  at  each  of  the 
other  angle  points  of  the  line.  The  dislance  between  A  lod 
0  is  measnred  when  the  transit  is  at  .1,  the  transjtrata 
keepine  the  head  chainman  in  line;  the  distance  between 
B  and  C,  when  the  transit  is  at  ff,  etc. 

42.  Cbecklus  bjr  the  Needle — Deduced  Bearings. 
Notwitbstandias  ibe  ereatest  care,  errors  in  the  readini; 
and  recording  of  angles  will  occur.  The  best  check  lo 
such  errors  is  obtained  by  reading  the  magnetic  needle, 
Altboagfa  this  is  not  an  exact  check,  owing  to  the  Lack  of 


precision  in  reading  the  needle  and  lo  the  influence  of  local 
attraction,  yet  it  is  very  convenient  and  is  used  very  geD- 
erally.  The  bearing  of  each  line  is  taken  and  recorded 
immediately  after  the  deflection  angle  has  been  read  of! 
the  vernier. 

The  method  is  illustrated  in  Fig.  23,  in  which  the  lines  A  B 
and  5  r  represent  the  first  two  lines  of  a  deflection  traverse. 
The  bearing  of  A  B,  as  determined  from  B  {not  from  A  on 
account  of  the  local  attraction  at  A)  is  supposed  to  be 
S  68°  15'  W.  The  angle  deflected  from  j9  to  C  is  10=  25'  to  | 
the  right.  The  bearing  of  the  line  .^S  is  N  68°  ly  E.o-« 
68°  W  to  the  right  of  north.    Since  both  the  bearing  of  llfc^ 


J 


1 
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irsl  course  and  the  angle  turned  are  to  the  right,  the  sum  of 
[he  beariOE  and  angle  should  be  the  bearing  of  the  second 
-oursc.     The  bearing  of  a  course,  as  thus  computed   from 
he  bearing  of  the  adjacent  course  and  the  angle  between  the 
,ourses.  is  c-illed  its  dvtluceU  or  calculated  bearing.    The 
deduced  bearing  of  Ihe  course  ^C"  is,  therefore,  N  {QS"  15' 
+  10"  25')  E,  or  N  78°  40'  E.     The  magnetic  bearing  of  iho 
:ourse  BC.  as  read  from  the  needle,  is  N  TS°  30'  E,  which 
igrecs  with  the  deduced  bearing  within  the  limits  of  accuracy 
3f  the  compass. 

43.     Field  Notes.— A  good  form  for  the  field  notes  of  a 
[eflection  traverse  like  diat  described  in  Art.  41  is  eiven 
HOW.     The  first  four  columns  are  supposed  to  cover  some, 
■  all,   of  the  left-hand  page  of   the  notebook.     The  last 

■ 

JClntar 

6^€Ct/tit       Tmiltrmf 

AVAwwy 

Pimar*a 

Ena<r'£,i,t 

L  /ja'a' 

r/p*'^3£ 

•ffOf 

/f/^'/p- 

S33'¥^'l¥ 

^- 

Stse 

^' 

o 

f -. 

ffB^SmW> 

i^^S^.f     *fSt/f/o»SM. 

L 

«=^*-V  e,cf.^tf^o.e'Mfm 

1 

Bnmn  represents  the  entire  right-hand  page,  which  is  usee 
Br  remarks  and  sketches.     The  sketch  shown  locates  Sta 
ion  0  and   describes   the  direction  of  the  first  course  b 
■neans  of  the  angle  that  it  makes  with  the  center  line  of  th 
ailrnad  at  this  station. 

Another  way  of  recording  the  work  is  simply  to  raak 
\  sketch  on  which  angles  and  distances  are  marked,  will 
dftatever  explanations  are  necessary. 
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44.     M<n»>orins  tbe  Andes. —  .it  r-rrrer 


■  «  •  *  w 


•        ■  ■  «•     *  as  ta        '  «  ^Blaw  M«^H  ^  M  ^^     •    •    Ito    B 
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r  i  r^Ter^e.  set- 
:r  :iii:  ::  cede:- 

-  r  •       • 


-— -»      -^■•— *»«-    Vi 


■  ^   —      .  ._        .!>.  - 
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mec   ry  per- 

•  -  • 
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4-3.     FSt:l».l  With   Irrtaffuiar  Ho:indarv. — "iVzez  cze  o: 


*  **  A 
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4*>.     t'luvkini:  :ho  Anarles. — A::fr  ±e  Trri  is  r.r.ishei. 
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The  angle  A  should  be  called  260°,  not  100".  The  sum  of 
the  measured  angles  should  satisfy  the  formula  within 
about   2   minutes   per   angle. 

(i)  IVketi  the  DelUititm  Method  is  l/sed.—Each  deflection 
angle,  being  the  angle  made  by  a  side  with  the  prolongation 
of  the  preceding,  is  an  exterior  angle  of  the  polygon.  The 
sum  of  all  these  angles  should  be  equal  to  360°,  within  the 
limits  mentioned  above. 

(i:)  VV/ieM  .'Isimuths  Are  Used. — The  azimuth  of  the  first 
line  is  measured,  or  laid  off,  when  the  transit  is  set  at  the 
first  corner,  and  then  the  azimuth  of  each  line  is  determined 
from  that  of  the  preceding,  as  al- 
ready explained.  In  this  manner. 
the  azimuth  of  the  first  line  may  be 
determined  from  that  of  the  last, 
by  again  setting  the  transit  at  the 
starling  corner.  This  second  de- 
termination of  the  azimuth  of  the 
first  Une  should  be  approximately 
equal  to  the  one  with  which  the 
sur\'ey  was  started.  Besides,  the 
sum  of  the  angles  of  the  polygon 
should  satisfy  the  formula  already 
given.  The  manner  of  determining 
the  angle  between  two  lines  whose  azimuths  are  known  is 
similar  to  that  used  when  the  bearings  are  known,  and  does 
oot  require  special   explanation. 


II.    WHEN    THERE    IS    A    SMALL    ANOUL. 
47,     Ijatltiicle  and  I,onieltu<le  Ranffes, 
and  longitude 


BALANCING  THE  SlinVEY 

ERROR 

The  latitude 

ges  are  computed  by  the  formulas  in 
Art.  39.  If  the  azimuths  have  not  been  measured  directly 
and  the  azimuth  of  one  of  the  sides  is  known,  the  azimuths  of 
the  other  sides  can  be  readily  determined  from  the  measured 
angles.     If  no  azimuth  has  been  measured,  any  of  the  sides 
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is  assomed  as  s  mcTMlMn.  and  aztmatfas  aikd  ranees  are 
referred  toil. 

48.  General  R^mmrk  oq  BalancinK' — As  in  the  cas« 

of  compass  sarrerinE,  it  will  geDerally  be  fonnd  that  a 
transit  samj  doe*  not  close.  Here,  however,  the  method 
of  balancins  explained  in  Compass  StirTrjriMg.  Part  2,  cannot 
be  applied,  as  that  method  assumes  the  possibility  of  target 
errors  in  the  angles  than  are  likelj  to  occur  in  transit  work. 

49.  Case  Wbere  the  Aagralar  Error  Is  Small. — When, 
in  testing  the  angular  ineasnmceni  of  a  5un,'ey  that  does 
not  close,  it  is  found  that  the  angnlar  error,  thongh  safB- 
ciently  great  to  be  considered,  is  small  as  compared  with  ihe 
error  of  closure,  the  following  rule  may  be  applied  for  co[^ 
reeling  the  ranges: 

Bale. — As  the  arithmetual  s»m  ^  all  tit  ranges  of  ffiu  kini 
is  to  the  forrtsp^nding  range  ol  any  eomrse,  sa  is  the  Mai  errvf 
in   the  ium  of  the  ranges  oi  that  kind  to  the  corrtc/ioH  to  it 
afifilied  ta  the  (erreip<ntding  range  of  that  emrse. 
In  order  to  express  this  hy  a  formula. 
Let    X  =  arilhineltcal  sum  of  ranges  of  one  ktttd; 
r  =  corresponding  range  of  any  course; 
£  =  total  error  in  latitude  or  longitude  ranges; 
f  =  correction  in  latitude  or  longitude  range,  to  ha 
applied  to  r. 
Theo.  R  :  r  =  E  :  £-,  whence. 
Er 
'  =  lf 
If  it  is  desired  to  weight  the  courses  when  using  this  rule, 
the  ranges  of  each  separate  course  are  multiplied  by  lh« 
weight  assigned  to  that  course,  and  the  ratio  between  each 
weighted  range  and  the  arithmetical  sum  of  all  the  weighted 
ranges  of  the  same  kind  is  used  in  distributing  the  error. 
In  other  words,  the  weighted  range  is  substituted  for  r  aud 
the  arithmetical  sum  of  the  weighted  ranges  for  R  in  ths' 
above  formula. 

The  student  should  notice  that  only  arithmetical  values 
used  in  applying  the  formula.     The  correction  for  any  range 
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is  added  arithrnetically  to  the  original  range,  if  that  will 
diminish  the  total  error;  otherwise,  it  should  be  subtracted. 
Thus,  if  the  sum  of  the  northings  is  greater  than  that  of  the 
southings,  the  northings  should  be  diminished,  and  the  south- 
ings increased.  

It.    WHEN    THERE    IS    MO    ANOtTLAR    ERROR 

50.  Uoneral  Consideration. — The  foregoing  rule  for 
balancing  a  survey  is  founded  on  the  assumption  that  the 
error  of  closure  is  due  partly  to  erroneous  angles  and  partly 
to  errors  in  chaining.  When,  however,  the  angles  are 
measured  accurately,  the  error  of  closure  may  be  assumed 
to  be  mainly  due  to  erroneous  chaining.  In  this  case,  the 
survey  must  be  balanced  by  correcting  the  lengths  of  the 
sides,  which  must  be  so  adjusted  as  to  give  a  closed  figure 
approaching  the  true  conditions  as  nearly  as  possible.  In 
adjusting  the  lengths  of  the  lines  due  consideration  should 
be  given  to  the  following  principles: 

Principle  I. — Measurements  made  either  up  or  down  a  slope 
are  likely  to  be  too  long  as  (ompared  with  measurements  made 
under  similar  conditions  on  level  ground. 

Principle  II. — Error  in  chaining  is  more  likely  to  occur  in 
titles  measured  over  rough  ground  or  under  unfavorable  condi- 
tions than  in  lines  measured  over  smooth  ground  and  under 
lavorable  conditions. 


These  principles  may  serve  as  a  guide  in  balancing  a 
insit  survey,  an  operation  that  must  be  done  by  trial, 
I  no  exact  method  has  yet  been  devised. 


tmsi 
no 
61.  Trial  Method.— Let  ABCDEF,  Pig.  25,  represent 
s  plat  of  a  survey  that  contains  no  angular  error  and  does 
t  close,  and  in  which  the  line  /4  F  represents  the  error 
of  closure. 

Prom  a  mere  inspection  of  the  plat  it  is  usually  easy  to 
determine  which  lines  must  be  lengthened  and  which  lines 
shortened,  in  order  to  close  the  survey.  Should  any  difficulty 
be  experieiiced  in  determining  this,  prolong  the  closing  line. 
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in  both  directions  if  necessary,  and  draw  peipendicnlars  to  it 
from  the  extreme  angles  of  the  plat.  The  angles  from  which 
the  perpendiculars  are  drawn  will  lie  between  lines  that  are 
to  be  lengthened  and  those  that  are  to  be  shortened.  Thus, 
in  the  tigure,  the  closing  line  FA  is  prolonged  in  both  direc- 
tions and  the  perpendiculars  Z^J/and  EX  drawn  to  it  from 
the  extreme  angles  of  the  plat.  A  M  and  NF  are  evidently 
the  projections  of  the  lines  that  must  be  lengthened,  and 
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MX  the  r-'-^ject:  'H  n:  the  ::r.e>  th.-r  :r.u«t  be  shortened,  in 
crcer   :■"■   c".^  <e   :he   >v:rvey.     Cvn-ie'V-ently.   the    lines  A  B 
ir.-I  /:"/'rr.-:s:  bo  ler.^^rher^ed  and  the  lines  BC,  CD,  and  D  JE.. 
sh  rtenec::    :he  Ar.i^'.es  />  iind  A'  lie  between  the  lines  tIrxaX 
:r.u<:  be  '.e"_^-:her,e.:  Ar.vi  th^  -^e  tl'.A:  rr.w^i  be  shortened. 
N[eA<ure  :".:e  i-rr-r  -.'^i  c'.  <\:rc  .  /  /- ^^  the  scale  of  the  drsfe.^    ^ 

•".i.-.  ar,.i  liiviie  the  .i:::.'ur.t  if  :hi<  errt-^r  by  the  sum  of  t - 

■5  r.f  :^V:  :::e  <:de<-     Mu'.rirly  cuh   line  that  is  to 
:her.eu  by  tr.e   p '.•.:<    :he    liu-nient.   and  each   line    tl 


ler.j: 

le-ir 


is    to   be    shortened    by    tune    ::::nus    the    quotient.      Th< 


beginning  with  a  line  adjacent  to  the  error  of  closure  and 
proceeding  in  order  around  the  plat,  lay  off  each  Jine  of  a 
length  equal  to  the  product  thus  obtained  and  in  a  direction 
parallel  to  its  former  position.  When  this  has  been  done 
accurately,  it  will  be  found  that  the  error  of  closure  is  much 
diminished,  and  in  some  cases  wholly  corrected,  but  in  most 
cases  a  new  error  of  closure,  as  F*  A,  will  be  formed. 

The  new  error  of  closure  is  corrected  by  what  is  sub- 
stantially a  repetition  of  the  process  Just  described.  The 
line  /^ /"' representing  the  new  error  of  closure  is  divided 
by  the  sum  of  the  lengths  of  the  new  sides,  and  each  side  is 
muiiiplied  by  one  plus  the  quotient  or  one  minus  the  c|uolient, 
according  as  it  is  to  be  lengthened  or  shortened.  From  an 
inspection  of  the  figure,  it  is  found  that  the  lines  A  B',  B'  C, 
and  C  ly  are  to  be  shortened,  and  the  lines  D'  £'  and  E'  F' 
are  lo  be  lengthened.  It  will  be  noticed  that  the  line  AB 
that  was  lengthened  in  the  first  trial  is  shortened  in  the 
second  (rial,  and  that  the  line  DE  that  was  shortened  in 
the  first  trial  is  lengthened  in  the  second.  The  second  trial 
gives  the  smaller  error  of  closure  F"  A,  and  by  repeating 
the  operation,  the  error  of  closure  can  be  made  smaller  and 
smaller.  As  this  method  is  partly  graphic,  and  therefore 
only  approximate,  it  will  be  necessary  to  make  the  last  slight 
adjustments  arbitrarily,  in  order  to  cause  the  survey  to 
balance  accurately. 

52.  Graphic  Method. — When  a  survey  having  no  angu- 
lar error  does  not  close,  it  can  be  balanced  by  arbitrarily 
distributing  the  error  among  all  the  lines  of  the  survey  by 
means  of  the  following  graphic  construction; 

Let  ABCDF.A'.  Fig.  26,  represent  the  traverse  of  the 
boundary  of  a  tract  of  land,  in  which  the  error  of  closure  A  A' 
is  to  be  corrected  by  adjusting  the  lengths  of  the  sides. 
Uraw  the  line  A  A',  representing  the  error  of  closure,  divide 
it  into  a  number  of  equal  parts  that  is  one  less  than  the  figure 
has  sides,  and,  beginning  at  A',  number  consecutively  the 
points  of  divisidn,  including  the  extremities  of  the  line,  as 
&hown.     From  each  angle  of  the  tract,  draw  a  tine  parallel 
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to  A  A'  and  in  the  same  direction  from  the  anfi^Ie  that  A*  is 
from  A]  make  each  line  of  the  same  length  as  A  A',  divide 
it  into  the  same  number  of  equal  parts,  and  number  the 
points  of  division  in  the  same  manner.  Now,  beginning  at  A' 
draw  the  lines  1-1^  2-2,  3-3,  4-4,  and  5-1,  joining  corre- 
sponding points  in  succession  around  the  figure,  prolongins; 


Fio.  26 

each  two  adjacent  lines  to  an  intersection.  The  lines  so 
drawn  will  be  parallel,  respectively,  to  the  original  sides  of 
the  plat,  the  last  line  coinciding  with  the  last  side  EA\  and 
will  form  a  closed  figure.  This  method  merely  distributes 
the  error  arbitrarily  among  all  the  lines  of  the  survey,  in  such 
manner  as  to  affect  to  the  greatest  degree  those  lines  that 
are  most  nearly  parallel  to  the  error  of  closure. 
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ADJUSTMENTS  OF  THE  TRANSIT 

I  63.  DellnltlonB. — The  high  degree  of  accuracy  attained 
i  measurements  made  with  a  transit  requires  delicacy  and 
tctness  in  the  construction  of  certain  essential  parts,  and 
slreme  precision  in  their  arrangement.  Such  parts  are 
liable  to  become  disarranged  or  disturbed  from  their  true 
positions  by  shocks  and  other  causes;  this  does  not  neces- 
sarily injure  the  instrument  itself,  but  it  impairs  its  accuracy. 
In  order  that  such  parts,  when  disturbed,  can  be  rearranged, 
they  are  made  movable,  or  udjiistnble,  by  means  of 
accurately  fitted  screws.  An  adjustable  part  is  said  lu  be  In 
adjustment  or  out  t>f  adjustment,  according  as  it  is  or  is 
not  in  its  proper  position.  The  instrument  itself  is  said  to 
be  in  adjustment  or  out  of  adjuslraeiit,  according  as  its  parts 
are  or  are  not  in  adjustment.  To  adjust,  or  make  the 
adjustments,  of  an  instrument,  is  so  to  arrange  its  parts 
that  they  shall  have  their  proper  relative  positions. 

54.  Conditions  That  Mnst  bo  Ftil  rilled  by  a  Transit 
Id  Adjiistnaent. — When  a  transit  is  in  perfect  adjustment. 
it  roust,  after  being  leveled,  fulfil  the  following  conditions: 

1.  The  centers  must  revolve  on  a  truly  vertical  axis,  so 
that  the  plate  levels  will  remain  centered  during  a  complete 
revolution, 

2.  The  line  of  collimation  must  be  perpendicular  to  the 
transverse  axis  of  the  telescope,  so  that  it  will  be  in  the 
same  straight  line  when  the  telescope  is  plunged, 

3.  The  axis  of  revolution  (the  transverse  axis)  of  the 
telescope  must  be  horizontal,  and,  therefore,  perpendicular 
to  the  vertical  axis  of  the  instrument. 

When  a  transit  has  a  level  and  a  vertical  arc  or  circle 
attached  to  the  telescope,  it  should  fulfil  the  following 
additional  conditions: 

4.  The    line   of   collimation  must  be  parallel   to  a  line 
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langent  to  the  tube  of  the  telescope  level  at  its  micMB 
point,  so  that  the  line  of  collimation  will  be  horizontal  whe 
the  bubble  of  the  telescope  level  stands  at  the  middle  g 
its  tube. 

6.  The  vernier  of  the  vertical  arc  or  circle  most  rea 
zero  vvhen  the  line  of  collimation  is  horizontal. 

The  adjustments  establishing  these  conditions  should  bl 
made  in  the  order  in  which  the  conditions  are  stated.  Tbi 
best  time  for  adjusting  an  instrument  is  on  a  cloudy  day,  a 
in  the  early  morning  before  the  air  has  become  heated  aojf 
(he  sun  dazzling.  An  open  and  nearly  level  space  affordinf 
an  unobstructed  sight  for  at  least  400  feet  from  the  transit 
in  opposite  direction?  should  be  chosen  for  making  the 
adjustments.  In  setting  up  the  instrument,  the  feet  of  the 
tripod  should  be  planted  firmly  in  solid  ground  that  is  not 
subject  to  jars  from  heavy  machinery  or  other  causes,  so 
that  its  position  will  not  be  disturbed. 

55.  First  Adjuatment. — To  malte  the  axes  of  the  plate 
levels  perpendicular  to  the  vertical  axis  of  the  instrument, 
so  that  when  the  bubbles  are  centered  by  the  leveling 
screws  the  axis  of  the  centers  will  be  truly  vertical  and  the 
plates  will  revolve  in  a  horizontal  plane. 

This  adjustment  is  substantially  the  same  as  lor  the  com- 
pass, and  is  performed  as  follows: 

With  the  upper  clamp  set  and  the  lower  clamp  loose,  turn 
the  instrument  so  that  the  plate  levels  will  be,  respectively, 
parallel  to  the  lines  determined  by  the  two  pairs  of  levetin] 
screws,  and  bring  each  bubble  to  the  middle  of  its  tube  b, 
means  of  the  corresponding  pair  of  leveling  screws.  Next,' 
turn  the  instrument  half  way  around;  that  is.  revolve  it  il 
aiimuth  through  180°,  so  that  each  level  will  be  in  tb 
reverse  position  with  respect  to  the  same  pair  of  levelinj 
screws.  If  the  levels  are  in  adjustment,  the  bubbles  wB 
remain  in  the  centers  of  the  tubes.  If  the  bubbles  do  ne 
remain  so,  but  run  to  either  end,  bring  them  half  way  bac 
to  the  middle  of  the  tubes  by  means  of  the  capstan-heada 
screws  attached  to  the  ends  of  the  tubes,  and  the  rest  of  tb 
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way  back  by  the  leveling  screws.  Then  revolve  the  instru- 
ment again  through  180°  and  observe  the  positions  of  the 
hubbies.  Sometimes  this  adjustment  is  made  by  one  trial, 
but  it  is  usiially  necessary  to  repeat  the  operation. 

56.  Second  Adjustment.— To  make  the  line  of  sight 
perpendicular  to  the  transverse  axis  of  the  telescope. 

The  manner  of  performing  this  adjustment  is  illustrated 
in  Fig.  27.  Set  and  level  the  instrument  at  a  point  ^.  and 
direct  the  telescope  to  some  well-defined  point  B  a  few 
hundred  feet  distant.  Both  clamps  being  set,  plunge  the 
telescope  and  set  another  point,  as  a  marking  pin  or  a  tack, 
in  the  top  gf  a  stake,  a  few  hundred  feet  away,  on  the 
opposite  side  of  the  instrument  from  B.  If  the  line  of  sight 
is  truly  perpendicular  to  the  transverse  axis  of  the  telescope, 
this  point  will  be  in  the  prolongation  of  B A.  In  order  to 
ascertain  if  this  is  the  case,  loosen  either  clamp,  turn  the 


instrument  in  azimuth  through  180",  set  the  clamp  and,  by 
means  of  the  tangent  screw,  direct  the  line  of  sight  again 
to  B,  and  plunge  the  telescope  again.  If  the  line  of  sight 
strikes  the  same  point  as  before,  it  is  perpendicular  to  the 
transverse  axis,  and  no  adjustment  is  necessary. 

But,  suppose  that  the  point  set  after  the  first  plunging  is 
at  D,  and  that  the  point  set  after  the  second  plunging  is  at  E, 
to  one  side  of  D.  This  will  show  that  the  line  of  sight  must 
be  adjusted.  In  order  to  make  this  adjustment,  measure  the 
distance  D  E{\^^  points  /?and  E  are  set  at  the  same  distance 
from  A,  as  nearly  as  can  be  estimated  by  the  eye),  and  set  a 
mark  at  F,  making  the  distance  j^/^ equal  to  one-fourth  D  E. 
Move  the  cross-hairs  by  means  of  the  capstan-headed  screws 
■until  the  vertical  hair  exactly  covers  the  mark  at  F,  being 
«areful  to  move  them  in  the  opposite  direction  to  that  in 
1  it  would  appear  they  should  move.     In  order  to  move 

B  cross-hairs,  loosen  the  screw  on  the  side  of  the  telescope 
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tube  away  from  which  they  are  to  he  moved,  and  ihen  tighten 
the  screw  on  the  opposite  :;ido.  Bring  the  screws  to  a  finn 
bearing,  but  do  oot  turn  them  so  tight  as  to  cause  any  strain. 
The  cross-hairs  having  been  thus  moved  and  the  lelescopa 
plunged  back,  the  line  of  sight  will  not  fall  on  the  point  g, 
but  on  a  point  G,  at  a  distance  from  B  equal  to  ^  F.  By 
means  of  either  tangent  screw,  bring  the  line  of  sight  a£aiii 
on,  the  point  B,  then  plunge  the  telescope.  If  the  adjust-' 
men!  is  perfect,  the  line  of  sight  will  strike  the  point  CI' 
which  is  in  the  prolongation  of  the  line  ff  ^1  and  midwiy 
between  D  and  /^.  The  adjustment  should  be  tested  by 
reversing  the  instrument  again  in  azimuth,  then  plunging 
the  telescope  and  sighting  forwards  as  before.  It  may 
necessary  to  repeat  the  operation  several  times  in  order  to, 
obtain  an  exact  adjustment. 

57.     Third  Adjustment. — To  make  the  transverse  a 
of  the  telescope  perpendicular  to  the  vertical  aiis  of  the  it 
ment,  so  that  when  the  instrument  is  leveled  the  transvers 
axis  of  the  telescope  will  be  horizontal. 

Suspend  a  fine,  smooth  plumb-line  from  a  rigid  support 
at  as  high  an  elevation  as  convenient  and  at  a  distance  froiB 
the  instrument  not  exceeding  the  length  of  the  line.  The 
weight  should  be  suspended  in  a  pail  of  water,  care  betag 
exercised  that  it  does  not  touch  the  bottom  of  the  paE 
and  that  the  line  is  not  exposed  to  wind.  With  both  plate 
bubbles  in  the  middle  of  their  tubes,  direct  the  line  ot 
sight  to  the  upper  end  of  the  plumb-line;  then,  turning 
the  telescope  slowly  downwards,  notice  whether  the 
intersection  of  the  cross-hairs  exactly  follows  the  lins 
throughout  its  length.  If  it  does  follow  it,  the  line  of  cn!I|. 
mation  revolves  in  a  vertical  plane.  The  plumb-hue  vriB 
usually  vibrate  slightly,  but  its  mean  position  can  be  esti- 
mated by  the  eye.  If  the  intersection  of  the  cross-hatrs  don 
not  coincide  with  ihe  plumb-line  throughout  its  length,  but 
diverges  to  one  side  as  it  approaches  the  bottom  of  the  line, 
the  error  must  be  corrected  by  raising  or  lowering  one  end 
of  the  transverse  axis  of  the  telescope,  which  is  adjustablt 
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by  means  of  screws  placed  in  one  of  the  standards.  If  the 
intersection  of  the  cross-hairs  diverges  on  the  side  of  the 
plumb-line  toward  the  adjustable  end  of  the  transverse  axis, 
this  end  is  to  be  lowered;  if  on  the  opposite  side,  it  is  to  be 
raised. 

This  adjustment  can  also  be  tested  and  made  in  the  fol- 
lowing manner: 

Level  the  instrument,  apd  direct  the  telescope  to  some 
well-defined  point  on  a  church  spire  or  other  high  object,  as 
the  point  A,  Fig.  28.     Having  set  both  the  upper  ^ 

and  the  lower  clamp,  depress  the  object  end  of 
the  telescope  and  set  a  point  in  the  line  of  sight 
on  the  ground  at  the  base  of  the  object;  loosen  the 
upper  clamp,  reverse  the  instrument  in  azimuth, 
plunge  the  telescope,  sight  again  on  the  high 
point,  again  turn  the  telescope  downwards,  and 
notice  if  the  line  of  sight  strikes  the  same  point 
as  before.  If  it  does,  the  transverse  axis  of  the 
telescope  is  horizontal.  If  the  point  first  set  is 
the  point  £,  and  the  second  line  of  sight  passes 
through  D,  instead  of  B,  the  transverse  axis  is 
not  horizontal,  and  must  be  adjusted.  The  adjust- 
ment is  made  by  raising  or  lowering  one  end  of  ^ 
the  transverse  axis  (in  this  case  the  right-hand  end 
would  have  to  be  lowered),  and  again  repeating 
the  test,  unlil  the  points  S  and  D  coincide  (that  is,  until  the 
line  of  sight,  when  the  telescope  is  depressed,  strikes  the 
same  point,  as  C,  both  before  and  after  reversal). 

58.  Fourth  Adjustment. — To  make  the  bubble  of  the 
telescope  level  stand  in  the  middle  of  its  tube  when  the  line 
of  sight  is  horizontal.  This  adjustment  makes  the  transit 
adapted  to  leveling  work.  It  is  the  same  as  that  of  a  regular 
level,  and  will  be  described  in  another  section  of  this  Course. 

59.  Fifth  Adjustment. — To  make  the  vernier  of  the 
vertical  arc  or  circle  read  zero  when  the  line  of  sight  is  hori- 
zontal. To  perform  this  adjustment,  level  the  instrument, 
tarn  the  telescope  on  its  transverse  axis  until  the  bubble  in 
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.-tbe  attached  level  is  nearly  in  the  middle  of  its  tube;  clamp 
^^e  telescope,  and  center  the  bubble  of  the  attached  levd! 
exactly  by  means  of  the  gradicDter  screw  g.  Fig.  I. 
vernier  of  the  vertical  limb  does  not  read  zero,  set  it  so  [M 
it  wilhf^^'^  ^C''^  ^F  means  of  the  capstan-headed  screws  th 
control  it. 

This  adjustment  is  not  strictly  necessary,  provided  that  d 
reading  of  the  vernier  when  th^  telescope  is  horizonul  i| 
observed  and  noted.  This  reading  is  called  the  indei 
error  of  the  vertical  circle  or  vernier  and  should  be  allowed 
for  i»  reading  vertical  angles. 

60.  All  Important  Tpst. — For  convenience  in  directiii| 
the  tel^cope  to  a  signal,  it  is  desirable  that  the  vertical  cros* 
Ijair "should  be  truly  vertical,  and  Ihe  other  truly  horizontal, 
-The  two  cross-hairs  are  attached  to  the  adjustable  diaphraja 
Exactly  at  right  angles  to  each  other,  so  that  when  one  it 
vertical  the  other  is  horizontal.  In  order  to  test  the  vertical 
cross-wire,  sight  on  any  sharply  defined  point,  focusil}| 
the  telescope  perfectly  and  bringing  the  point  exactly  b 
range  with  either  end  of  the  vertical  cross-wire.  Then  lui 
the  telescope  on  its  transverse  axis  slowly  and  notice  if  (lu 
point  sighted  remains  on  the  cross-wire  throughout  the  mntion. 
Should  anydeviation  be  discernible,  loosen  the  capstan-heaiM 
screws  that  control  the  cross-hairs,  and  by  the  pressure  of  tl 
band,  or  by  tapping  lightly  against  the  heads  of  the  screwl 
outside  the  telescope  tube,  rotate  the  cross-hairs  very  c 
fully  in  the  direction  opposite  that  in  which  they  shouM 
apparently  be  rotated,  until  the  point  sighted  remains  onthe- 
cross-hair  throughout  the  motion  of  the  telescope.  T)ieq.> 
tighten  the  screws  sufficiently  to  bring  thetn  to  a  firm  beaiiai 
without  straining  them,  and  repeat  the  test. 

This  test  should  be  applied  before  performing  the  this 
adjustment  for  the  line  of  coUiniation.  If  the  plate  levels  a 
in  perfect  adjustment,  it  can  also  be  made  by  sighting  at. 
plumb-line  suspended  at  a  suitable  height  and  distance,  wi| 
the  plate  levels  centered  perfectly,  and  observing  whetbl 
the  vertical  cross-hair  coincides  exactly  with  the  plamb-lta 
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PREUMIXART  DEFINITIONS  ANI>  EXF^Q     ^ 
NATIONS  ^^     ^^ 

P- 

TBBRE8TBIAI.    CIRCLSS-I^ATrrunB    AND    IXINQIT1TI>E      gS 

1.  The  Earth^s  Axts  and  Poles. — The  earth  revolves. 
or  turns,  once  in  24  hours  about  an  imaginary  north-and- 
south  line  called  its  axis.  The  points  where  this  line  meets 
the  earth's  surface  are  called  the  earth's  poles,  one  being 
the  north  pole  and  the  other  the  south  pole. 

2.  Equator  and  Meridians. — The  equatorial  plane, 
or  plane  of  the  equator,  is  a  plane  passing  through  the 
center  of  the  earth,  and  perpendicular  to  the  earth's  axis. 
It  cuts  the  surface  of  the  earth  in  a  circle  called  the  terres- 
trial equator, 

Any  plane  containing  the  earth's  axis  is  called  a  meridian 
plane,  and  the  circle  in  which  it  intersects  the  earth's  sur- 
face is  called  a  merttllan  line,  or  simply  a  meridian. 

In  Fig.  1,  5  A''  is  the  axis  of  the  earth;  5  is  the  south  pole; 
A',  tlie  north  pole;  EQRT.  the  earth's  equator;  and  the 
circles  N RS E.  N G S,  and  NFS  are  meridians.  All  merid- 
ian planes  are  perpendicular  to  the  plane  of  the  equator. 
It  is  evident  that  through  any  place  on  the  earth's  surface 
a  meridian  may  be  passed;  such  a  meridian  is  called  Ihe 
meridian  of  that  place. 
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It  will  be  noticed  that  meridians  are  circles,  not  straight 
lines,  and  that  they  all  meet  at  the  poles.  But»  for  the 
purposes  of  ordinary  surveying,  where  only  comparatively 
small  areas  are  dealt  with,  meridians  are  treated  as  parallel 
straight  north-and-south  lines;  or,  rather,  all  points  within 
the  area  surveyed  are  assumed  to  have  the  same  meridian. 
The  error  arising  from  this  mode  of  treatment  is  too  small 
to  be  considered  in  such  work. 


3.  Tjatltnclo. — The  latitude  of  a  point  on  the  earth's 
surface  is  the  angle  that  the  radius  of  the  earth  passing 
through  that  point  makes  with  the  plane  of  the  equator.  In 
Fig.  1,  the  latitudes  of  D  and  G  are,  respectively,  the 
angles  BOR  and  GOG',  These  angles  are  measured  by 
the  arcs  R  B  and  G'  G  of  the  meridians  passing  through  the 
two  points.  The  latitude  of  a  point  may,  therefore,  be  also 
defined  as  the  angular  distance  of  the  point  from  the  equator, 
that  distance  being  measured  on  the  meridian  through  the 
point,  and  being  the  number  of  degrees  in  the  arc  of  the 
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Tneridian  included  between  the  equator  and  the  point.  When 
it  is  stated  that  the  latitudes  of  ihe  points  B.G.F.  are, 
respectively,  R  B.  G'G.  F"  F,  it  should  be  understood  that 
these  arcs  are  to  be  expressed  in  degrees,  latitude  being  an 
augular  quantity,  not  a  linear  quantity. 

The  latitude  of  a  point  is  said  to  be  north  or  south  accord- 
ing as  the  point  is  north  or  south  of  the  equator. 

4.  Parallels  of  Liatltuile. — Any  plane  parallel  to  the 
equator,  that  is,  perpendicular  to  the  earth's  axis,  cuts  the 
earth's  surface  in  a  circle  called  a  parallel  of  lalllnde,  or 
simply  a  parallel.  The  circle  eqrl.  Fig.  1,  whose  plane  is 
parallel  to  that  of  EQRT.  is  a  parallel  of  latitude.  AU 
points,  as  r,  G,  F.  on  a  parallel  have  the  same  latitude,  as  the 
arcs  Rr,  G'G.  /^/^are  evidently  equal. 

5.  LoDKltude. — The  loui^ttiide  of  a  point  on  the 
earth's  surface  is  the  angle  between  Ihe  meridian  plane 
through  that  point  and  another  meridian  plane  assumed  as  a 
plane  of  reference.  This  angle  is  also  referred  to  as  the 
angle  between  the  meridian  passing  through  the  given  point 
and  the  meridian  determined  by  the  plane  of  reference.  The 
meridian  of  Greenwich,  England,  is  generally  taken  as  a 
reference  meridian.  Suppose  that  NGS,  Fig.  1,  is  the  merid- 
ian of  Greenwich;  the  longitude  of  the  point  C,  referred  to 
that  meridian,  is  the  angle  between  the  planes  of  the  merid- 
ians A' G  5  and  N  C S.  This  angle  is  the  same  as  G'OF', 
or  G  O  F,  and  is  measured  by  the  arc  G'  F'  ai  the  equator, 
or  by  the  arc,  as  G  F,  of  any  parallel  included  between  the 
meridian  of  Greenwich  and  Ihe  meridian  through  the  point 
considered.  The  longitude  of  a  point  may  also  be  defined 
as  the  angular  distance  of  Ihe  point  west  or  east  of  the  refer- 
ence meridian. 

Longitude  is  usually  counted  from  the  reference  meridian 
toward  Ihe  west,  from  0°  to  360°. 

NoTB.— It  will  be  noticed  that  ^<yTat\Kvra&,t&  latitude  aviA  longitude, 
are  here  used  in  a  sense  somewbat  different  from  that  given  to  them 
ia  previous  Sections  of  Ibis  Course.  The  circumstances  under  which 
these  terras  are  employed,  however,  always  Indicate  plainly  in  what 
aease  they  should  be  taken. 
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TOE    CKLESTIAIi    SPnEBE 

6.  Definition.— The  sun  and  stars  seem  to  be  and  mofi 
on  the  inner  surface  of  an  immense  sphere.  This  sphen 
is  called  the  celestial  sphere,  or  the  heavens. 

7.  The  Celestlul  Poles. — The  points  where  the  axis  of 
the  earth,  produced,  meets  the  celestial  sphere  are  called  the 
celestial  iioU-s*.  The  one  nearer  the  north  pole  of  tl» 
earth  is  called  the  north  pole;  the  other,  the  eouth  pole. 

8.  The  Celestial  Equator  aud  Meridians.— Ths 
celestial  cqnator  is  the  circle  in  which  the  plane  of  the, 
terrestrial  equator  intersects  the  celestial  sphere. 

A  celestial  meridian  is  a  circle  in  which  a  ineridian< 
plane  intersects  the  celestial  sphere. 

9.  The  Zenith. — If  a  vertical  line  at  any  point  on  the 
earth's  surface  is  produced  upwards,  the  point  where  it 
pierces  the  heavens  is  called  the  zenith  of  that  point. 

10.  Tlie  Celestial  Ilorlieon. — The  celestial  borlKon 
of  any  point  is  the  circle  in  which  a  horizontal  plane  through 
that  point  intersects  the  celestial  sphere. 

11.  AltlttiAe. — The  altitude  of  a  point,  with  regard  to 
a  point  on  the  horizon,  is  the  angle  that  a  line  from  the  latter 
to  the  former  point  makes  with  the  plane  of  the  horizon. 

12.  I>atltiule  and  Jjoufcltntlo  Measured  on  Celestial 
Circles. — In  Fig.  2  are  represented  the  earth  O — n  rse  nnd 
the  celestial  sphere  O — A' R S E.  The  dimensions  of  the 
earth,  as  compared  with  those  of  the  sphere,  are  shown  ver^i 
much  exaggerated.  In  reality,  the  earth  is  so  small,  cons 
pared  with  the  celestial  sphere,  that  for  all  astronomicr^ 
purposes  it  is  treated  as  a  point.  The  earth's  axis  sn,  whe 
produced,  meets  the  sphere  in  the  celestial  poles  A' and. 
The  meridian  planes  nas.ngs.n  r s.  when  extended,  inie 
sect  the  sphere  in  the  celestial  meridians  N .-1  S.NG. 
and  N R S,  respectively.  The  celestial  equator  EQR 
the  intersection  of  the  celestial  sphere  and  the  plane  of  tt 
terrestrial  equator  eqr. 
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Assuming  ngs,  or  NGS,  to  be  the  meridian  of  Greenwich 
(or  any  other  reference  meridian),  and  nas,  or  N A S,  the 
meridian  of  a  point  a  on  the  earth's  surface,  the  longitude  of 
that  point  is  measured  by  the  arc  a'  g',  on  the  terrestrial 
equator,  or  by  the  arc  A'  C.  on  the  celestial  equator.  The 
latitude  of  a  is  the  angle  a  Oa',  or  A  OA',  measured  by  either 
a' a  or  A'  A.    Since  Oa  is  a  radius  of  the  earth,  or  a  vertical 


line,  the  point  A  in  which  that  line  produced  meets  the  heavens 
is  the  zenith  of  the' point  a.  Therefore,  the  latitude  of  any 
point  on  the  earth's  surface  is  measured  by  the  arc  A'Aot  the 
celestial  meridian  of  that  point  included  between  the  equator 
and  the  zenith  of  that  point.  Hence,  the  latitude  of  a  point 
on  the  earth's  surface  may  be  defined  as  the  angular  distance 
of  the  zenith  of  that  point  from  the  celestial  equator. 
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13.    CalmijitftfMi* — AZ  ci*>«rfar  r?r>Ses  leans  za  sppar- 

ear  rrciCr^c.  fr-^i:  •a.tr  t':  v**;:  tr:tmi:  'iift  uc.^  cc  dae  celestial 
«r,rLftr».      I-   rh:.*  =:r,cr^Ti,  rirer  ir^^'tf  e-r^TT  aciKtriian  '."wxc  is 

r.r  i  z'at.^  :i   :a.'.>c  'Jic  ciif  mi  nation^  or  txmii:«ic.  o:  ±1: 

■rf'<**     '  ^     •■     ...«         -      •     .  ^*_     •  ■>         .J  ■  irtl.         I  «  ■  W^A   «J    ■       ft      1  ■*--'-  -  f  ^^  _       T  '   -  --■*■■■  l^-^ 

^  :^'fz"ir.:.i.l  'jAj  -.^  called  apper  calmliiactoa  or  lower 
culmlnACloii.  apfiMrr  transit  r.^  Iov«r  trmxL^IC  iccord^g 
i-  :.Vr  V.CT  ".r-it^j  '.he  nert'liaz  lircT-  or  b^l'vw  the  pole. 

I  4.  ^I#l^r»ral  Time. — T^**  in'-irvi.!  oc  ri^re  tirar  elapses 
hfrriff*;^-  :tb'^  5-i'-'-*:iT:T's  -PP*='  •-'"  '.'-TCTr  crarsirs  of  a  star 
r.T«rr  'h*  ia^*:  zr^^rjiissi  Li  'lall^i  i  ^idv-real  dAj*.  Tcis  cay 
:•  '::'■■  y:*zC  :r,'.'.  24  b^ir*.  eafir:  b-.'ir  ir.'.'.  *5ij  miiiiiies,  arc  each 
rr.z'i'z  ir.r-^  ^'A:  vt'j.rA^.  I:  beij:--?.  for  any  place,  when  a 
•:>:•. Tfil  fjoir.t  '.:  '.h^  tf;:Li:^r.  calle^i  the  remal  equinox. 
'-.r  .r-^-5  rhe  rn-iri'Iiii:  ahcv^  the  pole.  This  i:iitazt  is  called 
*^Iil*-p»-al  noon.  Sidereal  ho::r5.  siiniites.  azc  seco-ds  are 
r*?.ifor-ed  front  h  to  24  ho:ir>.  starting  trotn  sidereal  nooti. 
Tirr.*:  -txpre-rsed  in  sidereal  daj*  a:2d  fractiocs  'hours. 
rr..'.'y.'zi    t'l'.-.ii^  ■  :*  :al!ed  sldei^al  time. 


l.>.     Trii«-   "v^Iar.  or  Appart.'nt.  Time. — The    intervs.*. 

r,':: -v-r'tr.  v.vo  s:..^*«:v-r   -::per  transits  or  tee  >:in  :>  z-i.^t^i  a 
trfj<-  -^ilar  «la\-,  ','   ^n  a|iiiur*?-ric  day.      Like  the   side  re:-*. 

'*.i  '       -..';    ii,^  -.  i.  r.- .    '- -t  *    .^    '^-.^  «*■  •■::'-.     .  .jj    -.+    u'-;  ■-*->•    c*^'^.;^    -^  .  — . 

: ' '      M .    rr. : r. "i " :  *     ^r. :   e t: n  rr : r. .:  v.-  :r. : .   ^^}  -iecoac >.       i  : rr  t 
*z:\''':--.*'A  :r.  '.hr-r-    :*  :•:■?  :s  ':a!!-rd  api>arent  time. 

'  'n  a-.'.o-'-.t '.:  ".h-  •.t-.t  t'-.it  th-  -ui  d  .-es  cot.  like  the  stars. 
rr.ov:  i.-i  a  r/.'^i^-r  :y'rr::'rr.d:ju*ir  to  the  axis  of  the  heavezs. 
i'd  that  :t"i  :r.',r:  .."  is  not  unifom:.  a  solar  day  is  not  equal  to 
's.  Ti'i-rr-.-i!  'iiv;  r.'..r  are  a*I  s</.^r  days  of  eqaal  duration. 
\',j\ jiT'.T.".  ':t:-:   !■!   therefore   not  convenient  to  use    for   the 

Hi.     Mi-riri  <<ii;ir  Tlmt*. — The  eLirth  makes  one  complete 

r':V'/:V'i:;     i'-    :*■  :    rhe    sun    in    .''fU'».2422    sidereal    days,    or 
'.jfj'j.2VS^  tr:e   -i'Mj^r  days.     This  motion  constantly  chans^es 
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he  relative  positions  of  the  earth,  sun,  and  stars,  and  has  the 
leffect  of  making  the  sun  seem  lo  move  among  the  stars, 
*  making  a  complete  circuit  of  the  heavens  in  366.2422  sidereal 
days.  In  this  apparent  motion,  the  sun  crosses  the  equator 
every  spring  at  the  point  defined  in  Art.  14  as  the  vernal 
equinox.  The  mean  suu  is  an  imaginary  hody  supposed  to 
start  from  the  vernal  equinox  at  the  same  time  as  the  true 
sun,  and  to  move  uniformly  on  the  equator,  returning  to  the 
vernal  equinox  with  the  true  sun.  The  time  between  two 
successive  upper  transits  of  the  mean  sun  is  called  a  mean 
Bolar  day,  and  lime  expressed  in  mean  solar  days  is  called 
mean  solar  time,  or  simply  mean  time.  This  is  the 
time  shown  by  ordinary  clocks  and  watches. 

A  mean  solar  day  is,  as  its  name  implies,  the  mean  of  the 
duration  of  all  the  true  solar  days  in  a  year  (a  year  being 
the  time  in  which  either  the  true  or  the  mean  sun  makes  a 
complete  circuit  of  the  heavens).     As  there  are  365.2422 

I  true  solar  days  and  36G.2422  sidereal  days  in  a  year,  we  have, 
I     i^„._„,..^,„_  366.2422. 
mi 


■-  1.0027379  sidereal  days 
=  24"  3"  56.56',  sidereal  time 


Likewise, 

,     .J        ,  ,  365.2422 

1  sidereal  day  =  y^-"'"  - 


=  2Z''  Se™  4.09',  mean  solar  time 
These  values  are  given  here  as  a  matter  of  general  infor- 
^aiBtion.     In  practice,  sidereal  time  is  converted  into  mean 
solar,  and  mean  solar  into  sidereal,  by  means  of  tables. 

17.  Civil  Time. — In  the  ordinary  way  of  reckoning 
time,  the  day  begins  at  12  o'clock  at  night,  and  hours  are 
counted  up  to  12  at  noon,  and,  beginning  again  at  noon,  up 
to  12  at  midnight.  The  day  is  thus  divided  into  two  inter- 
vals of  12  hours  each,  the  first  interval  being  known  as  A.  M. 
time,  the  second  as  p.  m,  time.*  When  time  is  reckoned  in 
this  manner,  it  is  called  civil  time. 

•These  abbreviations  i 
mcridiaD  transit,  before  i 
ttaiuit,  after  hood). 
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15°  is  expressed  as  1",  one  of  30°,  as  2",  etc.  When  longi- 
tude is  so  expressed,  the  difEerence  between  Ihe  hours  of  any 
two  places  is  simply  the  difference  between  their  longitudes. 
If,  for  instance,  the  longitude  of  W  is  14"  l"™  12',  and  that 
of  B  is  19"  37"  45",  the  difference,  6"  20"  33'.  must  be  added 
to  the  time  at  B  to  find  ihe  corresponding  time  at  A. 

Let  the  longitudes  of  A  and  B.  expressed  in  time  (hours, 
minutes,  etc.),  be^.  and^.;  and  let  T,  be  the  time  at^  when 
the  lime  at  B  is  r,.     Then, 

T.  =  r,+  i^.~^.) 

ExAUPLH  1.— The  longitude  of  Washington,  west  of  Greenwich,  is 
5"  8«  !•;  that  of  San  Francisco,  8"  ft"  47'.  (a)  What  is  the  time  at 
Washington  when  it  is  «»  3™  at  San  Francisco?  (A)  What  is  the  time 
at  San  Francisco,  when  it  is  I9»  54"  30'  at  Washington? 

Solution. — (n)  Here  A,  the  eastern  locahty.  is  Washington,  and 
S  is  San  Francisco,  and  the  data  are,  ^.  =  8>  9"  iT.  gt  =  5"  %"  !•. 
TV  <=  9'  S";  applying  the  (ormulB, 

r,  =  0^  3"  +  (8"  9"  47-  -  5»  8"  1')  =  12"  4-  16'.    Ans. 

(^)  Since  here  the  time  at  A  is  given,  and  what  is  required  is  the 
time  U  B,  Ihe  formtila  must  be  solved  for  T,: 

T>=r.-  {£,  -g,) 

or,  substituting  the  given  value, 

r»  =  19"  54"  30-  -  (8"  9"  47*  -  5"  8™  1')  =  16'  52^  44'.     Ans. 
Example  2, — The  longitudes  of    Havana  {Cuba)  and   Salt  Lak« 
City  (Utah)  being,  respectively,  fi"  2W»  26'  and  "^  HH"  24*.  what  is  the 
time  at  Havana  when  it  is  11"  42"  45'  p,  M.  at  Salt  Lake  City? 

r Solution.— Here^-.  =5''29°"26',^,  -  7'28»24',and  Tt  =  ll>'42™45'. 
lerefore.  by  the  formula, 
7,  =-  11"  42"  45'  +  (7"  28>"  24'  -  6»  29«  28')  ==  13"  41"  43"  p.  m. 
As  tbiB  is  civil  liroe,  in  which  ihe  day  ends  at  12  p.  m..  the  true  value 
of  T,  n  the  excess  of  Vfi  4I"  4;i'  over  12";  that  is,  IS"  41~  43"  -  12'' 
s  !■  41'>  43";  but  this  time  evidently  belongs  to  the  following  day:  so 
that,  it  the  given  time  at  Salt  Lake  City  is  for  Monday,  the  time  at 
Havana  will  be  1"  41»>  43«,  Tuesday.     Ans. 

30.     Riilos   for  Converting  Degrrees  of    T.<onfrltndc 
Into  Time,  or  Vice  Versa, — When  it  is  necessary  to  pass 
im  degrees  to   time,  or  from   lime  to  degrees,  it  is  not 
.lent   to   express   minutes   and    seconds   as   decimals. 
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Since  1  hoar  is  e<;:i:Ta!ect  to  1-3*.  ::  follows  that  1  miniite 


15" 
of  trsie  :s  eq:iivalcsr  :o  — —  =  !->':  and  1  second  of  time,  to 

15' 

^  =  15 '.     Frczr  these  relacions  ±e  foCcwin^   mles  are 

derived: 

Bale  I. — TV  /ixjy  /riyipe  time  tj  Ls^rixs:  *1)  Mtdtiplj  tie 
XLjftds  ■/£  time  }y  /J.  itJiJ  drviJe  :ke  pridmLt  ^  W:  the  integral 
part  j:  tktf  'pL47titr%t  I'L'-:  be  mi.xuiffj  jc  ^rc.  itrtj  the  remainder^ 
$et:rnzs  ::'  -xr-..  i  M^Alzip'.y  :\ii  «;^a^^  /r  time  by  IZ,  adi  to 
t.'U  rr-jfisu:  :i-  '«:ia-Vj  //  irr  :^:zizijci  ix  I  .  iinJ  diziie  the 
re.rj.1:  ry  v.'  lie  i%:.r^rzL  par:  :i  :ie  punie^i  -xiLL  express 
de^^ifs.  11  £  :ke  rt:^nzLti-:r.  m:xJ!Lze:  :c  zr-:.  J  y£u,ltiply  the 
k^mri  TV  i;.  z.id  :j  rie  pr^jduc:  zdd  ike  degrees  i^mnJ  in  '2); 

Rule  II. —  T:  r*i:j  :r'ym  /irsf^'f-rr  -V  time:  '  t\  Divide  the 
^umTtrr  jr  di\rr  ;  >-y  ; ;  ;  i,*  \.%i.-x*zi  part  it  :ke  puftdent  :L-itl  be 
krurz.  -'  M^lz-.C'.'j  zkii  r^mzzii^r  ry  'iO.  zdtd  :ie  prfj*iu£t  to 
:i'.  ^'.Tfn  mm %:■:.'  :s  z*":  ltd  U^-.ie  :ke  res^Lt  ry  15 r  the  inte^ 
i*"/.  ^a^z  /'  z't-:  f'^r.-'Tt:  x:.  .  >.  m,\r^:.-i'j  it  time.  •  d  .^/stSti- 
7  .  :tt  '\mz  tz-^  -v  '■•  zLi  '.i.-:  r ' .'i:*.. -*  :./  zkd  iZTm  Ta-w.vrw'/ 
;<  .  '.:.  .  •  z":  /.li  iw'.u  :>.-  rt-n  rs  1'  zu  rrszL.z  .zrrz*:d,  it 
7:....^--r    :/  :^:  :^  -w."?  :.j'.:ntz..    r   :..-     a:..-  :k  Jtijnds  ^i  ::me. 
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The  result  is  713',  nbich  divided  by  60  gives  11°.  apd  53'  over.  Mulli- 
plyiog  S"*  by  15,  and  adding  lo  Ihe  prodnci  the  1 1°  previously  obtained, 
the  result  is  M".     The  answer  is.  therefore,  W  63'  30", 

ExAifPLB   2. — To    eipress,    in    hours,    a   difference   of   longitude 
of  21'  28'  17". 

Solution.— The  work  is  disposed  as  shown  below.    This  arrange- 
ment, studied  in  connection  with  rule  11,  makes  further  explanation 
15)21  (1» 
15 


i 


IS  )  388  (  25- 


15  )  797  (  63.13' 


:   hundredth   ol  a  second. 


BXAMFLB8    FOR    PRACTICE 

(1)  What  is  the  civil  date  coirespocding  to  the  astronomical  date, 
January  5,  7*  35"?  Ans.  January  5,  7*  35"  p.  if. 

(2)  What  is  the  civil  date  corresponding  to  (he  astronomical  date, 
March  S4,  15»  7"  30'?  Ans.  March  25,  3»  7"  30'  a.  u. 

(3)  What  is  Ihe  astronomical  dale  corresponding  to  the  civil  date, 
July  4,  6*3ff=  A.  M.f  Ans.  July  3,  18"  30" 

(4)  The  longitudes  of  New  York  and  Sacramento  are,  respectively, 
7*°0O'03"and  !2r27'  44"westof  Greenwich,  (a)  Ei  press  these  longi- 
tudes in  time,  (i)  What  is  the  astronomical  time  at  New  York,  when 
the  time  at  Sacramento  is  13"  6°>  20'?  (c)  What  is  the  civil  time  at 
Sacramento  when  it  is  11^  28-  15*  a.  m.  at  New  York? 

((a)  4"  56-;  8"  5" 51* 
Ans.{(Ai  1(1"  IS"'  11' 

1(f)  8"  IS"  24-  A.  M. 

(6) ,  Express  in  degrees,  minutes,  and  seconds  of  arc  a  difference  of 
tongitude  of  2"  Sff"  37*.  Ans.  30°  64'  15" 

(fi)     Express,  in  lime,  a  difference  of  longitude  of  49°  W  43". 

Ans.  3"  19"  58.87» 
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31.  Ijocal  Time. — The  time  deaU  with  in  the  foregoinB 
articles  refers  to  the  meridian  of  the  place  to  which  the  time 
refers,  and  is  counted  from  the  instant  the  mean  sun  crossei 
the  meridian  of  that  place,  either  above  the  pole{astrononiicd 
time)  or  below  the  pole  (civil  time).  This  time  is  callef 
local  time,  or  the  time  of  the  place  considered.  Thtu^ 
when  it  is  said  that  Chicago's  local  astronomical  tjm«  h 
3"  iH".  it  is  meant  that  it  is  3'  4-'>°'  since  the  mean  sun  crossed' 
the  meridian  of  Chicago,  All  places  on  the  satne  meridini 
have  the  same  local  lime. 

22,  stBiitlurtl  Time. — If  watches  and  clocks  showed 
local  time  at  every  place,  it  would  be  a  complicated  ani 
cumbersome  operation  to  compare  those  times  for  i 
regulation  of  the  ordinary  affairs  of  life.  For  this  reason^ 
watches  and  clocks  are  set,  within  certain  longitudes,  to  keef 

ghjo"         e*        7"  so"        7^        6*30"       6*        5*30"        5*      4''30* 

i      Pacific          Mountain         Central     I     Eastern     I 
I I 1 I I _1 I 1 

ia7°3o'    lao"    iia"3o'    105°     gy" y/     90°      Ba^'ao'      75°     tj" ya/ 
Pio.  s 

time  referred  to  a  certain  meridian  between  those  longitades; 
that  is,  the  time  shown  by  a  clock  or  watch  between  thosa 
longitudes  is  the  local  time  of  all  the  places  on  the  meridian 
of  reference.  Time  thus  reckoned  is  called  stuDdard  time. 
The  United  States  is  divided  into  four  zones,  or  sections, 
of  standard  time,  whose  reference  meridians  are,  respect- 
ively, 75°,  90°.  105°,  and  120°  west  of  Greenwich;  or,  in 
hours,  5",  6",  T"",  and  8'  west  of  Greenwich.  Each  of  these 
meridians  passes  through  the  center  of  a  zone  of  standard 
time,  and,  therefore,  controls  the  watch  time  of  all  places 
within  7i°  on  either  side  of  it.  This  is  shown  in  Fig,  3, 
Time  referred  to  the  75°  meridian  is  called  eastern  time; 
to  the  90°  meridian,  eentrnl  time;  to  the  105°  meridiao, 
mountain  time;  and  to  the  120°  meridian,  Pacific  time. 

23.  To  Cbautie  StaudHfd  Intu  Local  Time. — This 
is  an  operation  with  which  the  student  should  familiarise 
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himself,  as  it  is  of  constant  occurrence  in  the  applications  of 
astronomy  to  surveying.  When  the  standard  time  at  any 
point  within  one  of  the  zones  is  given,  the  local  time  is 
determined  by  the  formula  in  Art.  19.  But  in  order  to 
apply  this  formula  it  is  necessary  to  know  the  longitude  of 
the  place.  When  the  longitude  is  given  in  degrees,  minutes, 
and  seconds  of  arc,  it  must  first  be  reduced  to  time. 

ExAUPLS.— The  civil  time,  by  a  watch,  at  a  place  whose  longitude 
is  81°  37'.  is  «»  87"  4.5'  a.  m.  ;    what  is  the  local  time  at  that  instant  f 

Solution. — Since  the  longitude  is  81°  37',  the  place  lies  within  iho 
Bone  of  T5°  raeridian,  or  eastern,  time.  To  apply  the  formula  id 
Art.    19,   we   have, 

7".  =  9"  37"  46' 

The  difference  gt  —  gt  is  obtained  by  reducing  to  lime  the  differ- 
'  —  75°  =  6°  37'   between  the  longitude  of  the  given  place 
and  that  of  the  reference  meridian.     Therefore. 


I     ani 

ft 


Tt  =  T.-  {gt  -  g.)   =  9^  37-  15-  -  2ti"  ^"8'  -  9''  11"  17'.    Ans. 


» 


EXAMPLES    FOR    PBACTICE 

1.  The  longitudeot  Cincinnati  is  84°  Wf  W;  what  is  the  local  time 
when  the  standard  (central)  tine  is  4''  24*"  17>  p.  m.? 

Ans.  4"  46"  19'  p.  M. 
being  llS"  4&',  what  is  the  local  lime  at 
by  a  watch  is  11*  fig"  30'  p.  tt.i 

Ans.  23™  14'  after  midnight 
3.     The  time  by  a  watch  at  Los  Angeles  being  1''  44"  a.  M..  aod  the 
longitude  of  the  place  being  118°  ItX  44",  what  is  the  astronomical  local 

fit  that  inBlantf  Ans.  13"  51"  17' 

POLARIS 

514.  Position  or  Polaris, — There  is  a  star  called  Polaris, 
the  north  s/ar,  or  the  poit  slar,  the  proximity  of  which  to 
Ihe  north  pole  makes  it  very  convenient  for  the  determin- 
ation of  the  true  meridian.  Its  position  can  be  very  easily 
ascertained  by  means  of  a  coastellation,  or  group  of  stars, 


TERMINATION    OF    THE    MERIDIAN    BY    OUSKR- 
VATIONS  OF  POLAHIB 
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commonly  known  as  the  Dipper,  and  called  by  astronomers 
Ursa  Major,  or  the  Great  Bear,  This  constellation  consists 
of  seven  stars,  a  line  joining^  which  forms  the  outline  of  a 
dipper,  as  shown  in  Fig^.  4.  Although  its  position  with 
reference  to  both  the  meridian  and  the  horizon  varies  with 

the  date  and  time  of  nis:ht,  as  well 
as  with  the  observer's  position,  it 
can,  on  account  of  its  peculiar  form, 
be  easily  identified  on  any  clear 
night.  The  two  stars  in  the  bowl 
that  are  farther  from  the  handle  are 
known  to  astronomers  as  a  (alpha) 
and  /9  (beta),  and  commonly  called 
the  pointers,  from  the  fact  that 


/t- 

^IHpper  or  Great  Bear 
I  (  Urea  Major.) 


Fiti.  4 


Fio.  6 


they  point  almost  directly  to  the  north  pole.  By  follow- 
ing toward  the  north  the  line  determined  by  the  pointers, 
the  north  star,  which  lies  very  nearly  on  that  line,  and  at 
the  same  time  very  nearly  due  north,  can  be  readily  located. 
(See  Fig.  4.) 

25.     Approximate  Doteriiil nation  of  Ijatltucle  From 
Polaris. — In  nearly  all  methods  of  determining  the   true 
meridian,  the  latitude  of  the  place  of  observation  must  be. 
known,  at  least  approximately.     In  the  majority  of  cases,  th 
latitude  can  be  taken  from  a  map  or  book  of  reference.     I" 
case  this  cannot  be  done,  a  sufficiently  close  value  may 
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IXained  by  measaring;  with  a  transit  the  altitude  of  Polaris, 
'bich  is  very  nearly  (within  about  1°)  equal  to  the  latitude 
if  the  place. 
This  method  of  determining  latitude  is  founded  on  the 
illowing  very  simple  and  very  useful  principle: 

Thf  latiliide  of  any  place  ott  the  earth's  surface  is  equal  to  t/ie 
tllilude  of  the  pole  with  respect  to  the  horizon  of  that  place. 

Let  O,  Fig.  5,  be  any  point  on  the  earth's  surface;  ESQN, 
IB  meridian;  F  H,  the  horizon;  E  Q,  ihe  equator;  Z.  the 
;nith;  A'^,  the  north  pole.  The  latitude  of  the  place  is  / 
[Art.  3),  and  the  altitude  of  the  pole  is  A  (  =  FON).  Now, 
ice  SN  is  perpendicular  to  E  Q,  and  OZ  Xo  FH.  we  have 
p-¥h  =  90°;  p-\-  I  •=  90";  whence  A  =  / 


26.     Times   of   Upper   Culmination  of  Polaris. — In 

'able   I   are  given   the  local  astronomical  times  of  upper 

Imination  of  Polaris  for  different  dates,  between  the  begin- 

ng  of  the  year  190.5  and  the  end  of  the  year  1911.     This 

ble  contains  the  times  of  upper  culmination  for  the  dates 

ven.     The  extreme  right-hand  column  of  the  table  contains 

the  difference  between  the  times  of  culmination  for  any  two 

succeeding  days.    Each  difference  applies  to  any  day  between 

the  date  horizontally  opposite  that  difference  in  the  left-hand 

column,  and  the  following  date.     Thus,  the  difference  S-flS"", 

which    is   horizontally  opposite   January   1.  indicates   that, 

between  January  1  and  January  1.5,  the  time  of  culmination 

decreases  by  3.9o  minutes  per  day.     For  instance,  the  time 

of  culmination  on  January  8  is  obtained  by  subtracting  from 

the  time  of  culmination  for  January  1  the  product  S.QS"  X  7, 

or  27.65,  the  number  of  days  elapsed  from  January  1  to 

January  8  being  7. 

In  order,  however,  to  facilitate  calculation,  Table  II  gives 
le  corrections  to  be  applied  for  all  intermediate  dates. 
Ittppose,  for  instance,  that  it  is  desired  to  find  the  time  of 
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TABLE   n 
CORRECTION    FDR    ISTEBMEDIATB    DATES 


n 

DISercBce  for  i  D«y  [n  UlnntM 

Id.,  „. 

be  HODlh 

r 

3.. 

J.»> 

,« 

,.« 

..« 

r  i6 

39 

3-9 

3-9 

3.9 

3-9 

r  17 

7.8 

7.8 

7-9 

9 

7 

9 

r  iS 

II. 7 

u.e 

11.8 

It 

B 

II 

r  19 

is.e 

>5.7 

iS-T 

IS 

E 

'5 

rso 

19-S 

19.6 

19.6 

19 

19 

rai 

=3-5 

83.5 

33-6 

93 

as 

ria 

97,4 

97.4 

93-5 

37 

37 

raj 

31  3 

31.4 

31.4 

3' 

31 

IOC 

r94 

35.9 

353 

35.4 

35 

35 

11  0 

r  »5 

39' 

39-a 

393 

39 

39 

19  C 

ra6 

430 

43.1 

43-9 

43 

43 

130 

T3^ 

46.9 

47.0 

47.9 

47 

47 

140 

raS 

50.8 

51.0 

51. 1 

5" 

5' 

99 

54-7 

S4-9 

SS.o 

55 

55 

30 

58.6 

58.8 

S8.9 

59 

59 

3' 

69.6 

63.7 

69,9 

63 

° 

63 

||pper  culmination  on  October  9,  1906.  The  difference  for 
I  day  borizoDtally  opposite  October  1  in  Table  I  is  3.93. 
Looking  for  this  difference  in  the  vertical  columns  of 
Table  II,  31.4'"  is  found  in  that  column  horizontally  opposite 
the  given  date  9  (9  or  23).    Subtracting  31.4'"from  12"  45-2", 

'hich  is  the  time  of  culmination  for  October  1,  1905,  the 

iquired  time  is  found  to  be  12"  13.8". 

27.  Between  April  12  and  April  15,  the  correction  given 
in  Table  II  cannot,  in  some  cases,  be  subtracted,  the  minuend 
being  less  than  the  subtrahend.  In  this  case.  23"  56.1"°, 
which  is  the  mean  solar  time  between  two  consecutive  cul- 
minations (Art,  16),  should  be  added  to  the  minuend  before 
performing  the  subtraction. 

28.  It  should  be  borne  in  mind  that  the  times  given 
in  Table  I  are  mean  local  times  counted  in  the  astronomical 
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way:  that  is.  from  0^  to  24'.  In  applrincr  the  table,  care 
should  be  taken  to  reduce  the  civil  standard  time  shown  by 
the  observer's  watch  or  clock  to  the  corresponding  local 
astronomical  time. 


29.  Time  of  Lower  Calm Inat Ion. — Since  Polaris 
makes  a  complete  revolution  around  the  pole  in  23'  56.1*. 
the  icten-al  of  time  between  an  upper  and  the  next  lower 

23*  56. r 


culznication  is 


,  or  11'  5;?*.  nearly.     If  the  time  of 


upper  culmination  for  any  j^lven  date,  as  found  from  the 
table,  is  less  than  11*  .>S'.  the  latter  quantity  is  added  to  it, 
in  order  :o  obtain  the  time  of  lower  culmination.  If  the 
time  of  upper  culmination  is  greater  than  11*  ->>"■.  the  latter 
quantity  should  be  subtracted  from  it.  in  order  to  obtain  the 
lime  of  lower  culmination  for  the  same  date.     This  will  be 

readily  understood  by  reference 
to  Fi^.  6.  in  which  the  circle  .-I  B 
represents  the  path  of  Polaris, 
and  L  L\  the  meridian.  The 
star  describes  either  of  the 
I  semicircles  L  .-i  C  or  L' B L  in 
about  ir  c^S'".  Let  this  inter- 
val o:  time  be  denoted  by  71 
If.  when  Polaris  is  at  L'  (upper 
culmination  \  the  time  is  less 
than  T,  this  indicates  that,  at 
the  beginning  o:  the  day.  the 
star  was  at  som^e  point  5"  to  the  ri^zht  o:  A.  Before  the  end 
of  that  c.iv.  the  star  will  «.:esor:be  the  p.ith  C'BLS,  crossing 
the  m.eridian  at  A  <  lower  culm:::ati^n '  T  hours  after  its  pas- 
sage through  C.  It.  when  P.-^l.tris  is  .i:  C\  the  lime  is  greater 
than  T.  this  shows  that,  a:  the  beg:::ning  of  the  day.  the  star 
was  at  som.e  pv  int  .'s  to  the  left  it  /. :  in  moving  from  .S"  to  L\ 
the  star  evicently  reaches.:  /-.  its  l.wer  culmination.  7" hours 
before  it  reached  ^*:so  that,  in  thi<  case,  the  time  of  lower 
culmination  i<  obtained  by  subtracting  T  from  the  time  of 
upper  culn:::'..i:iw^a. 
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Observins  Polaris  and  HarktnK  tbe  Meridian. 

Hect  a  date  on  which  Polaris  is  at  either  lower  or  upper 
ninalion  during  the  night  (preferably  during  the  early 
irt  of  the  evening).  Determine,  by  means  of  Table  I,  the 
act  time  of  culmination,  being  careful  to  reduce  the  tabular 
les  to  standard  civil  time.  It  is  safer,  in  order  to  avoid 
fusion,  for  the  observer  to  set  his  watch  to  show  local 
;  (Art.  23).  About  15  minutes  before  the  time  of  cul- 
ioation,  set  the  transit  in  such  a  position  that  an  unob- 
ncted  view  toward  the  north  may  be  obtained  for  a 
;  of  between  300  and  500  feet.  Drive  a  stake,  and 
uV  by  a  tack  the  exact  point  occupied  by  the  instrument. 
About  5  minutes  before  the  time  of  culmination,  direct  the 
telescope  to  the  star,  holding  a  lamp  in  front  and  a  little 
toward  one  side  of  the  objective  glass  to  illuminate  the 
cross-wires.  Set  both  clamps,  and  with  either  tangent  screw 
set  the  vertical  cross-wire  exactly  on  the  star.  The  star 
will  appear  to  be  moving  toward  the  left  or  toward  the  right 
according  as  it  is  approaching  upper  or  lower  culmination. 
Follow  it  in  its  motion  by  turning  the  tangent  screw  until  the 
exact  time  of  culmination  (which,  preferably,  should  be  called 
out  by  an  assistant).  This  completes  the  observation  of  the 
star.  Now  depress  the  telescope,  direct  it  to  a  point  on  the 
ground  about  400  or  500  feet  from  the  instrument,  and  have 
an  assistant  drive  a  tack  on  top  of  a  stake  in  line  with  the  line 
of  sight:  this  completes  the  operation.  The  line  between  the 
two  stakes  is  a  true  north-and-south  line,  or  true  meridian. 

»ExAUPLB  I.— To  find  tbe  time  of  upper  culmination  ot  Polaris 
September  12.  1907. 
BOLtmoN.— From  Table  I, 

Upper  culmination,  September  I.  1907 14'' «.8- 

Difference  for  1  day,  3.92. 
From  Table  II, 

»CoTTectioD   under  3.92.  opposite  12  ("12  or  26")   .  43.1 

Required  time 1*"    2.7» 

BXAHPI.B  2.— To    Snd    the  time  of   lower   culraioation  of   Polaris 
on  April  13,  1008. 
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SotiiTioN.— From  Table  1, 

Tinioof  upper  culminaiion.  April  I,  1B08    .... 
Add  1  sidereal  day  (Art.  37) 

0»46.^ 
23    6«.I 

DlfferencD  for  ]  day.  3.04. 
Correelion  from  Tablo  II.  under  3.M 

and  oppo&ite  13 

24"  42.9- 
47.3 

Time  of  upper  culmination 

Subtract  (tee  Art.  29) 

23»BS.8- 
11    68 

Time  of  lower  culmioation 

II«  67.8- 

Example  3.— An  observer  is  located  in  longitude  llO"  12*.  aod  bli  1 
watch  keeps  standard  mountain  time;  what  is  the  time,  by  his  walcb,  1 
when  Polaris  will  be  at  lower  culmination  on  December  21.  IB06?           1 

Solution.— From  Table  I. 

Time  of   upper  culmination.    December   t^,   1905 

Difference  for  I  day.  3.96. 

Correction  from  Table  11 

7-50" 
23.7 
11    58 

Time  of  upper  culmination,   December  21,   10U6 
Add  (Art.  29) 

Time  of  lower  culmination 

1»»24.3- 

Bt  has  elapsed: 
re,  to  the  civil 
ko  the  time  it 
oomical  dati, 

As  this  is  astronomical  time,  it  shows  the  interval  tl 
since  noon  o£  December  21.  and  corresponds,  Iherefo 
date  December  22.  7"  34.3"  a.  m.     We  must,  thet),  la 
the  previous  culmination  correspoDdlQK  to  the  astn 

December  20. 

Difference  for  1  day,  3.96. 

7»5»' 

Correction  from  Table  II    ... 

1«.7 

Upper  culmination.  December  20 

Adding 

Ti-SO-S- 
11    58 

Lower  culmination,  December  20 

id"  28.3- 

The  local  civil  time  of  culmlnalion  is,  then,  7'  28.3""  a.  m.    As  lb* 
observer  is  in   longitude   110°  12'.   he   is  5°  13'  west   of  the  standinj 
7-hour  meridian.     This   difference    in   longitude  cDOverted  into  lime 
ia  20.8'".     Then,    by  the   formula   in  Art.    19,    noticing  (bat  b<n 
r*  =  7»  28.3". 

T;  -  7'  28.3"  +  20.8-  -  7»  49.1- 

which  is  tbe  required  standard  time  of  lower  culmination.    Assuted 
in  Art,   30,   it   may   be  convenient   to  set   the   watch   on  local  lime 
beforehand.    Ani. 
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I  J.     Find   the  time  of   upper 
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of  Polaris;  (a)   < 


y  24.  1908;  (ft)  oa  April  13,  1007. 


Find  tbe  time  of  loner  c 
r  5,  1910;  {6)  on  April  14.  I9( 


J  of  Polaris:  (n)  on  Septem- 


8.    An  observer  is  located  in  longitude  118°  4',  his  watch  keeping 

standard  Pacific  time:  find  tbe  time,   by  his  watch,  at  which  Polaris 

will  be  at  lower  i^ul  mi  nation:  (a)  on  July  4,  1909;  (ij  on  November  8, 

1907.  .        /{a]fl-3n.l"p,  M. 

-^"^'U*)  10°  12.9"  A-  K. 


31.  EloDgatlon  of  a  Star. — When  in  its  motion  about 
the  axis  of  the  heavens  a  star  reaches  its  extreme  westerly 
position,  it  is  said  Xo  be  at  weHteiTD  elooKatlon.  Like- 
wise, the  star  is  at  eastern  elongratlou  when  in  its  extremfr 
eastern  position. 

32.  Azimuths  of  Polaris. — The  azimuth  of  an  object, 
with  respect  to  a  point  of  observation,  is  the  azimuth  of  the 
line  between  (hat  point  and  the  object.  Table  III  gives  the 
azimuths  of  Polaris  at  elongation  for  different  years  and 
latitudes.  If  a  transit  is  direcled  to  the  star  when  at 
elongation,  and  the  corresponding  azimuth  taken  from  the 
table,  all  that  is  necessary  to  determine  the  meridian  is  to 
turn  the  telescope  through  an  angle  equal  to  the  azimuth,  to 
the  left  (west)  if  the  star  is  at  eastern  elongation;  to  the 
right  (east)  if  the  star  is  at  western  elongation. 

33.  Time  of  Elonpratiou  of  Polaris. — Polaris  is  at 
eastern  elongation  about  5''  55™  before  it  reaches  its  upper 
culmination;  and  at  western  elongation,  S'  So"  after  upper 
culmination.  The  times  of  elongation  can,  therefore,  be 
readily  determined  from  those  of  culmination  taken  from 
Table  I-  It  should  be  noted,  however,  that  the  time  of 
elongation  does  not  need  to  be  known  exactly;  it  is  only 
necessary  to  know  it  approximately,  so  that  the  observer 
may  know  about  when  to  make  his  observations. 
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34.  HaktoK  the  Observation  and  Marking  the 
Meridian. — Determine  the  approximate  time  of  elongation 

as  just  explained.  About  20  minutes  before  that  time,  set 
the  transit  over  a  point  properly  marked,  and  level  it  care- 
fully. Set  the  vernier  at  zero.  Direct  the  telescope  to  the 
star,  and,  with  both  clamps  set,  follow  the  star  by  means  of 
the  lower  tangent  screw.  If  the  star  is  approaching  eastern 
elongation,  it  will  be  moving  to  the  right;  if  western,  to  the 
left.  About  the  time  of  elongation,  it  will  be  noticed  that 
the  star  ceases  to  move  horizontally,  and  that  its  image 
appears  to  follow  the  vertical  cross-wire  of  the  instrument. 
The  star  has  then  reached  its  elongation,  and  the  observation 
is  completed.  Take  the  azimuth  from  Table  III.  Depress 
the  telescope,  and  turn  it  through  an  angle  equal  to  the 
azimuth,  to  the  west  or  to  the  east,  according  as  the  star  was 
at  eastern  or  western  elongation.  The  line  of  sight  will  then 
be  directed  along  the  true  meridian,  and  by  marking  another 
point  400  or  500  feet  from  that  occupied  by  the  instrument, 
the  direction  of  the  true  meridian  will  be  established. 

This  is  the  most  accurate  method  of  determining  the  true 
meridian,  and,  where  possible,  should  be  used  in  preference 
to  others. 

Example.— To  find  the  litaesof  eloDgatiou  of  Polaris  on  May  10, 1906. 
Solution. — From  Table  I, 

Upper  culminalion.  May  1,  1906 22"  M.l" 

Difference  for  1  day,  3.93. 

Correctioa  from  Table  II 3S.4 

Upper  culmination.  May  10,  1906 22"  10.7- 

Por  western  elongation,  add 5   66.0 

28"    5.7" 

As  this  brings  Ibe  time  od  the  following  day,  it 
is  necessary  to  subtract  a  sidereal  day    ....    23       66 

Western  elongation  (lo  nearest  minute) ,  May  10, 
1906 4"     10" 

Also, 

Upper  culmination,  May  10, 1906(to  nearest  minute)  SZ*  11" 

Subtract 6"  M 

Eastern  cloogation 16"  16" 
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EXAMPLES    FOH    PKACTICK 

1.     Find  ihe  time  of  eastern  elongniion  of  Polaris  on  August  17.  IWi, 
An*.  9*  O 


PROBLEMS  ON   INACCESSIBLE   LINES 


TRI ANO  UL  ATION 

35<  Definition. — TrlRUKUlatlon  is  an  application  of 
the  principles  of  Irigonometry  to  the  determination  of  dis- 
tances and  angles.  It  consists  essentially  in  determining  by 
triEonomelry  the  values  of  all  the  parts  of  a  trianele  (rora 
three  parts  whose  values  are  measured  directly.  The  values 
of  all  parts  of  the  triangle  being  thus  determined,  any  side 
can  be  taken  as  the  side  of  a  new  triangle,  and  by  measuring 
the  angles  at  the  extremities  of  that  side,  the  values  of  the 
unknown  parts  of  this  triangle  can  be  computed.  This 
process  can  be  repeated  so  as  to  cover  any  given  area  with  a 
network  of  triangles,  all  the  sides  of  which,  except  the  first, 
are  determined  by  calculation. 

The  purpose  for  which  triangulation  is  most  often 
employed  in  ordinary  surveying,  however,  is  the  determina- 
tion of  the  lengths  of  lines  that  are  inaccessible  for  direct 
linear  measurement.  A  few  illustrations  of  a  general  char- 
acter will  be  given  here,  covering  the  triangulation  problems 
that  occur  most  often  in  ordinary  field  work. 

36.  Problem  I. — The  Iwoendsoi  a  line  not  wholly  aeees- 
sidle  being  both  visible,  and  one  of  tkem  accessible,  to  determine 
the  length  of  Ike  line. 

A  common  case  in  which  this  problem  has  to  be  solved 
occurs  when  the  line  of  a  survey  crosses  a  stream  too  wide 
and  deep  for  direct  measurement,  and  it  is  required  to  deter- 
mine the  length  of  the  line  intercepted  by  the  stream. 


TRANSIT  SURVEYING 


25 


Let  W,  Fig.  7.  be  the  accessible  end  of  the  line,  and  B  the 
oiher  end,  which  must  be  distinctly  defined,  either  by  some 
prominent  natural  object,  suth  as  a  tree,  or  by  a  flagpole. 
Set  the  transit  over  the  point  A,  set  the  vernier  at  zero,  and 
direct  the  telescope  to  B.  Unclamp  the  tipper  plate,  and  turn 
off  an  aogle  A  to  the  right  or  to  the  left,  as  may  be  more 


convenient.  A  right  angle  is  preferable,  and  should  be  used 
whenever  practicable.  Measure  along  the  line  of  sight  a 
distance  of  about  300  or  400  feet  to  a  point  C.  Set  the  transit 
at  C  and  measure  the  angle  C.  In  the  triangle  ABC, 
the  angle  B  is  found  from  the  relation  B  =  180°  -(//  +  C), 
and  then  the  distance  AB  is  calculated  by  the  following 
formula,  which  is  given  in  trigonometry: 


AB 


.  A  C  sin  C 

sin  B 


f  ^  is  a  right  angle,  A  B Ci&  a  right  triangle,  and  then 

AB  =  AC  tun  C 
I  this  case,  it  is  very  convenient  to  make  A  C  a  multiple 
—say  400— and  use  the  natural  tangent  of  C.     When  A 
lot  a  right  angle,  logarithmic  functions  are  preferable. 
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EXAMPLES    FOR    PRACTICE 

1.  Suppose  that  in  the  triangle  ABC,  Pig.  7,  the  sideyfCk 
425  feet,  and  the  angles  A  and  C  are  79'' OCX  and  56**  7Xy,  respecthr^, 
what  is  the  distance  A  B}  Ans.  508.2  ft. 

2.  If  in  the  triangle  ABC,  Fig.  7,  the  side  ^  C  is  500  feet,  the 
angle  A,  90'',  and  the  angle  C.  49'' 54',  what  is  the  distance  AB> 

Ans.  598.8  ft. 

37.  Problem  II. — 71?  determine  the  length  of  a  line  hoik 
ends  of  which  are  inaccessible. 

Let  A  By  Fig.  8,  be  the  line,  the  ends  A  and  B  of  which 

are  inaccessible.  Select  two 
points  Py  Q  from  which  both 
ends  of  the  line  can  be  seen, 
and  at  a  distance  from  each 
other  of  about  300  or  400  feet 
(or  more,  if  necessary).  After 
measuring  the  line  P  Q,  set  the 
transit  at  one  of  its  extremities, 
as  Py  and  measure  the  angles  K 
and  L,  Then  take  the  transit 
to  Q,  and  measure  the  angles 
M  and  N, 

In  the  trianjrle  A  PQ,  the  anjrle  A'  is  computed  from  the 
relation  R  =  1«()^  -  (A'+  A  -f  /'/),  and  then 

sin  R 
Likewise,  in  the  triangle,  BPQyS  =  180°  -  (Z,  +  if/  +  A^), 


Fi(i.  H 


and 


np=  /^gsin(J/-fA^) 

sin  S 


In  the  triangle  s4  PB,  the  sides  A  P  and  PB  and  theii 
included  angle  K  are  now  known.  To  find  AB^  we  have 
from  trigonometry, 

tan  i(A'  -  r)  =  ^f.  ~~  ^'\  cot  \  K 


AB  = 


PB  +  PA 
(PB-  PA)cos\K^ 
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I' Example.— If.  in  Fig.  8,  ihc  distance /"Q  is  400  feet,  and  the  angles, 
Imeasuied.  are  A'  =  ST"  lO*,  L  =  S&'SO'.  Af  =  52°  16'.  A"  =  32°  65', 
s  Ihe  distance  A  Bf 


(SoLirm>N.~In    the    triauKle  APQ,   R  " 
•  IS*)  «=  H"  05*,  and 

^^^400sin62M5'_,„ 


-  (37°  W  +  36°  SO* 


Sit. 


sin  .W  05- 

■  in    (he    triangle    B  PQ,    5  =  180°  -  (36°  Sff  +  62°  ly  +  32"  S^) 
f  68=20',  ^+A'=  52°  15'  +  32°55'  =  85°  W.  and 

SS^ -■»»■»"• 

[We  have.  also.  A"  =  37°  10',  4  A"  =  18°  W.  and 
(468.30  - 


BP  = 


*'  >0  =    468.30 +  390.L 

,  MX-  Y)  =  15°  W,  and  thereforE 
3W,53)  cos  18°  35' 
In  15=  04' 


'-  cot  18°  35* 


AB^^~ 


EXAMPLE    FOR    PRACTICE 

It.  in  Pig.  8,  the  distance  PQ  is  .WO  feet,  and  the  angles  A',  £.  M, 
•nd  N  are,  respectively.  42"  30",  42°  55',  45°  30".  and  20°  50",  find  the 
distance  A  B.  Ans.  34B.3  ft. 


figU  between  two 
'Iso,  the  distances 


38.     Problem   III. — To  delernu 
lines  whose  point  of  intersection  is 
from  a  point   in  each 
line   to    Ihe  point  of 
intersection. 

This  problem  is  of 
frequent  occurrence 
in  railroad  work,  the 
two  given  lines  being 
the  center  lines  of 
two  tracks  that  are 
to  be  connected  by  a 


Let  A  B  and  C  D, 
Fig.  9,  be  the  E'ven  fio-^ 

lines,  P  their  inaccessible  point  of  intersection,   and  B  P 
and  D  P  the  required  distances.     Measure  the  distance  B  D 
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and  the  angles  K  and  L.    Then,  M  =  180°  —  (JV  +  L),  and 
BP  = 

In  railroad  work,  the  external  angle  /  is  usaally  reqaJred, 
instead  of  Af.  Since  /  is  an  exterior  angle  of  the  tii- 
angle  B  D  P,   we  have  /=  A*+Z., 

If  B  is  not  visible  from  D,  two  points  are  selected,  astf 
and  D',  one  on  each  line,  thai  are  visible  from  each  other. 
The  dialani:e  B'  D"  and  the  angles  A"'  and  IJ  are  measare 
and  Af.  I,  B'  P,  and   IV  P  determined  as  before.     The  di 
tances  B'  B  and  D'  D  are  next  measured,  and  then 

BP  =B'P-B'B.sxi(iDP=D'P— lyO 
If  tbe  lines  are  entirely  invisible  from  each  other,  as  v 
there  is  an  intervening  hill,  any  convenient  point  ^'is  taken 
on  one  of  them,  and  a  line  B"  D"  is  run  makinf^  any  c 
nient  angle  A'"  with  it.  The  intersection  />"  of  this  lina 
with  CD  is  marked,  the  distance  B" D"  and  the  angle  L" 
are  measured,  and  the  solution  completed  as  before, 
distance  B"  D"  is  measured  when  the  line  is  being  nm. 
As  D"  is  not  visible  from  B".  it  will  be  necessary  to  set  tb 
instrument  at  one  or  more  intermediate  points,  from  each  o 
which  the  line  is  prolonged  in  the  manner  explained  in  TrantU 
Surveying,  Part  1.  If  it  is  not  convenient  to  run  a  straighl 
line  beiween  A  B  and  CD.  a  broken  or  traverse  line  may  t 
used,  as  will  be  explained  elsewhere. 


EXAMPLES   rOR   PHACTtCE 

J.     Referring  lo   Fig.  9,  suppoae  tbat  the  angle  A"  =  25' 
angle  Z.  =  24°  30'.  and  that  the  ilHtance  J?  /)  -  410  feel.     Delennio* 
the  angle  /and  the  dislancea  5 /"and  DP.  f /  =  49°  40' 

Ans. /*/*=.  323.0ft  ft. 
\DP=  228.72  ft. 

2.  Suppose  thai,  in  Fig.  S,  tlie  angles  H"  and  L"  are  Bl°  4iV  «nd 
42"  33',  respeclively,  and  that  the  distance  B"  D"  is  312.4  feet.  If  tlM 
distances  B"  B  and  t>'  D  are.  respectively,  62.2  feet  and  36.5  feet, 
detertniQe  the  distances  BP  and  DP.  ._,  \BP  •=  leS.S 

■  247.6 


A...{g5 
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39.  Special  Problem. — The  following  special  problem 
is  given  as  a  further  illustration  of  the  methods  thai  are  used 
in  practice.  The  student  will  readily  understand  that  a  great 
variety  of  such  problems  are  likely  to  occur,  which  canaot  be 


brought  under  any  classification  or  general  rules.     In  work 
of  this  kind,  the  surveyor  must  exercise  his  ingenuity. 

In  Fig.  10,  AB  and  CD  represent  two  lines  on  shore  that 
intersect  at  the  point  /,  which,  being  in  the  water,  is  inac- 
cessible.    The  line  A  B  when  prolonged  crosses  a  dock  S, 
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too  wide  for  direct  measurement,  then  crosses  the  wharf « 
pier  TU,  and  passes  over  the  water  to  the  point  of  intersefr' 
tion  /.  It  is  required  to  find  the  distances  B F,  B I,  and  fl/, 
and  the  angle  A'  between  the  two  lines. 

With  the  transit  at  D,  the  point  G  is  located  on  the  whi 
in  the  prolongation  of  the  line  CD.     With  the  transit  at  , 
the  point  F,  in  the  prolongation  of  A  B,  is  located  on  tl 
wharf,  and  at  the  same  time  the  angle  fC  is  measured.     The 
transit  is  then  set  at  F.  directed  to  A.  and   the  angle  L 
between  A  F  and  FG  is  measured.     The  telescope  is 
directed  to  A,  plunged,  and  the  angle  M  between  A  I  ani 
FD  is  measured.     The  distance  FG  is  measured,  and  al: 
the  angle  /'at  G. 

Since  the  angle  L  is  an  external  angle  of  the  triangle  FIG, 
we  have, 

X-\-  P  =  L.  whence  X  =  L~  P 

The  angles  N  and  D  are  found  from  the  relations 

N  =  180°  -{K  +  L),D  =  X-  »f 
The  triangle  B  FG  gives 

FG  sin  N 


BF=  ' 


The  triangle  F/G  gives 


sin  li 


The  sum  of  ^7^  and  ^/ gives  BI.   The  triangle  ^^/ gives 


EXAMPL.B    FOR    PRACTICB 

Suppose  that,  in  Fig.  10.  A'  =  SS"  W.  i  =  106°  lO*,  ^  .  21'  5* 
P  =  AT  50"  and  the  diKtaoce  FG  "  180.3  feel.    Deiermine  the  d 
Haict&BF,  BI.  Ka^DI  exiA  the  angle  A'tMtweeo  A  B  aoA  CD. 

iBF  =  153.6 
fl  /  =  S49.1 
D  I  =  147-6 
X    =  61»  M 
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PASSING   OBSTACLES 

A  building  or  other  obstacle  is  often  found  directly 


in  the  line  of  survey.  In  such  cases  the  problem  ts  to  carry 
the  line  around  the  obstacle  so  as  to  continue  it  in  its  true 
position  beyond  the  obstacle,  and  at  the  same  time  deter- 
mine the  length  of  the  portion  of  the  line  that  cannot  be,  or 
is  not,  measured  directly.  This  can  be  accomplished  in  diff- 
erent ways,  and  in  many  cases  in  a  very  simple  manner 
and  without  resorting  to  triangulation.  Some  of  the 
methods  employed  are  described  in  Chain  Surveying  and 
in  Compass  Surveying,  Part  1.  Here  only  those  methods 
will  be  described  that  are  used  in  transit  surveying. 

^r  41-  First  Method:  by  RlKht-Aufrle  OrTeets.— Sup- 
pose that  a  building  H,  Fig.  11.  stands  directly  in  the  line 
A  S  ol  a  survey  and  extends  a  considerable  distance  on  each 
side  of  the  line,  which  must  be  prolonged  beyond  the  build- 
ing, as  at  £F.  The  instrument  being  set  up  at  B,  the 
telescope  is  directed  to  A,  and  the  angle  ABC,  equal  to  90°, 
is  turned  off  on  the  horizontal  circle,  in  this  case  to  the  left, 
giving  the  direction  of  the  line  B  C.  A  distance  j9Cis  then 
measured  along  this  line,  of  sufficient  length  for  the  line  C  D, 
at  right  angles  to  B  C,  to  clear  the  end  of  the  building.  The 
transit  is  then  set  at  C,  the  telescope  directed  to  B.  and  the 
angle  BCD,  equal  to  90°,  is  turned  in  the  opposite  direction 
to  that  in  which  the  angle  ABC  was  turned.  On  the  line 
CD,  a  distance  CD  is  measured  sufficiently  long  to  clear  the 
obstacle.     The  instrument  is  then  set  up  at  D,  the  telescope 
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is  directed  to  C,  and  the  right  angle  CDE  turned  tovrani  the 
prolongation  ai  A  B.  On  the  line  D E,  a  distance  DE  a 
measured  equal  to  B  C.  The  instrument  is  now  set  up  at  E, 
the  telescope  is  directed  to  D,  and  the  angle  DEF,  cqnsl 
to  90°,  is  turned  off.  The  telescope  will  then  be  directed 
along  the  continuation  EF  of  AB.  The  distance  BE  it 
equal  to  the  distance  CD, 

When  the  oSsct  distances  are  small,  the  right  angles  caa 
usually  be  estimated  by  the  eye  closely  enough  for  ordinary 
purposes,  but  when  a  high  degree  of  accuracy  is  required  or 
the  offset  is  large,  the  right  angles  should  be  given  by  tha 
transit,  as  just  explained. 


713^- 


I 


42.     Second  Method;    by  uii    EqnllRtentl    Triangle. 

Let  A  B,  Fig.  12,  be  the  line  of  survey,  and  H  the  obstacle 
to  be  passed.  The  instrument  being  set  up  at  B,  the 
telescope  is  directed  to  A,  then  plunged,  and  the  forward 
angle  D  B  C.  equal  to  60°.  is  turned  off.  A  point  C  is  set  in 
the  line  5  C  at  a  suitable  distance  from  B,  say  150  feet.  The 
transit  is  then  set  up  at  C,  the  telescope  is  directed  to  B,  sn 
angle  BCD.  equal  to  60°,  is  turned  off.  and  a  distance  equal 
to  S  C  is  measured  to  a  point  D.  The  point  D  will  be  in  the 
prolongation  of  AB. 

The  transit  is  then  set  up  at  D,  directed  to  C,  and  an 
angle  CD  E.  equal  to  120°,  is  turned  to  the  left.  The  line  of 
sight  will  then  point  along  the  prolongation  D  E  ol  A  B.  The 
distance  BD  is  equal  to  BC,  since  the  triangle  BCD  is 
equilateral. 
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,  43.  Modifications  ot  Becond  Method. — It  may  some- 
nes  be  convenient  to  make  the  angle  D  B  C,  Fig.  12,  equal 
and  the  angle  BCD  equal  to  90°.  in  which  case  the 
angle  CDB  is  made  equal  to  the  angle  DBC,  or  45°,  and 
the  distance  CD  is  made  equal  to  the  distance  BC.  The 
distance  ff  O  will  then  be  equal  to  5  r -H  sin  45°  =  1.4142  5  C 
In  some  cases,  a  triangle  whose  angles  are,  respectively, 
30°,  60°,  and  90°  can  be  employed  to  advantage.  In  other 
cases  it  may  be  convenient  to  use  other  angles.  Any  angles 
whatever  may  be  turned  ofE  from  B  and  C.  The  angle  CDE 
to  be  turned  ofE  at  D  is  always  equal  to  B  -^  C.  The  dis- 
tance BCi^  taken  so  that  the  tine  CD  run  from  Cwill  clear 
the  obstacle.  The  distance  CD  to  be  measured  from  C 
is  computed  from  the  measured  angles  and  the  measured 
distance  B  C.  The  distance  B  D  is  computed  in  a  similar 
manner. 

44.  Third  Method:  by  an  Isosceles  'rrlangle. — Sup- 
pose that  A' A,  Fig.  13,  is  the  line  of  survey  and  that 
the  obstacle  is  a  large  tree  T,  standing  directly  in  the  line, 
The  transit  being  set  at  A,  any  small  angle  B'  A  B  may  be 
turned  off  in  either  direction,  just  large  enough  to  pass  the 
obstacle.  A  point  B  is  set  in  the  deflected  line  in  any  con- 
venient position  near  or  just  beyond  the  obstacle,  and  the 
distance  A  B  is  measured.     The  transit  is  then  set  up  at  S,  a 


icksight  is  taken  on  A,  and  a  forward  angle  ABC  h 
tamed  ofl  equal  to  180"  minus  twice  the  angle  B' A  B. 
The  distance  B  C  is  then  measured  along  this  line  equal  to 
the  distance  A  B,  and  the  point  C  is  marked.  This  point 
will  lie  in  the  prolongation  of  the  MneA'A.  The  transit  is 
then  set  at  C,  directed  to  B,  and  a  forward  angle  BCD  is 
tnmed  off  equal  to  180°  minus  the  first  angle  B'  A  B.  Then 
the  telescope  will  be  directed  along  the  prolongation  of  the 
line  A'  A. 


34 
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That  the  student  may  not  forget  the  different  stases  ol 
the  process,  he  should  bear  hi  mind  that  the  object  of  tha 
operation  is  to  determine  an  isosceles  triangle  ABC.  Since 
the  acute  angles  at /^  and  Tare  equal,  the  exterior  angle  CBC 
is  equal  to  twice  either  of  them,  as  A,  and  therefore  ABC\s 
equal  to  lS0°-2.^,  and  S  CD  to  IHO"  -  A.  Another  wiy 
of  proceeding  is  to  direct  the  telescope  from  B  to  A.  plunge 
it,  and  turn  off  the  angle  CSC  equal  to  2  A.  Likewise, 
after  directing  the  telescope  from  C  to  B,  it  may  be  plunged, 
and  the  angle  D'  CD  turned  off  equal  to  A.  However,  it  ta 
always  advisable  not  to  plunge  the  telescope. 

The  distance  A  C  can  be  readily  determined  by  solvins 
the  triangle  ABC,  which  gives 

AC  =  2  'aB  cos  a 

For  nearly  all  practical  work,  the  cosine  of  an  angle  leal 
than  1°  may  be  taken  equal  to  1,  and  therefore,  when  A  b 
less  than  1°,  A  Cmay  be  taken  equal  to  2^^. 


SUPPLYING  OMISSIONS 


GETTBBAIi  METHODS 
"  IntrodHctory  statement. — It  is  sometttneB  inipi 
sible  to  measure  the  length  and  bearing  of  every  side  of  i 
closed  field,  and  sometimes,  from  accident,  omissions  uccot] 
in  the  notes.  In  such  cases,  the  parts  that  are  missing  mustJ 
be  calculated  from  the  other  parts.  In  a  closed  survey,  any  J 
two  omissions  can  be  supplied  by  calculation.  The  surveyor  I 
should  make  every  measurement  practicable,  however,  so  as  J 
to  avoid  the  necessity  of  supplying  omissions  in  this  manner,  I 
for.  when  omissions  are  supplied  by  computation,  it  roust  b^  I 
assumed  that  the  remaining  field  notes  are  exactly  correc^^ 
consequently,  there  are  no  means  of  balancing  the  work,  £ 
all  errors  are  thrown  into  the  part  or  parts  supplied. 

In  what  follows,   the   directions  of   the  courses  will  fci^i 
assumed  to  be  given  by  azimuths,  not  by  bearings.    Wh^^, 
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however,   they  are    given   by  bearings,   the    same   general 
methods  apply. 

46.  Cases  That  May  Octjur. — There  are  six  cases  in 
which  omissions  can  be  supplied  by  calculation,  namely: 

1.  When  the  aximuih  of  one  side  is  wanting. 

2.  When  the  length  of  one  side  is  wanting. 

3.  When  the  azimuth  and  length  of  one  side  are  wanting. 

4.  When  the  azimuths  of  two  sides  are  wanting. 

5.  When  the  lengths  of  two  sides  are  wanting. 

6.  When  the  azimuth  of  one  side  and  the  length  of  another 
side  are  wanting. 

47.  Cases  1,  2,  anil  3.  When  the  azimuth,  the  length, 
or  the  azimuth  and  length  of  any  side  are  wanting,  find  the 
ranges  of  the  remaining  sides.  The  algebraic  sum  of  the 
ranges  of  either  kind,  with  its  sign  changed,  is  equal  to 
the  corresponding  range  of  the  side  in  quesiion.  Knowing 
the  two  ranges  of  the  course,  its  length  /  and  azimuth  Z  can 
be  found  by  the  formulas, 

tan  Z  =  g  ■¥  t 

I  =  V^  +  /',  or  /  =  ^  -j-  sin  Z 

ExAiu>LE.— The  azimuths  aad  lengths  of  Ihe  first  three  couraes  of  a 

survey  are  32°  15*.  22  chains;  143°  30",  10  chains;  aad  164°  I.V.  S  chains, 

respectively.      Tu  determine   the    length   and   azimuth   of  the   fourth 

course,  which  closes  the  survey. 

SoLUTiOK.  — Let  ji,5'i,f,,f.  be  the  longitude  ranges,  and/,./,,  /,,  /., 
the  latitude  ranges  of  Che  courses;  also,  let  /,  and  7.,  be,  respectively, 
the  required  length  and  azimuth  of  the  fourth  course.  i 

I  The  ranges  of  the  three  given  sides  are  as  follows: 

L  f .  =  22  sin    32°  1.5'  =  22  X       .53.361  =  I  I,T  4 

^^1  g,  =  10  sin  143=  30-  =  10  X      .5(M82  =     5.9  f> 

^^B  ^t  -    5  sin  164°  IS*  =    5x      .27144=      1.3 « 


/,  =  22  COS    32°  IS'  =  23  X       ,84573  -  I  8.6  1 
t,  -  10  cos  14.3' 30'  =  10  X   -.80:J86  «  -8.0  4 
/,  =    5  cos  164°  1.5'  =    h  X    -.9<>24«  =  -4.8  I 
+5,7  fi 
■I*berB(ore,  ?■.  =  -IB.05  ch..  I,  =  -5.70  ch.,  and  tan  Z,  - 


-  5,76' 


3d 
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The  value  of  Z,  may  he  either  the  acute  angle  73'  11',  or  180°  +  TS*  11', 
since  these  angles  have  the  same  laogcnt.  Notice,  however,  thai, 
si  ace  |/,  is  always  positive,  and  I,  =  g, -i- i\a  Z,.  sin  Z,  must  h*v« 
the  same  sign  as  g,.  In  this  case,  g,  is  Degalive;  therefore, 
must  be  negative,  and  the  value  180°  -»-  73°  II'  -  253"  ir  n 
Uken  for  Z..    Tben, 

.   ^      -Ifl-g'i 

*       sin  253"  11' 


=  10.90  ch.     Ana. 


EXAMPLES    FOR    PRACTICE 

!.  The  azinjulhs  and  lengths  of  the  first  Ihree  counea  of  a  snrvej 
are  48°  IB',  25.1(1  chains;  158"  SO*,  H.OO  chnins;  and  208"  13' 
chains,  respeclively.  Determine:  (a)  the  length  of  the  fourth  course, 
which  closes  the  survey;    (d)  the  bearing  of  that 

■  a)  1B.33  ch 


I 


2.  The  lengths  of  the  four  aides  of  a  closed  field  are  286.5  feet, 
300  feet,  250  feel,  and  fi7.'i  feet,  respectively.  The  BEimuths  of  tbt 
first  three  litdes  are  274°  16',  248°  32',  and  158°  40';  Gtid  the  azimath' 

of  the  fourth  side.  Ans.  65' 


48.  CuseB  4  antl  6. — (a)  When  the  two  deficient  sida 
are  adjacent,  find  the  ranges  of  the  other  sides.  Let  DB 
and  E  F,  Fig.  14,  be  the  two  deficient  sides.  Then,  havin2 
found  the  ranges  of  the  other  sides,  the  azimuth  and  lengtll 
of  the  line  D  F  joia- 
ing  their  extremities 
can  be  found  as  d< 
scribed  for  one  aide^ 
Then,  in  the  triangli 
DBF,  in  Case  4 
three  sides  art 
known,  and  in  Case  S 
one  side  and  two 
angles  are  known,, 
from  either  of  which' 
conditions  all  remaining  parts  of  the  triangle  can  be  ca]-^ 
culated  and  the  otnissions  supplied. 

{b)     When  the  two  deficient  sides  are  not  adjacent,  one  o| 
these  sides  must  be  shifted  to  a  position  adjacent  to  I 
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other.  Let  AF  and  DE,  Fie.  15,  be  the  two  sides  whose 
azimuths  or  lengths  are  wanting.  Imagine  the  side  DElo 
be  shifted,  parallel  to  itself,  to  the  position  G F,  and  the 
side  HFlo  the  position  DG,  thus  bringing  the  two  deficient 
sides  A  F  and  FG  adjacent  and  forming  the  new  figure 
A  B  C  DG  F.  This  does  not  change  the  values  of  the  lengths 
or  azimuths  of  the  sides,  and  reduces  the  solution  of  the  prob- 
lem to  the  case  in  which  the  deficient  sides  are  adjacent. 
Draw  the  line  A  G,  joining  the  two  extremities  of  the  known 
sides.  Then,  in  the  figure  A BCDG,  the  lengths  and  azi- 
muths of  all  the  sides  except  A  G  are  known.  The  length 
and  azimuth  of  A  G  can  be  found  as  described  for  finding  the 
length  and  azimuth  of  one  side. 


II  If  the  lengths  of  the  two  sides  A  F  and  D  E  are  known 
nd  their  azimuths  are  wanting,  in  the  triangle  A  FG  the 
lengths  of  the  three  sides  are  known,  and  the  angles  can  be 
calculated  and  the  required  azimuths  determined.  If  the 
azimuths  of  the  sides  A  F  and  D  E  are  known  and  the  lengths 
are  wanting,  in  the  triangle  AFG  all  the  angles  and  the 
length  of  one  side  are  known,  and  the  lengths  of  the  other 
two  sides  can  be  calculated. 

In  solving  all  problems  of  this  character,  a  plat  of  the  trav- 
erse should  be  drawn  to  scale,  showing  all  the  conditions 
iirly  and  the  triangle  that  is  to  be  solved.     This  will  pre- 
iDt  mistakes  and  facilitate  the  work. 
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49.  Case  c. — When  the  azimuth  of  one  side  and  the 
length  of  another  are  wanting,  the  problem  is  solved  by 
shifting  one  deficient  side  to  a  position  adjacent  to  the  other 
deficient  side,  and  calculating  the  tine  joining  the  extremities 
of  the  known  sides  as  described  for  Cases  4  and  5.  In  this 
case,  the  two  deficient  sides  together  with  the  calculated 
closing  side  form  a  triangle  in  which  two  sides  and  one  angle 
are  known. 


1  Pig.  15,  the  azimuths  and  leaKths  oi 
rourses  are:  W  B.  ^3''  fiC.  ft.TB  chain*; 
6.23  chains:  and  EF.^aPX^, 
6.80  chains  and  the  asimiith 
luth  of  DE  and  the  leiiKili 


Ex AMPLB,— Suppose  that,  ii 
the  first   three   and   the   fifth  c 
BC,  77°  Sff,  6.65  chains;  CD.  157°  15'. 
7.Z4  chains;  and  that  the  length  of  Z>  £  is 
of  FA  is  330°  36'.    To  determins  the  azir 
of  FA. 

Solution.— AsKume  the  side  DE  to  be  shifted  parallel  to  Itself  ti 
the  position  C F.  and  the  side  j5'f  shifted  lo  the  position  DC  In  the 
new  figure  A  B  C  D  G  F.  it  is  required  to  find  the  azimuth  of  C^a 
the  length  of  FA.  The  line  O  A  is  drawn  and  its  length  and  azimuth 
are  calculated  as  described  in  Art.  48.  lis  length  is  found  I 
be  4.72  cb.,  and  its  azimuth.  26()°0O'.  In  the  triangle  WC/-;  theaiimtit 
ot  GA\s  anti"  00'.  and  the  nzimuth  of  FA  is  330"  SC.  Theretoi*.  the 
angle  GAF  is  equal  to  330"  m  -  266°  00'  =  64°  Sff.  In  the  t 
angle  GAF 

sin  AFC  ■=  - 


WtTsinftt'Sa'       4.72X.«)SM 


FG 
whence,  A  FG  =  38°5CK. 

AGF  =  IBO"  -  (ft4'' 31 
/^(7siii_78°_B 
u  tii"  36'"  " 

The  azimuth  of  GF  h  equal  to  the  azimuth  of  GA  minus  the 
angle /J  C.F,  or  266°  OW- 70"  34' =  189°  2a'.    An«. 


Then 


FA  =.  --' 


V  +  X'Sff)  ^  76"  34' 
"  -  7.32  ch.    Ans. 


EXAMPLES    FOR    PRACTICE 

1,  Suppose  that,  in  Fig.  14,  the  bearings  and  lengths  of  the  tirsl 
three  and  the  sixth  courses  are  N  40"  36'  E,  314.0  feet;  N  89°  SS*  E, 
406.0  feei;  S  32"  14'  E.  212,0  feet;  and  N  26°  15'  W,  H«,2  feet;  and  that 
the  hearings  of  Z)  £■  and  £  Z'  are  S  57°  46'  W,  and  N  79°  47'  W.  Deter- 
mine the  lengths  of /? .ft' and  £ F.  \„.  i^f^  =  BU.3  ft. 


Ana, 


E  F  ■- 


2tM.8  ft. 


2.     The  azimuths  and  lengths  of  the  Rrst  two  courses  of  a  survey 
are  282°  36'.  32,00  chains;  and  38°  49',  14,00  chains,  respectively.     The    | 
length  of  the  third  course  and  the  aiirauth  nf  the  fourth  course  a 
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respectively,   32.52    chaiDS,    aod  198°   15'. 

Delennine:    (a)  the  aiimutb  of  the  third 

"N^                         cou[«:  (*)  the  length  of  the  fourth  couree, 
\^        ^                                                     ■""^■IW  28.20  ch. 

i 

Q 

^  1                                 APPLICATIONS 
/'A,.  Y          50.     Pushing    Obstacles    by   a 
\l  y       Traverse.— Suppose  that  obstacles 

^^r           make  it  impossible    to  measure  di- 

/i)             rectly  a  long  portion  PQ  oi  n  line 

,  /  ;  i             A  B,  Fig.  16.  and  that  the  conditions 

y  1               make  it  impossible  or  inconvenient 

/  1                to  apply  any  of  the  methods  already 

/    J                described  for  passing  obstacles. 

V      '                   Starting    from    a    point    A,,    on    the 

\  1                 line,  and  near  the  point  P  where  the 

■ 

*\                 first  obstacle  is  met,  run  a  traverse 
y^            A.A.A,A„  etc.,  selecting  the  points 

A                  A,,  A„  etc.   so   that   the  number  of 

/;                   lines  will  be  as  few  as  possible,  and 

/   ,'                   that  their  lengths  /,.  /.,  /.,  etc.  can  be 

v* 

{                    conveniently    measured.      The    last 

7 

1                    point  A,  should  be  so  selected  that  a 

{                     line  from  it  shall  cross  the  line  of  sur- 

/ 

,'                      vey  at  a  point  A.  (to  be  determined) 

/ 

I                      beyond  the  last  obstacle  Q.    For  coo- 

^''"-^ 

1                       venience,  the  line  A  B  is  taken  as  a 

j^""^^^__^            meridian;  that  is,  it  is  treated  as  if  it 
;     "  ^~^~>j   were  a  north-and-south  line,  B  being 

;               /  '  its  northern  end.      The  azimuths  of 

;          /          h,  /,,  /„  etc..  referred  to  this  assumed 

J* 

(/■r             meridian,  are  measured,  and  also  the 

/C                   lengths  of  all  the  lines  to  A^.     The 

K  SS                 azimuth  of  /.  is  also  measured,  but  its 

^                   length,  which  determines  the  point  W. 

/ 

on  the  line  of  survey,  must  be  com- 

puted.    Here  the  azimuths  of  all  the 

lines  are  known  (the  azimuth  of  ^,^.                   1 

40 
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being  0°) 

-to  determine  the 

lengths  of  the  two  sides  W.jIJ 

and  W.//. 

These  lengths 

are  determined  as  explained  nfl 

Art.  48. 

Since  the  directio 

of  A.  A.  is  known,  the  point  4^^ 

is  located 

by 

measuring  from  A.  the  calculated  length  i^^ 

The  transit  is 

then  set  at  A. 

and  oriented  on  A,,  by  setting 

the  vernier  to  read  the  back 

azimuth  of  A,  A.  and  direaii^ 

the  telescope 

to   A,.       The 

upper  plate    is   then   loosene^fl 

and  the  vernier  is  set  at  zero.     The  line  of  sight  will  tho^ 

have  the 

lirection  A,  B.  or 

A  B,  since  the  azimuth  of  thM 

line  is  0" 

1 

ESAMPLB 

—To  deterraioe  A.  A,  and  /,  from  the  following  metuamitt 

mems,  the 

izimuths  being  deaoted  by  Z:                                                     | 

=  32.5  feel 

Z,  =  45° 

=  400  feet 

Z,  =  294° 

=  500  feet 

Z,  -SO- 

=  150  feet 

^.  -  330° 

=  400  feet 

Z,  =  18° 
Z.  -  335" 

SoLUTlo^ 

.—The  ranges  of  /,, 

,,  etc.  are  as  follows: 

*i  = 

325 

sin  i-V    - 

+2  2  9.8 

f.  - 

«)0 

sin  2W  =  -400 

sin  (SeO"  -  2^')  -   -8  6  5.4 

^.  = 

600 

sin  30°    = 

+8G0.0 

g^  = 

im 

sin  330"  -  -150 

sin  (360°  -  330°)  =    -    7  5.0 

g'  - 

400 

sin  W    - 

+  1  1  0.3 

+  14  9.7 

t,  = 

326 

OS  4R°  ■  = 

+    2  2  9.8 

/.  •= 

400 

OB  aW"  =  400  CO 

«  (860° -294°)  -    +    16  2.7 

/.  = 

BOO 

OS  30-     = 

+    4  3  3.0 

/.  ^ 

150 
400 

oa  330°  =  150  co 

a  (3«)°  -  330°)  =-  +    I  2  9.9 
+    3  8  4.S 

OS  10=     = 

+13  3  9.9 

The  ranges  of  the  dosing  line 

.-1,  A,  have  opposite  signs  to  tboM  of 

the  algebra 

c  Bur 

OS  of  the  ranges 

of  all  the  other  courses.     Therefon,. 

the  longituri 

e  range  g  of  A^  A,  i 

-149.7,  and  the  latitude  rangefii 

-1.339,9. 

For  the  azimuth  Z  of  A,  A.,  w 

ehave 

tan2'  = 

-149.7 
-1.339.9                                                    1 

The  value  of 

Z  may  be  either  6°  23'  or  180"  +  6=  23'.  since  tliw  | 

ADgles  have  the 

same  tangent. 

am.  since  sin  Zmust  have  the  saai  M 

Bign  as  the 

longitude  range  (see 

Art.  47),  it  must  be  Degauve,  miM 

§15 
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ince  Bin    (180°  +  e°23')  is   aegative,  the  value  o£  Z  is  180''  +  6°23' 
=  18fi°23' 

The   angle  Z"  is  equal    lo    the   back    aiimulh   of    A^A.,   or   (180° 
h  186°  23')   -300°  =  6°  23'.     For  the   length   /  of  A,  A.,  wo   have 


I  = 


a  2 


II  ii 


Substi 


s  noi  necessary  lo  actually  calculate  /.  as  will  be  seen  from 
trttDsformalions  given  below. 

The  angle  A'  is  equal  lo   the  back  azimuth  of  A,  A,.  Ihal  la  (; 
+  180°)  -  SaO"  -  145°.     Also.  L  =  180°  -  A'  =  180°  -  145"  =  36' 

IM  =  Z.-Z  ^  325°-  186° 23'  =  138° 37' 
The  (riangle  A,  A^  A,  now  gives 
/    =  A'°_?'.  J    .J    -  ,j!5^ 

51.  loRfcesslble  Intersections. — The  intersection  P, 
Fig,  17,  of  two  lines  being  inaccessible,  and  the  conditions 
being  such  that  the  methods  explained  in  Arts.  38  and  39 
cannot  be  applied,  the  distances  B  P  and  D  P  and  the  angle  / 
are  determined  by  running  a  traverse  line  B  A.  A,  A,  D 
between  two  points  on  the  given  lines.  For  convenience,  one 
of  the  given  lines  {.A  B  in  this  case)  is  taken  as  a  meridian. 
After  measuring  the  azimuths  and  lengths  of  l„l,,l„l.,  the 
transit  is  set  at  D,  on  CD.  oriented  on  D  A,,  and  the  azimuth 
I  DC  \5  measured.  The  angle  /  is  equal  to  this  azimuth, 
loce  AB,  OT  A  £,  is  the  meridian. 

I  the  polygon  B A.A.A.D /,  all  azimuths  and  lengths 
E  known,  except  the  lengths  of  the  two  sides  D  P  and  PB. 
jhese  sides  can  be  supplied  by  the  methods  already  explained. 
^  should  be  carefully  borne  in  mind  ihat  the  azimuth  of  D  P 
i  equal  to  the  back  azimuth  of  D  C,  or  180°  +  /,  and  that 
E  azimuth  of  PB  is  zero. 
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ExAicpLB.— To  detennine  D  P  and  PB  from  the  folk»wiiig  mtuan- 

menti: 

A  -  600  feot  Zt  -  120" 

/.  «  900  iaat  Z.  -  O** 

/.  «  450  iaat  Z.  «  75*" 

/««  860  feet  Z«  «  30" 
/  -  asimnth  oiDC  «  lOT  8IK 

Solution. — ^The  ranges  of  the  traverse  are: 

^,  »  600  sin  120"  -  +    6  1  9.6       /,  -  600  cos  120"  -  -3  0  0.0 


^.  -  300  sin  6"  -  +  3  1.4 
;r.  «  450  sin  75"  «  +  4  3  4.7 
^4  -  860  sin  30"    -  -f    17  5.0 

+116  0.7 


/•  -  300  cos  6"  »  +2  9  8.4 
/.  «  450  cos  75"  »  +1  1  6^1 
/«  «  350  cos  30"    -  +3  0  3.1 

+4  18.0 


Pio.17 


For  the  azimuth  Z  of  the  closing  line  DB  vr^  haTe 

tan  Z  »  "^ll^:^,  Z  -  250"  ly 


Also, 


-418.0 
Z'  =  Z  -  180"  =»  70"  12^ 
j-1. 160.7         __-!. 160.7  _       1,160.7 
sinZ      ""  sin  (180°  +  Z')  "  "sin  2^ 
L  =  180°  -  /  =  180"  -  107"  ,W  =  72"  21' 
K^  I-Z'  ^  107"  Sy  -  70"  12'  »  37"  2? 
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The  triangle  B DP  gives 

np  =  /  5^^  =  h^l   sinZ^  _  U_60.^  _     1.160.7  .  ^.^  .  . 

sin  L        sin  Z'    sin  L  "    sin  Z    ""  sin  72°  21'  ^  a»^a»-"  "• 

PR  ^  I  ^^^^  =  L'1?2:Z   sJIL^         1.160.7      sin  37°  2^  .  -07  o  . 
sin  L        sin  Z'    sin  L  "'  sin  70°  12'   sin  72°'21'  "" 


EXAMPLES    FOR    PRACTICE 

1.  The  azimuths  of  four  courses  of  a  deflected  traverse  that  has 
been  run  to  pass  an  obstacle  in  the  line  of  survey  are  273®  12',  49°  56', 
312°  15',  and  42°  45',  respectively.  The  lengths  of  the  first  three  courses 
are  250  feet,  150  feet,  and  200  feet,  respectively.  Determine:  (a)  the 
length  of  the  fourth  course;  (d)  the  distance  between  the  two  points. 

^°^V(^)  551.1ft. 

2.  In  order  to  determine  the  distances  of  two  points  B  and  D, 
Fig.  17,  on  the  lines  A  B  and  C  D,  from  their  point  of  intersection  P, 
a  traverse  of  five  lines  was  run  from  B  to  D,  The  lengths  of  these 
lines  and  their  azimuths,  taking  A  B  2&  the  meridian,  were  as  follows: 

=  200  feet 

=  300  feet 

=  150  feet 

=  100  feet 

=  250  feet 

Azimuth  of  Z?  C  =  113**  37' 

Determine  the  distsaces  ^/and  Z^/and  the  angle  of  intersection  /. 

[BI  =-  659.4  ft. 
Ans.^Z?/=  744.5  ft. 
1 7  =  113°  37' 


z. 

= 

102** 

45^ 

z^ 

s 

38** 

36' 

z. 

a 

139** 

14' 

z. 

a 

42° 

51' 

2. 

» 

32° 

23' 
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PROBLEMS   ON   AREAS 


GENERAIi  REMARKS  ON  THE  DETERMINATION 

OF  AREAS 


AREA    BOUNDED    BT    STRAIGHT    LINES 

52.  Division  Into  Trian^los. — When  the  leng^ths  and 
bearings  (or  azimuths)  of  all  the  courses  of  a  closed  field 
are  known,  the  best  method  for  calculating  the  area  is  by 
double  longitudes,  as  explained  in  Compass  Surveyings  Part  2. 

If  the  angles  at  the  dif- 
ferent corners  have  been 
measured,  instead  of  the 
bearings  or  azimuths, 
any  of  the  sides  may  be 
assumed  as  a  meridian; 
the  azimuths  or  bearings 
of  all  the  sides  with  ref- 
erence to  that  meridian 
can  be  easily  determined, 
the  ranges  calculated, 
and  the  method  of  double 
longitudes  applied. 

Another  way  of  com- 
puting the  area  is  by 
dividing  the  field  into 
triangles.  This  method 
is  especially  adapted  to  a  field  surveyed  by  the  chain  only, 
as  explained  in  Chain  Surveying,  As  there  stated,  the 
division  into  triangles  should,  if  possible,  be  so  made  that 
the  angles  will  be  neither  too  acute  nor  too  obtuse.  In  this 
respect,  the  surveyor  must  use  his  judgment  and  exercise 
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some  ingenuity.  Fig.  18  shows  a  tract  divided  into  triangles 
by  the  diagonals  EC,  EB.  etc.  H  the  chain  alone  is  used, 
these  diagonals  must  be  measured  in  the  tield. 

If  a  transit  or  compass  is  used,  it  is  not  necessary  to 
measure  the  diagonals  Ci".  5£",  etc.,  but.  the  angles  C..B.,B,. 
etc.  having  been  measured,  the  areas  7~,,  7",.  etc.  are  com- 
puted by  the  formula  given  in  Plane  Trigonometry,  Part  2, 
for  the  area  of  a  triangle  of  which  one  side  and  the  angles 
are  known. 

When  two  of  the  sides  of  a  triangle  7".  are  parts  of  the 
boundary  and  the  angle  between  them  has  been  measured, 
the  area  is  equal  to  one-half  the  product  of  the  two  sides  and 
the  sine  of  the  included  ^ 

angle. 

If  there  is  a  point  in- 
side the  field  visible 
from  all  the  corners,  the  ^f^.^T* 
method  illustrated  in  XJk"' 
Fig.  19  may  be  used. 
Here  O  is  a  point  inside 
the  field  visible  from 
all  the  comers.  The 
lengths  of  the  sides  A  B, 
B  C,  etc.  having  been 
measured,  as  well  as  the  ''"'  '" 

angles  A„  A,,  B„  B„  etc.,  the  areas  of  the  triangles  T„  T„  7".. 
etc.  are  computed  by  the  formula  of  trigonometry  just 
referred  to. 

For  the  conditions  shown  in  Fig.  19,  a  method  that  is  in 
some  cases  very  expeditious,  when  it  is  not  necessary  to 
measure  the  boundary  lines  of  the  tract,  is  to  set  up  the 
transit  at  O  and  measure  the  angles  AOB,  BOC.  COD. 
etc.  and  also  measure  the  radial  lines  OA.  OB,  OC.  etc. 
The  area  of  each  triangle  is  equal  to  one-half  the  product  of 
the  two  sides  and  the  sine  of  the  included  angle. 


When  not  very   accurate  results  are  required,  the 
1  of  a  field,  or  of  any  other  figure  bounded  by  straight 
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lines,  may  be  obtained  by  making  an  accurate  drawing  to 
scale,  dividing  it  into  triangles,  and  measuring  on  the  draw- 
ing itself  whatever  dimensions  are  necessary  for  determinioj 
the  area  of  each  triangle. 

In  order  to  obtain  as  accurate  results  as  possible,  the  plal 
should  be  as  large  and  the  triangles  into  which  the  polygoa 
is  divided  should  be  as  nearly  equilateral  as  the  conditioQi 
will  permit. 

Let  the  irregular  polygon  A  B  C D  E F,  Fig.  20,  be  tl» 
outline  of  a  tract  of  land  the  area  of  which  is  required.  Ths 
diagonals  B  F,  C F,  and  CE  are  drawn,  dividing  the  fignn 
into  the  four  triangles  A  Ji  F.  li  C F,  C E F.  and  CDE. 
From  the  vortexes  A,  B,  D,  and  E,  the  perpendiculars  AG^ 


B H,  D  fC,  and  EL  are  let  fall  on  the  opposite  bases  of  the 
triangles.  The  lengths  of  the  several  bases  and  altitudes 
are  measured  to  the  scale  used  in  constructing  the  plat,  and 
the  area  of  each  triangle  is  calculated  by  multiplying  the 
altitude  by  one-half  the  base. 

ExAMPLS. — Assuming  Fig,  20  to  represent  the  plat  of  a  trad  of 
land,  drawn  to  a  scale  of  4  chains  to  the  inch,  it  is  required  to 
calculate  the  area  of  the   tract. 

Solution. — In  the  triangle  A  B  F,  the  base  scales  B.2S  ch.  and  the 
altitude  3.10  ch.;  heuce,  its  area  is  equal  to  i  x  6.25  x  ^.10  =  9.S87S 
Bq.  ch.  The  base  FC  of  the  triangle  B  CF  scales  8.20  ch.  aud  lh« 
altitude  B  H  scales  3.80  ch.;  the  attitude  L  E  al  the  triangle  CEF, 
which  has  the  sarae  base,  scales  3.90  ch.;  hence,  Itae  area  of  tlii 
quadrilateral  BCEFXot^kA  by  the  two  triangles  £C/^ and  CEFk 
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equal  lo  i  X8  20  X  {3.80 +  3.B0)  =  31,57  sq.  ch.  The  base  Cfi"  of  the 
tnsDgte  CD E  scales  5,50  ch.  and  its  aliltude  scales  2.75  ch.;  hence, 
L  of  this  Iriaogle  is  equal  to  |  x  5.50  x  2.75  =  7.5tiS5  sq.  ch. 

■a  of  the  entire  tract  is  therefore  equal  to  ».IS875  +  31.57  +  7.6625 

a  sq.  ch.  =  ^mi  A.    Adb. 

4.  Ulvlsiou  of  the  Plat  Into  Trapezotds. — A  plat 
fthe  tract  having  been  drawn  to  scale,  the  greater  portion 
f  the  plat  can  be  divided  into  trapezoids  and  the  remainder 
ho  triangles,  and  the  area  of  each  trapezoid  and  triangle 
ralcnlaied  separately.  The  sum  of  these  differenl  areas 
will  then  be  the  area  of  the  tract.  Thus,  in  Fig.  21,  the 
diagonal  .-^  Z7  is  drawn  as  a  base,  and  the  lines  B  B' .CC'.EE', 
and  FF'  are  drawn  perpendicular  to  A  D,  dividing  the  figure 
into  trapezoids  and  tri- 
angles. The  area  of 
the  trapezoid  DCC  B' 
is  equal  to  one-half  the 
sum  of  its  bases  H  B' 
and  CO  multiplied  by 
its  altitude  B'  C  The 
areas  of  the  other 
trapezoids  are  calcu- 
lated in  like  manner, 
the  dimensions  being 
scaled  from  the  plat. 
In  the  case  here  illus- 
trated, the  area  of  the 

polygon  is  equal  to  the  sum  of  the  trapezoids  BCC'B'  and 
EFF'E',aa^  Ihe  triangles  WSj9',  CDC\  DEE'.  znAAFf. 

55.  Auxiliary  Tra)i<>zold8. — If  the  plat  of  the  tract, 
when  drawn  to  scale,  is  an  irregular  polygoil,  its  area  can 
often  be  calculated  easily  by  means  of  the  difference 
between  the  sums  of  the  areas  of  two  series  of  trapezoids 
constructed  for  the  purpose.  A  straight  line  is  drawn  as  a 
line  of  reference  in  any  position  near  the  polygon,  and  a  per- 
pendicular is  drawn  to  this  line  from  each  angle  of  the 
polygon.  Since  these  perpendiculars  will  be  parallel  to 
each  other,  a  series  of  trapezoids  will  be  formed,  one  side 
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of  each  trapezoid  beins:  formed  by  a  side  of  the  polygon  and 
one  side  by  the  line  of  reference.  The  area  of  each  trap^ 
zoid  is  then  calculated,  and  the  sum  of  the  areas  of  the 
trapezoids  lyings  between  the  line  of  reference  and  the  nearer 
sides  of  the  polys:on  is  subtracted  from  the  sum  of  the  areas 
of  those  lyings  between  the  same  line  and  the  farther  sides 
of  the  polygon;  the  remainder  is  the  area  of  the  polyj^on. 

Thus,  in  order  to  determine  the  area  of  the  polygon 
A  B  CDEFG,  Figf.  22,  the  line  of  reference  MP  is  drawn. 

and  from  the  ang^les  of  the 
polygfon  the  lines  AH,  BK, 
G  L,  etc.  are  drawn  perpen- 
dicular to  HP,  The  areas  of 
all  the  trapezoids  thus  formed 
are  found,  and  from  the  sum  of 
the  areas  of  the  three  trape- 
zoids ABKH,  BCNK,  and 
CDPNxhe  sum  of  the  areas 
of  the  trapezoids  AGLH,  G/AfL,  FROM,  and  EDPO 
is  subtracted.  The  remainder  is  the  area  of  the  polyj^on 
ABCDEFG,  The  line  of  reference  may  be  drawn  in  any 
position  near  the  polyj^on,  as  in  the  fii^wre,  or  through  an 
angle  of  the  polygon,  or  may  coincide  with  one  of  its  sides. 

KxAMPLE.  — Assume  that  the  polyj^^nn  A  HCDEFC^  Fig.  22,  rep- 
resents the  plat  of  a  tract  <»f  land,  drawn  to  scale,  from  the  angles  of 
which  i)eq)en(liculars  have  heen  drawn  to  the  line  of  reference  HP, 
and  that  by  measnrinjj  tlie  lines  to  scale  they  are  found  to  have  the 
followinjr   lengths,  in  chains:     .  / //  -  7. -JO.  iVA'=  9.«i0,   CA' =  9.«0. 

nr  =  7.40,  i:o  =  I'.do.  i.\/     jcio.  <; l  =  5.4o,  //a'=  2.20.  a'.v 

-  \{)XA),  A'/'=  :;.(K),  ro  2.10.  OM  =  7.90.  AfL  =  2.50,  aDd 
A  //  =  :{.40;    what  is  the  area  of  tlie  tract? 

SonTioN. — The   areas   of    the   trapezoids   lying    between    the  line 
of    reference    and    the    farther  sides  of    the    polygon    are:     ABKH 

X  2.2<)    --      IS.JS:     /U:\A'   =   9.H0  X   lO.fK)   =   101.76; 

U.i'A)  4-  7.40 

X  .*?    =   2. »..*>;     and    the    sura    of    these    three 


Fi<;.  22 


7.20  -h  \H'A) 
•> 


C/)PX  = 

trapezoids  is  IS.  IS  -r  101. 7iJ  -f  2:).r»()  =  14:>.7J  sq.  ch.     The  areas  of  the 
trapezoids  lyin^,^   between   tlie   line  f)f   reference  and   the  nearer  sides 

.40  -f  2.(X) 


of  the  polygon   are.     />/'()/:   - 


2 


X2,10  =  9.87;   £OMf 
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•  2  X  7.90  "  16.80;  J^ML  C  =-  ^°°  "^  ^'^^  X  2.50  =  9.25;  CLHA 
-  — — -^ — '■ —  X  3.40  =■  21.42;  aod  the  sum  of  these  four  trapexoida  is 
-)- 15.80  +  9.^  +  21.42  =  56.34  sq.  cb.     Hence,  the  area  of  tho 
joo  is  equal  to  146.74  -  66.S4  =  89.40  sq.  ch.  =  8.94  A.    Ana. 

EXAMPLES    FOR    PRACTICE 

Assume  that  Pig.  20  represents  the  plat  of  a  tract  of  land  drawa 
I  scale,  and  thai  by  raeasuring  the  lines  to  scale  they  are  found  to 
:    following   lengths,    in    chains:     BF=   7.80,    AG  =  3.85. 
~fC^  10.20.  BH  '^  4.80.  LE  =  4.90,  CE  =  6.90,  and  K O  =  3,45; 
:  is  the  area  of  the  tract?  Ans.  7.639  A. 

Assume  that  Pig.  22  represents  the  plat  of  a  tract  of  land  drawn 
to  scale,  and  that  by  measuring  the  lines  of  the  plat  to  scale  they 
are  found  to  have  the  following  lengths.  In  chains:  AH  =  29.00. 
JA'=3H.50,  CA'  =  38.50,  D  P  =  mm,  E  O  =  S.QO.  FM  =  S.OO. 
C"£  =  21.50.  ^A'  =  8.80,  A'A'- 42.50,  A'/' =  12,00.  PO  =  S.50, 
OM=.  31.60.  ML  =  10.00.  and  I.  H  =  13,60;  what  Is  the  area  of 
the  tract?  Ans.  144.15  A. 

AREAS    BOUNDED    BY    IRREGOI.AR    LINES 

66.  The  methods  of  computine  the  area  of  a  figure 
mnded  by  one  or  more  curved  lines  were  fully  treated  in 
Hane  Trigonometry,  Part  2.  As  explained  elsewhere,  the 
method  that  is  most  commonly  employed  in  surveying  is  that 
of  selected  offsets,  which  consists  in  running  one  or  more 
straight  lines  close  to  the  boundary,  measuring  perpendicular 
offsets  from  them  to  the  points  on  the  boundary  in  which 
the  direction  of  the  latter  changes,  and  considering  the  por- 
tion of  the  boundary  between  any  two  consecutive  offsets  to 
be  a  straight  line.  This  is  a  very  convenient  and  accurate 
method,  and  can  be  applied  to  any  area,  whether  partly  or 
^■bolly  boimded  by  irregular  lines. 

W  DIVISION  AND  PARTITION  OF  LAND 

57.  The  surveyor  is  frequently  required  to  solve  prob- 
lems relative  to  the  subdivision  and  partition  of  land,  such 
as  cutting  off  from  a  field  a  piece  having  a  given  area,  or 

■Tiding  a  tract  into  parts  whose  areas  shall  have  a  given 
Uo,  by  a  line  having  a  given  direction.     The  process  of 


i 
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dividing  a  tract  in  such  manners  is  very  simple  whea  ibe 
tract  is  of  rectangular  form,  but  is  much  more  difficult  io 
other  cases.  The  solution  of  problems  of  this  kind  depends 
on  a  judicious  application  of  the  principles  of  geometry  and 
trigonometry.  This  subject  cannot  be  treated  in  a  general 
manner,  it  being  obviously  impossible  to  formulate  or  Eivo 
rules  for  all  the  cases  that  may  occur  in  practice.  A  few 
common  cases  are  here  given,  which  should  be  studied  care- 
fully, as  they  may  suggest  methods  for  the  solution  of  other 
similar  problems, 

58.  Problem  I. —  To  divide  a  trapesmd  into  two  parU 
whose  areas  shall  be  proportional  to  two  given  numhers,  by  a  lint 
Parallel  to  the  bases. 

Let  it  be  required  to  divide  the  trapezoid  A  B  CD,  Fig.  ^, 
into  two  parts   that  shall  be  to  each  other  as  two   given 

[^_ ^1, —\  numbers 

dividing    line   RF 

(to  be  determined) 

being    parallel    to 

the    bases.     Let 

the  length  of  thi> 

line  be  denoted  by 

X,  the  area  of  the 

Vm.-a  trapezoid  by  S,  and 

the  areas  of  the  two  parts  by  S,  and  S„  as  shown.    The 

of  the  notation  is  plainly  shown  by  the  figure.    The  auxlliuy 

line  DB'  is  parallel  to  CB. 

(a)  To  determine  S,  and  S,. — By  the  conditions  of  tbs 
problem,  we  must  have, 

S,  :  S,  =  m  :  n\  whence,  S.  =  ^-^ 
m 
Also.  S,  +  S,  -  S 

or,  writing  the  value  of  S,  found  above, 

5,  +  ^  -  S 
whence,  clearing  of  fractions  and  solving  for  .Si, 
S.  =  -^S         (1) 
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Similarly.  5.  =  —^—5  (2) 

m  +  n 

The  value  of  5"  is  to  be  found  by  one  of  the  formulas  sfiven 
in  Plane  Trigonometry^  Part  2,  according  to  the  data. 

{b)  To  determine  the  length  x  of  the  dividing  line  EF, — ^As 
shown  in  Plane  Trigonometry^  Part  2,  * 

o    __  bx  —  x^ «  __  bx  —  b% 


2 (cot  A  +  cot  B)  2 (cot  A  +  cot  B) 

Substituting  these   values   in   formula    1    and  canceling 
2(cot  A  +  cot  B),  there  results 

b:  -x*  ^  -^{bx*  -  b.') 
m  +  n 

whence,  clearing  of  fractions, 

mbx'  +  n  bx'  —  {m  +  n)  x*  =  mb*  —  m  b% 

Transposing  and  solving  for  x^ 


\      w  4- « 


+ 

(r)      To   determine   the  distances   D  E  and  A  E, — In   the 
similar  triangles  DAB'  and  DEGy  we  have, 

DE  ^   DA 
EG        AB' 

But,  EG  =  EF-  GF  =  EF-  D  C  =  x  -  bn,  D  A  ^  a, 

and  A  B'  =  bx  —  ^..     By  the  substitution  of  these  values,  the 
preceding  proportion  becomes 

DE    ^        a 
X  —  b%        bx  —  bt 

whence.  DE  =^  ^^/  ~  f'^  (4) 

bx  —  bt 

Also, 

AE=  AD^-DE^a--''^'''-  f'^    =  al\-^^\ 

bx  ^  bt  \        bx  —  bj 

or,  performing  the  subtraction, 

AE^  £l^iJ=^)  (5) 

bx  —  b% 
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In  applying:  these  formulas,  the  value  of  x  is  first  found 
by  formula  8.  The  calculated  distance  DE  or  AE  vk 
measured  on  AD  from  D  or  A,  bb  the  case  may  be,  and 
the  line  £F  is  then  run  from  E  parallel  to  the  bases,  and 
equal  in  length  to  the  calculated  value  of  x. 

id)  To  determine  ike  aliiiudes  ht  and  A«  of  the  irapemb 
Sx  and  5.. — ^Any  two  corresponding  sides  of  the  similar 
triangles  DAB'  and  D EG  are  to  each  other  as  the  alti- 
tudes of  the  triangles;  that  is,  as  h  is  to  A..    Therefore, 

AB'  ^  A  or  **"*'  =  A 
EG        h%        X '-~  b%        h% 

whence,  solving  for  A., 

Ox  —  0% 

» 

Subtracting  h^  from  A,  and  reducing,  we  find» 

A.  =  *^f'  -/>         (7) 

Ox  —  O* 

EzABCPLB. — Suppose  that  A  BCD^  Pig.  23,  represents  a  tract  of 
land  in  which  /^ C  »  50  chains,  A  B  ^  VXi  chains,  AD  ^  47.60 
chains,  and  A  =  35  chains,  and  that  the  tract  is  to  be  so  divided  by 
the  line  E  F  that  the  parts  tn  and  n  will  be  as  3  and  2,  respectivdy; 
required  E  F^  D  E,  and  hx. 

Solution. — By  substituting  the  given  values  in  formula  8, 

E F  s-v/ -= =  ^5,500  =  74.16  ch.    Ans. 

Formula  4, 

^^       47.50  X(74.16- 50)       oo  or    u      a 
D  E --^ — ^^ =  22.95  ch.    Ans. 

lUU  —  OU 

Formula  7, 

.         35(100-  74.16)       ,ono    u      A 
^-°         100  -  50         °  ^^-^  ^^'    ^*- 


EXAMPLES    FOR    PRACTICE 

1.  The  bases  of  a  trapezoidal  field  are  46.75  and  25.33  chains.  The 
altitude  of  the  trapezoid  is  7.45  chains,  and  one  of  the  angles  (say  A^ 
Fig.  2^{)  adjacent  to  the  longer  base  is  73°  47'.  It  is  desired  to  divide 
the  field  into  two  trapezoidal  tracts  by  a  line  parallel  to  the  bases,  and 
so  that  the  tract  Sx  adjacent  to  the  longer  base  shall  be  two-thirds  of 
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the  tract  S,  adjacent  to  the  shorter  base;  find  S„S.,jt;.  A E,  D B, 
A„*tidA..  \S,  =  10.74  A. 

\S,  >=  16.11  A. 

Lr  =  39.60  ch. 
Aas.l/1  E  =  2.68  ch. 

\n£:  =  5.17  ch. 

U.  =  2.49  ch. 

[a,  =  4.96  ch. 

2,  The  area  of  a  trapezoidal  field  is  102.74  acres;  its  bases  are  39.46 
and  53.67  chains:  aod  one  of  the  aoKles,  say  D,  adjacent  to  the  shorter 
base  is  127*  58'.  it  is  desired  to  cut  off  a  [rapesoidol  tract  DE FC. 
adjacent  to  Ibe  shorter  base,  and  such  that  its  area  shall  be  60  acres; 
find  the  length  x  of  the  dividing  line,  and  also  the  distance  D  E  and 
the  altitude  A..  ix  =  48.27  ch. 

h'D.%.\DE  =  17.36  ch. 


=  13.6 


I  ch. 


59.  Problem  11. — To  rut  oil  a  given  area  by  a  line  ilari- 
i»g  from  a  given  point  on  the  boundary  of  a  polygonal  Held. 

Let  A BCDEF.  Fig.  24.  be  the  plat  of  a  field  bounded  by 
straight  lines,  from  which  it  is  required  to  cut  off  S  acres  by 
a  line  run  through  a  given  point  G  in  the  boundary.  Draw  a 
line  C  D  from  G  to  one  of  the  opposite  angles  of  the  plat  in 
such  position  as  to  cut  ofiE  an  area  nearly  equal  to  the  required 
area.    Calculate  the  length  j, 

and  bearing  of  G  D  hy  the 
method  of  supplying  omis- 
sions already  explained. 
Calculate  the  area  GBC D. 
which  will  be  called  S,. 
Find  the  difference  be- 
tween the  required  area  S 
and  the  calculated  area  S,- 
If  S  is  greater  than  5,,  an 
additional  area  5"'  must  be 
found;  let   GDH  be  this  ""'  " 

area.  Then,  area  GDH=S—S^  =  S'.  In  the  triangle 
G  D Hy  the  side  G  D  and  the  angle  ly  are  known.  We  have, 
Irani  trigonometry.  5'  =  h  G  D  X  D  H  sin  ly;  whence, 


DH  -- 


GD  sin  ly 
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If  Ihe  required  area  5  is  less  than  S,,  the  process  is  sub- 
stantially the  same,  except  that  the  required  distance  shoaid 
be  calculated  and  measured  from  /'  along  the  Mne  DC, 
instead  of  on  Ihe  line  D /-.  thus  locating  the  position  of  Gff 
on  the  opposite  side  of  GD. 

ExAMPt-E.— In  Pig,  24,  assume  Ih&l  Iht  length  of  Ihe  line  CDa 
H.Wi  chainE,  that  tlie  angle  G DM\i  Ul",  and  that  the  area  of  CB CO 
is  3,58 acres:  whnt  muM  be  tbc  distance  uf  ihe  point  //  from  thepoisiA 
in  order  that  the  line  (7 //will  cut  off  fiacres;  that  is,  in  order  that  tt» 
area  of  the  figure  O  BCDH  vi\\\  be  6  acres? 


SOLUTION.- 

orU.Ssq,  ch. 


The  area  S'  at  G DH 
Substituting  in  Ihe  (omiitU. 
2X  U  2 


-s.fte  =  i.«A., 


DH-'-.^J^rr^^. 


.64  ch.    Ans. 


60.     Proldem  HI. — To  rut  clf  a  g^iven  area  from  a  poly- 
gonal  field  by  a  lute  ntntting  iti  a  given  direetion. 

Let  A  BCD  EF,  Fig.  2r.,  be  the  plat  of  a  field  bounded  by 
straight  lines,  from  which  it  is  desired  to  cut  off  5  acres  by 
a  line  having  a  given  direction.  I>et  ./  ff  be  a  line  parallel 
to  the  required  line  and  passing  through  some  definite  point 
^  in  the  boundary,  as  the 

point  .-/.  which  line  is 
seen   by  inspection  to 
be  near  where  the  re- 
quired line  must  pass 
in  order  to  cut  off  the 
given  area.     The  bear- 
ings of  ^  C  and  GD 
are  known,  since  AG: 
must  have  the  required 
direction,  and  G  D\%\ 
portion  of  one  side  ol 
the  plat;  and  their  lengths  can  be  calculated  by  the  methodr 
used  for  supplying  omissions,     Calculate  the  area  ABCG^ 
Call  this  area  S,.  and  find  the  difference  S'  between  this  are 
and  the  area  5  to  be  cut  off.     In  Ihe  present  instance,  S,  wi 
be  supposed  greater  than  S.  so  that  S'  =  S,  —  S,     Let  Hi 
parallel  to  A  G,  be  the  required  line  of  division.     This  l' 


Fig  ■& 
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forms  with  A  G  a  trapezoid  whose  area  is  5*.  Let  j4  G  be 
denoted  by  i„  and  N/  by  ir,.  Then  (see  Plane  Trigonometry, 
Part  2), 


'  2{cot  A'  +  cot  C) 


by 


5.  =  Vv 

For  logarithmic  functions,  cot  A' 
sin  JA'-^  G') 


1  G'' 


2  S'icot  A'  +  QOX.  G')  (1) 

cot  G'  may  be  replaced 
The  value  of  i.  may  then  be  written 


-25*^ 


Also,  since  S'  = 
HK 

Finally.     AH  = 

Gl  = 


sin  {A'  +  g) 
sin  ^'.  sin  C 

*. +  *. 

jV /r  ^        2.y 

sin  A'       (i,  +  d,)  sin  A' 

_n^     ^  2S' 

sin  C       (A,  +  h,)  sin  G' 


(2) 

(3) 
W 
(5) 




the  line  CD,  thus  determioing  the  points  //and  /.  which  are 
points  in  the  boundary  at  the  extremities  of  the  refjuired  line. 

In  any  case  where  the  length  or  direction  of  a  line  is  cal- 
culated, the  line  should  be  run  on  the  ground  to  see  if  the 
calculated  and  measured  values  agree,  SO  as  to  check  the 
accuracy  of  the  work. 

Example.— Suppose  that,  in  Fi^.  25.  the  lenglh  o£  AG  is 
7,7ft  chains,  the  area  of  ABCG  is  0,1(1  square  chains,  atid  the 
a(igl«  HAK  and  /CZ.  are  28°  and  42°.  respectively;  what  must  ba 
the  lengths  of  AH  and  €  F  \a  order  that  the  area  of  HBCfcMX.  off 
by  the  line  ffTw'xW  be  h  scjuare  chains? 

SoLiTiON,— Thearea.-////C,  or.^'.isequa!tofl,lB-5  =  4.18sq.ch. 
To  determine  the  length  of  the  line  HI,  the  known  values  are  subsli- 
iQled  in  formula  1,  which  gives 

h.  =  HI  =   V7.T,'i'-  2X4.16  (1-88073 +  1.11061)  =  5.93  ch. 
Substituting  this  value  of  H I  in  tortnaXa  3, 
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c-/- 


(T.75  +  S.93)sin2tl' 

2X4.1« 

(7.75  +  5.B3)  Bin  42° 


-  1.30  cb.    An. 


-  .81  ch.    Ads. 


61.     Problem   TV. — To  cut  of/  a  given   area   irom  M 
irregular  tract. 

It  is  sometimes  required  to  cut  off  a  piece  havine  a  eivni' 
area  from  a  tract  of  irrefnilar  outline,  by  a  line  havias  i. 
given  direction.  The  method  of  procedure  in  such  a  ca« 
is  very  similar  to  tliat  described  in  the  preceding  anicle, 
the  chief  difference  being  that  in  (he  present  case  the  tract 
considered  is  of  irregalar 
form,  whereas  the  tract  con- 
sidered in  the  preceding 
article  is  bounded  by 
straight  lines. 

A  (rial  line  should  first 
be  run  in  the  required  direc- 
tion and  in  a  position  that' 
will  cut  off  an  area  approz' 
imating  the  required  area, 
and  the  exact  area  of  the. 
part  cut  off  should  be  cal- 
culated by  any  of  the 
methods  for  irregular  areas 
that  have  been  explained. 
''"■•'"  It    then  becomes   an   easy 

problem  to  determine  the  position  of  a  line,  parallel  to  ihis 
trial  line,  that  will  give  the  required  area,  since  the  small 
piece  included  between  these  two  parallel  lines,  representit 
the  excess  or  deficiency  of  area,  will  usually  be  very  closely, 
if  not  exacily,  of  trapezoidal  form.  The  position  of  the  tru* 
dividing  line,  with  reference  to  the  trial  line,  can  be  calcu- 
lated, and  (lie  line  can  be  located,  in  substantially  the  same 
manner  as  explained  in  the  preceding  article. 

Suppose  that  from  the  irregular  tract  shown  in  Fig.  26  it 
is   required   to   cut   off   a   piece   BCEF,   having   a    given 
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area  5,  by  the  line  F E.  having  a  given  direction.  The  trial 
line  A  D  is  run  in  a  position  approximating  that  of  the  true 
dividing  line  and  parallel  thereto,  and  the  area  A  D  CD  =  5, 
cut  off  by  the  trial  line  is  calculated  and  compared  with  the 
required  area.  Then,  S'  —  S  —  S,  will  be  the  area  of  the 
small  strip  ADEF  lying  between  the  trial  line  AD  and 
the  true  dividing  line  F E.  If  the  lines  AD  and  FE  are 
reasonably  near  together,  the  included  strip  will  be  so 
nearly  trapezoidal  in  form  that  it  may  usually  be  considered 
to  be  exactly  so. 

The  angles  A'  and  ly  may  be  determined  by  measuring 
them  on  the  plat.     With  the  notation  shown  in  the  figure, 
b,  is  found  by  formula  1,  Art.  60;  //,  by  formula  3,  Art.  60;   , 
FA  and  ED,  by  formulas  4  and  5,  Art.  60. 

ExAMPt-H. ^Suppose  thai,  in  Fig.  2fl,  Ihe  trial  line  A  D  is  found  to 
■Dcasure  I2.4o  chains,  and  that  Ihe  area  of  A  BCD  is  14.32  acres.  If 
the  angles.^'  and  !>  measure  139°  and  SS",  respectively,  what  must  be 
Ihe  distance  h  in  order  that  the  area  of  the  figure  FBCE  will  be 
16  acres? 

SoLCTiON,— The  area  5*  is  equal  to  le  -  H.32  =  l.e8A.,orl6,8sq.ch, 
Substituting  known  values  in  (ormula  1 .  Art.  60, 

Ib,  =  ^(I2.45'-2X  ]e.8(-  1.15037 +  .624871  =  13.14  ch. 
lomiula  3,  An.  60, 


"  12.46  +  13.14  ■ 


GXAMPUtS    FOR    PRACTICE 


Suppose  that  A  BCD,  Fig.  23,  represents  a  tract  of  land  in 
wkich  Z)  C  =  150  chains,  A  B  =  Wfi  chains,  and  A  D  =  S0.5  chains, 
and  that  the  tract  is  to  be  divided  by  the  line  E  F  so  that  the  area  of 
the  part  adjacent  lo  A  B  ib  to  the  part  adjacent  to  Z7  C  as  5  is  to  4; 
what  is  the  length:   (a)  of  EF?   {6)  o(  A  E?  ,„,  r  (a)  174.01  ch. 

^"'"■tW  41,84  ch. 

2.  Suppose  that,  in  Pig.  24,  the  line  <7Z>  measures  10.8  chains,  the 
angle  GDH  measures  70°.  and  the  area  G B C D  is  8.32  act«s;  what 
most  be  the  distance  of  the  point  //  from  the  point  Z)  in  order  that 
the  area  GBCDHvtlW  be  8.45  acres?  Ads.  4.20  ch. 


A  SERIES  OF  QUESTIONS 

Relating  to  the  Subjects 
Treated  of  in  This  Volume. 


It  will  be  noticed  that  the  questions  contained  in  the  fol- 
lowing pages  are  divided  into  sections  corresponding  to  the 
sections  of  the  text  of  the  preceding  pages,  so  that  each 
section  has  a  headline  that  is  the  same  as  the  headline  of 
the  section  to  which  the  questions  refer.  No  attempt  should 
be  made  to  answer  any  of  the  questions  until  the  corre- 
sponding part  of  the  text  has  been  carefully  studied. 


GEOMETRY 

(PART  1) 


EXAMINATION  QUESTIONS 

(1)  (a)  How  many  degrees  are  there  in  one  of  the  inte- 
rior angles  of  an  equiangular  octagon?  (d)  One  of  the 
interior  angles  of  an  equiangular  polygon  is  108°;  what  is 

the  name  of  the  polygon?  ^      J  (a)  135° 

^°^-l(^)  Pentagon 

(2)  How  many  equal  sectors  are  there  in  a  circle,  if  each 
sector  measures  two-sevenths  of  a  right  angle?  Ans.  14 

(3)  One-third    of    an    angle    of    a    certain    triangle    is 

14°  47'  10",  and  one  of  the  other  angles  is  two  and  one-half 

times  the  given  angle;  what  are  the  angles  of  the  triangle? 

r  44°  2V  3(y' 

Ans.hlD°  53'  45^' 

I  24°  44'  45^' 

(4)  The  exterior  angle  of  an  isosceles  triangle  is  104° 
30'  20";  what  is  the  value  of  each  of  the  equal  opposite- 
interior  angles?  Ans.  52°  15'  10" 

(5)  If  one  acute  angle  of  a  right  triangle  is  two-fifths  of 
a  right  angle,  what  is  the  value  of  the  other  acute  angle? 

Ans.  Three-fifths  of  a  right  angle 

(6)  If  two  of  the  adjacent  (not  opposite)  angles  of  an 

inscribed   quadrilateral   are  36°  45'  36"  and  148°  23'  50", 

respectively,  what  are  the  values  of  the  other  angles  of  the 

quadrilateral?  A«e  J  1^3°  14'  24" 

'  ^^^'\  310  36/  i(y/ 
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GEOMETRY 

(PART  2) 


EXAMINATION  QUESTIONS 

(1)  The  shortest  distance  from  a  point  to  a  line  is 
d  inches;  the  distances  from  this  point  to  the  two  extremities 
3f  the  line  are  12  inches  and  15  inches;  what  is  the  length  of 
the  line?  Ans.  19.94  in. 

(2)  The   chord   of  an   arc   of   a   circle  whose  radius  is^ 
3  inches,  is  4  inches  long;  what  is  the  length  of  the  chord  of 
lalf  the  arc?  Ans.  2.03  in. 

(3)  The  length  of  a  perpendicular  from  the  center  of  a 
:ircle  to  a  chord  is  5|  inches;  if  the  diameter  of  the  circle  is 
17  inches,  what  is  the  length  of  the  chord?        Ans.  12.52  in. 

(4)  If  the  perimeter  of  a  regular  inscribed  octagon  is 
24  inches,  and  the  length  of  the  perpendicular  from  the 
:enter  to  one  of  the  sides  is  3.62  inches,  what  is  the  diameter 
3f  the  circle  in  which  the  octagon  is  inscribed?    Ans.  7.84  in. 

(5)  The  area  of    a  circle  is  89.42  square   inches;  what 

is:     {a)  the  diameter  of  the  circle?   (d)  the  circumference? 

(c)  What    is  the    length   of   a  side   of   a    regular   hexagon 

inscribed  in  this  circle? 

Ans. 


(a)  10.67  in. 

(d)  33.52  in. 

[{c)  5.335  in. 


(6)  The  outside  and  inside  diameters  of  a  cast-iron 
spherical  shell  are  16  inches  and  12  inches;  what  is  its 
weight,  if  a  cubic  inch  of  cast  iron  weighs  .261  pound? 

Ans.  323.61  lb. 
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(7)  The  lengfth  of  an  arc  of  a  circle  is  6if  inches,  by 
measurement;  if  the  number  of  degrees  in  the  arc  is  27, 
what  is  the  diameter  of  the  circle?  Ans.  22.95  in. 

(8)  (a)  What  is  the  area  of  a  circle  whose  diameter  is 

17A-  inches?     {d)  What  is  the  length  of  an  arc  16^  7'  21"  in 

the  above  circle?  a«„  /  («)   227.4  sq.  in. 

^^^•l(^)    2.394  in. 

(9)  The  sides  of  a  triangle  A  B  C  are  A  B  =  13.8,  BC 

=  15.6,  and  A  C  =  19.8  chains,  respectively;  the  side  A'B* 

of  a  triangle  A^ B'  C,  similar   to   the   triangle    ABC,  is 

17.8  chains;  what  are  the  lengths  of  the  sides  B'  C  and  A^  C 

of  the  triangle  A'  B'  d  .^  \B'  C  =  20.1  ch. 

^^\A'a  =  25.5  ch. 

(10)  (a)  What  is  the  convex  area  of  a  cone  whose  base 

is  7  inches  in  diameter  and  whose  altitude  is   11   inches? 

(h)  What  is  the  entire  area?  .„«  /(«)   126.92  sq.  in. 

^°^l(^)   165.4  sq.  in. 

(11)  The  area  of  a  triang^ular  field 
A  B  Q  Fig.  I,  is  20  acres  and  the  length 
of  the  side  A  B  is  22  chains;  it  is  de- 
sired  to  divide  the  field  into  two  parts 
by  a  line  D  E  parallel  to  B  C;  what 
should  be  the  length  oi  A  D  \n  order 
that  the  area  of  the  triangle  ADE 
may  be  10  acres?  Ans.  15.56  ch. 

(12)  The  altitude  of  a  rectangular  solid  is  18  inches,  its 
base  is  a  square,  one  edge  of  which  measures  5i  inches; 
what  is:  (a)  its  convex  area?  (^)  its 
entire  area?   (tr)  its  volume? 

I  {a)  378  sq.  in* 
{b)  433.125  sq.  in. 
(^)    496.125  cu.  in. 

(13)  In  Fig.  11,  ED  is  parallel  to 
CB,  If  ^  C  measures  10  chains,  AE, 
4  chains,  and  A  Dy  6  chains,  what  is 
the  distance  of  the  inaccessible  point  B  from  the  point  A? 

Ans.  15  ch. 


Fig.  I 


PIO.U 
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(14)  If  the  horizontal  and  inclined  lines  of  sight  of  a 
transit  iniercept  3  feet  on  a  rod  held  at  a  distance  of 
100  feet,  at  what  distance  will  the  same  lines  of  sight  inter- 
cept 6.75  feel  on  the  rod?  Ans.  225  ft. 

(15)  What  is  the  area  of  a  regular  hexagon  whose  sides 
are  8  inches  long?  Ans.  166.3  sq.  in. 

(16)  What  is  the  height  of  a  cylinder  that  has  the  same 
volume  and  diameter  as  a  sphere  12  inches  in  diameter? 

Ans.  8  in. 

(17)  One  diagonal  of  a  trapezium  is  11  inches;  the 
tenflhs  of  the  perpendiculars  from  the  opposite  vertexes 
on  this  diagonal  are  4*  inches  and  7  inches;  what  is  the  area 
of  the  trapezium?  Ans.  61.875  sq.  in. 

t(18)  How  many  acres  are  there  in  a  triangular  Geld 
lose  sides  are  15,  17,  and  18  chains,  respectively? 
Ans.  11.83  A. 
(19)  The  chord  of  an  arc  of  a  segment  is  48  inches  and 
!  height  of  the  segment  is  12  inches;  what  is  the  area  of 
i  segment?  Ans.  402  sq,  in. 

(20)  A  railway  cutting  is  600  feet  long;  the  areas,  in 
square  yards,  of  cross -sect  ions  taken  every  100  feel  are: 
225.  213.  196,  1!S2.  187,  200,  208.  Find  the  number  of  cubic 
yards  In  the  cutting  as  calculated:  {a)  by  the  prismoidal 
formula,  considering  the  alternate  sections  as  end  sections; 

f)  by  average  end  areas.  .       /(u)  39,766  cu.  yd. 

^°^-l(*)   39.817  cu.  yd. 
(21)     Find,  by  the  prismoidal  formula,  the  volume  of  a 
frustum  of  a  rectangular  pyramid,  the  dimensions  of  the 
lower  base  being  4.5  feet  and  2.5  feet,  those  of  the  upper 
^base,  2.25  feet  and  1.25  feet,  and  the  altitude,  12  feet. 
K  Ans.  78.75  cu.  ft. 

^V  (22)  What  is  the  length  of  a  railroad  circular  curve  having 
a  radius  2,940  feet  and  subtending  an  angle  of  52°  30*  at  the 
center?  Ans.  2,693.9  ft. 
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(23)     Find  the  area  of  a  trapezoidal  field  whose  parallel 
sides  are  18.75  and  12.5  chains,  the  perpendicular  distance 

between  them  beings  15  chains. 

Ans.  23.44  A. 

(24)  If,  in  Fig.  Ill,  the  distance  of 
the  point  P  from  the  center  of  the  circle 
is  97  feet,  and  the  radius  of  the  circle  is 
72  feet,  what  is  the  length  of  the  tan- 
gent TH  Ans.  65  ft. 

^'**"^  (25)     If  the  area  of  a  triangle  is  240 

square  inches,  what  is  the  area  of  a  triangle  whose  dimen- 
sions are  three  times  as  great?  Ans.  15  sq.  ft. 


PLANE  TRIGONOMETRY 

(PART  1) 


EXAMINATION    QUESTIONS 

(1)  Find  the  sine:   (a)  of  22°  43';   (d)  of  44°  66';  (c)  of 
49°  17';  (d)  of  79°  23'  30". 

(2)  Find  the  tangent:   {a)  of  11°  37';   (d)  of  19°  (Y  25"; 
(c)  of  64°  6'  45";  {d)  of  78°  45'  50". 

(3)  Find  the  logarithmic  cosines  of   the    angles    given 
in  example  1. 

(4)  Find  the  logarithmic  cotangent:   (a)  of  25°  15'  23"; 

(b)  of  5°  41'  26";  (c)  of  77°  37'  27";  (d)  of  45°  1'  48". 

'(«)  .32627 

.    ^  .  id)  1.00153 

^^^'Uc)  1.34128 

id)  1.99954 

(5)  In  a  right  triangle,  the  two  legs  are  437  and  792  feet 

in  length;  find  the  hypotenuse  and  the  two  acute  angles. 

[904.56  ft. 
Ans.{28°53'  19" 
161°  6'  41" 

(6)  Find:   (a)  the  angle  whose  tangent  is  .13476;  (d)  the 

angle  whose  cotangent  is  .32323.  *„^  f(a)  7°  40'  30" 

-^"^•l(^)  72°  5'  15" 

(7)  What  is  the  angle:   (a)  whose  sine  is  .92112?     id) 

whose  cosine  is  .66570?  .  „,  f  (a)  67°  5'  25" 

^°^'l(^)  56°  14' 28" 
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(8)  What  is  the  ancfle:  (a)  whose  logarithmic  oosneis 
1.12575?     (6)  whose  logarithmic  tangent  is  .06323? 

._ /(a)   82=  19^24- 

(9)  Construct  an  angle,  draw  a  perpendicular  from  oae 
side  of  the  angle  to  the  other,  and  express  the  functions  of  the 
an^le  in  terms  of  the  sides  of  the  right  triangle  thns  formed 

(10)  The  base  and  the  altitude  of  a  triangle  are  9s  and 
12  inches,  respectively.  If  the  angle  that  one  side  makes 
with  the  base  is  79^  22',  find  the  perimeter  of  the  triangle. 

Ans.  35.73  in. 

(11^  The  base  of  an  isosceles  triangle  is  125  feet,  and 
the  opposite  angle  loO^  51';  nnd  the  length  of  the  equal 
sides.  Ans.  6S.7o  ft. 

(12)  The  end  post  A  B  of  a 
bridge.  Fig:.  I.  is  inclined  at  an 
angle  of  -i'*"^  lo  the  vertical,  and  the 
panel  len^ih  A  C  is  IS  feet;  the 
mer:ber.-l  C  being  horizontal,  deter- 
mine :he  :enjjth  of  the  end  post. 

Ans.  25.46  ft. 

113^  I:  the  <:Te>>  ir.  :r.e  rre:r.:ver  .-/  C.  Fig.  I.  is  known, 
.1  iri.iv.^'.e  . :  .'•  .'  >'.r.''iz:?  :'r.e  '.-r.^r.y^  .-IB  C  can  be  con- 
si  r\:  v.:  Cv:.  -."  wh'.jr.  .-•    ."  -x'.V.  re^rese-:  :be  stress  in  the  mem- 

stress 


.i^.\.. 


r^    •"-, 


;en:ber  .-/  B.     The 


.        V  .     ^     ■ .. I 


*^.»  •.    ;.x--is.  ceiermize  the  stress  in 
:>: -"is.  Ans.  25,740  lb. 
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(16)  The  angfle  of  elevation  of  a  railway  between  two 
points  A  and  B  is  8°  12^  and  between  the  points  B  and  C 
is  7*^  26';  if  the  horizontal  distance  between  A  and  B 
is  1,250  feet  and  that  between  B  and  C  is  375  feet,  what  is 
the  vertical  height  of  the  point  C  above  the  point  Af 

Ans.  229.0  ft. 

(17)  In  order  to  prolong  a  line  of  survey  through  an 
obstacle,  as   indicated  in  Fig.  II,   an  angle  D  B  C^   equal 


to  45°,  is  turned  and  a  distance  BC  equal  to  100  feet  is 

measured;    at   C  an   angle  BCD  equal  to  90°  is  turned: 

(a)  What  must  be  the  distance  measured  from  C  to  Z?  in 

order  that  D  may  be  in  the  prolongation  of  A  B}     (b)  What 

is  the  distance  between  the  points  B  and  D} 

.       f(a)   100  ft. 
^°^-l(^)    141.42  ft. 

(18)  (a)  If,  in  the  preceding  example,  the  angle  DBC 
had  been  made  equal  to  30°,  the  angle  B  CD  and  the  dis- 
tance B  C  remaining  the  same,  what  would  the  distance  CD 
have  been?     (b)  Determine  the  distance  between  the  points 

iff  and/?,  ._  Ha)  57.735  ft. 

^°^-l(^)  115.47  ft 


PLANE  TRI(;ONOMETRY 

(PART  2) 


EXAMINATION    QUESTIONS 

(1)  Find:   (a)  the  logarithmic  sine  of  2°  32'  54'';  (d)  the 

logarithmic  tangent;  {c)  the  logarithmic  cotangent. 

\ia)  2.64799 

Ans.{(i^)  2.64842 

[(c)   1.35158 

(2)  Find:    (a)  the    logarithmic    cosine    of   87°   23'   16"; 

(b)  the  logarithmic  cotangent.  *       /(«)  2.65873 

^'^^•l(^)  2.65919 

(3)  What   is    the    angle    (a)  whose    logarithmic  sine  is 

2.37889?     (d)  whose  logarithmic  cotangent  is  2.38692? 

.        Ha)  1°22'  16" 
^"^i(^)  88°  36' 14" 

(4)  Find  the  logarithmic  cotangent  of  0°  58'  42". 

Ans.  1.76759 

(5)  Find  the  logarithmic  tangent  of  88°  2'  45". 

Ans.  1.467 

(6)  Find    the    angle    whose    logarithmic    cotangent    is 
1.92456.  Ans.  0°  40'  54" 

(7)  The  three   sides  of  a  triangle  are  «  =  16,  ^  =  32, 

ind  c  =  40  feet,  respectively;  determine  the  angles. 

f/^  =  22°  19'  55" 
Ans.{^  =  49°  27' 30" 
I  C  =  108°  12'  36" 
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(8)  The  three  sides  of  a  triansnlar  field  ABC  are  as 
follows:  AB  =^  40.2  chains.  BC  ^  38.8  chains,  and 
CA  =  25.4  chains;  assaming  A  C  as  the  base  of  the  triangle, 
determine  the  altitude.  Ans.  37.3  ch. 

(9)  Two  transits  at  the  ends  of  a  base  line  A  B  sight 
on  a  sounding  boat  C  at  the  same  instant.  The  angle 
between  the  base  line  and  the  line  of  sight  A  C  is  50^  17\ 
and  that  between  the  base  line  and  the  line  of  sight  BC 
is  68^  24';  the  length  of  the  base  line  being  500  feet,  deter- 
mine the  distance  of  the  boat  from  each  end  of  the  base  line. 

=  529.9  ft. 
438.4  ft. 


Ans 


[BC  ^ 


(10)  In  a  triangle  ^^C  the  lengths  of  the  sides  AB 

and  A  C  BTC  26.75  feet  and  39.64  feet,  respectively,  and  the 

included  angle  A  is  36^  20^  43'^;  find  the  remaining  parts. 

C  =  41«  13'  27" 
Ans.      B  =  102«  25'  50" 
BC=  24.06  ft. 

(11)  In    a    triangle    ABC    the    side   ^^  =    16    feet 

5  inches,  the  side  BC  =  13  feet  6^  inches,  and  the  angle 

A  =  54°  54'  54";  find  the  remaining  parts. 

f    B  =  42°  W  36",  or  27°  50^  36^' 
Ans.       C  =  S2°  45'  30",  or  97°  14'  30" 
[A  C  =  11.14  ft.,  or  7.73  ft.,  nearly 

(12)  In   a   triangle  ABC    the   angle  A  =  29°  21'.  the 

B  anirle  C  =  76°  44'  18",  and  the  side 

./   AC  =  35.86  feet;  find  the  other  three 


parts. 


Ans. 


^  C  =  18.29  ft, 
AB^  36.33  ft. 
B  =  73°  54'  42" 


(13)     In  order   to   determine,  by 
the  method  of  moments,  the  stress 
in  the  rope  A  B  of  the  derrick  shown 
in  Fig.  I,  it  is  necessary  to  know  the 
Fio.  I  distance  CD   from  C  to  A  B;    from 

the  data  shown  in  the  figure,  determine  that  distance. 

Ans.  15.715  ft. 
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.  (14)  The  angles  from  two  stations  if/ and  N,  Fijf.  II,  to 
two  inaccessible  points 
P  and  Q,  being  as 
shown,  and  the  distance 
MN  being  500  feet, 
find  the  distance  PQ. 

Ans.  215.6  ft. 

(15)  From  the  data 
shown  in  Fig.  Ill,  deter- 
mine the  altitude  of  the 
trax>ezoid  A  B  CD, 

Ans.  345.5  ft.  j.  ^^^^ 

(16)  The   parallel  ^««- " 

sides  of  a  trapezoid  are  536.17  and  216.18  feet,  and   the 
other  two  sides,  474.3  and  300  feet;   find  the  area  5  and 


SSOft 


the  altitude  h  of  the 

trapezoid. 

.  \S  =  2.55  A. 
•U  =  295.66  ft. 


Ans. 


SSOfU 
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(17)  What  must 
be  the  radius  r  and 
the  side  /  of  a  regu- 
lar octagon,  that  its 
area  may  be  35  acres? 

^      [r  =  11.12  ch. 
^°^-l/  =  8.51  ch. 


(18)  What  is  the  area  of  a  triangular  field  in  which  one 
side  measures  14  chains  and  the  two  adjacent  angles  measure 
63°  20^  and  58°  40^,  respectively?  Ans.  8.82  A. 
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EXAMINATION  QUESTIONS 

Note. — In  all  questions  marked  with  an  asterisk  (*),  the  student  is 
required  to  use  logarithms  and  send  his  logarithmic  work  as  part  of 
his  solutions. 

(1)  *The  horizontal  distance  between  a  point  at  the  base 
and  one  at  the  top  of  a  hill  was  measured  by  breaking^  the 
chain,  as  explained  in  Art.  17,  and  found  to  be  364  feet. 
The  distance  between  the  same  points,  measured  along:  the 
(uniform)  slope,  was  found  to  be  403  feet.  Find  the  height 
of  the  hill.  Ans.  173.0  ft. 

(2)  The  last  measurement  along  a  line  was  17  links. 
The  rear  chainman  had  then  nine  pins,  there  being  one  in 
the  ground,  marking  the  end  of  the  line.  If  four  tallies  were 
recorded,  what  was  the  length  of  the  line?        Ans.  48.17  ch. 

(3)  The  recorded  length  of  a  line,  measured  with  a  50-foot 
tape  that  was  .05  foot  too  short,  was  979  feet;  what  was  the 
correct  length  of  the  line? 

(4)  Describe  how  to  erect  a 
perpendicular  to  a  line  A  B,  Fig.  I, 
by  taking  the  distance  B  C  equal 
to  27  links;  give  the  distances  B  D 
and  CD,  and  explain  how  the 
position  of  D  is  determined. 

(5)  *Two  lines,  each  60  feet 
long,  were  measured  from  the 
vertex  of  an  angle  along  the  sides  of  the  angle.  The  distance 
between  the  extremities  of  these  lines  was  89.5  feet;  deter- 
mine the  angle.  Ans.  96°  28' 

ill 


Ans.  978  ft. 

D 


Pio.  I 
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(6)  Give  an  example  showins:  how  to  detennine  die  dn- 
tance  from  a  s^ven  point  to  an  inaccessible  point;  draw  t 
sketch,  assnme  the  conditions  and  the  results  of  the  necessary 
measurements,  and  compute  the  required  distance. 


Pig.  II 


(7)  In  Fig:.  II,  the  full  lines  represent  a  closed  field,  th^ 
dimensions  being  as  shown.  The  length  of  the  diagonal  Bl^ 
was  determined  by  a  tie-line  B'  ly.  The  side  B  C  was  pro-^ 
duced  80  feet  to  B'\  find:    (a)  the  distance  CV  that  must^ 
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have  been  measured  along:  the  prolons:ation  of  DC\  (b)  the 
lens:th  of  the  dias:onal  B  D, 

NoTB.— Distances  are  g^iven  to  the  nearest  half  foot. 

^      I  Ciy  =  62.7  ft. 
^^^•\BD  =  664.4  ft. 

(8)  *Compute  the  area,  in  acres,  of  the  field  referred  to  in 
the  preceding  question.  [There  are  43,560  square  feet  in  an 
acre.]  Ans.  9.60  A. 


COMPASS  SURVEYING 

(PART  1) 
EXAMINATION  QUESTIONS 

_fNoTe. — The  sludenl  is  required  to  send  both  the  answers  and  tbe 
methods  by  which  he  has  obtained  tbem.  He  is  also  required  to  work 
out  all  trigonometrii;  problems  by  logarithms,  and  send  in  the  details 
of  his  calculations. 

(1)  The  bearing  of  a  line  AB,  as  taketi  from  A,  was 
found  to  be  N  89°  00'  W.  A  foresight  from  A  on  an  external 
point  O  {make  a  sketch  placing  O  wherever  you  choose) 
gave  S  53°  46'  E  as  the  bearing  of  A  O,  while  a  backsight 
from  O  on  ^  gave  N  67°  30'  W  as  the  bearing  of  OA;  there 
was  no  local  attraction  at  O.  What  was  the  correct  bearing 
oiABf  Acs.  S87°  15' W 

(2)  The  bearings  of  two  lines  are,  respectively,  S  75'*  15'  E 
and  N  13°  30'  W;  what  is  the  angle  between  the  lines? 

Ans.   118°  15' 

(3)  The  bearing  of  a  line  AB  is  S  76°  15'  W;  what  must 
be  the  bearing  of  another  line  that  shall  run  from  A,  on  the 
right  of  A  B,  andmakewiththelatterlineanangleof  106°  45'? 

Ans.  N  3°  00-  E 

(4)  A  line  A  B  makes  with  another  line  A  D  an  angle  of 
65°  30'.  A  B  lying  on  the  left  of  ^Z>;  if  the  bearing  oi  AD 
is  S  89°  45'  E,  what  is  the  bearing  of  ABl 

Ans.  N  24*  45'  E 

(5)  Find  the  length  of  AB,  Fig.  I,  from  the  follow- 
ing data:  AP  ^  276  feel;  /'P  =  150  feet;  bearing  of  AP, 
S  52°  15'  E:  bearing  of  PQ.  S  17°  30'  W;  bearing  of  QB. 
S  79°  45'  E.  Ans.  AB  =  697.2  ft. 
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(6)    The  bearings  of  the  fines  AB  and  AC^  Pie.  11,  ire, 
respectiTelT,  K  86""  SO"  E  and  S  12^  00^  W.  and  their  koctibs, 


SS6.5  feet  asd  72^.5  feet.     Ficd:  (« )  the  length  of  the  line 
rejoining  their  extremities;  (b)  its  bearinj^. 

(7)  In  numinfi:  a  railroad  line  with  regular  stakes  at 
intervals  of  llX'>  feet,  how  would  a  point  569  feet  from  the 
St  art  :r.  2  poir.t  be  designated  or  referred  to? 

f"^'  With  main  stations  at  in- 
terva'.s  of  lOO  feet,  what  is  the  dis- 
tance from  Substation  9  +  S9  to 
Substation  14  4-  04?     Ans.  415  ft 


/ 


a 
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(9^  How  would  yon  determine 
the  beanr*2  of  the  center  line  of 
a  railway,  the  rails  being  laid? 
Assi:n:e  any  ngures  for  an  example, 
and  explain  the  operations  throu^ 
which  you  would  go. 


(10)  The  true  bearing:  of  a  line  is  N  30*^  30*  E,  and  its 
magnetic  bearing  N  o2'^  1-^'  E:  what  is  the  angle  between  the 
true  and  the  magnetic  meridian?  Ans.  P  45^ 
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(PART  2) 


Ans.i 


EXAMINATION  QUESTIONS 

Note.— Angles  are  given  lo  the  nearest  quarter  of  a  degree.     The 
student  should  use  logarithms  where  they  can  be  used  to  advantage, 

(1)  The  length  and  bearing  of  a  course  are,  respectively, 
X9.43  chains  and  S  87"  45'  W;  find  the  ranges  of  the  course. 

-.76  ch. 
-19.42  ch. 

(2)  The  ranges  of  a  course  are  /  =  —23.16  chains  and 
g  =  11.97  chains;  find  the  length  /  and  the  bearing  G  of  the 

iarse.  An  J  '  =  26-07  ch. 

Ans.ji^  =  S27°  ly  E 
|8)  The  algebraic  sum  of  the  latitude  ranges  of  a  survey 
—  .07  chain,  that  of  the  longitude  ranges  is  .13  chain,  and 
the  sum  of  the  lengths  of  all  the  courses  is  41.73  chains; 
find:  (a)  the  total  error  of  closure;  (6)  the  relative  error  of 
closure.  .       Ua)  .15  ch. 

■^"^"Ui)  .004 
(4)  Iq  the  following  table  are  given  the  bearings  and 
lengths  of  the  sides  of  a  Geld;  also,  the  calculated  and  cor- 
rected values  of  the  ranges  and  the  corrected  lengths. 
Verify  these  values  and  give  the  different  steps  taken  for 
the  construction  of  such  a  table. 


c™... 

Beuloes 

LeBBlli. 

LUilude 

Cak-Q- 
Lon'iritnde 

Latitude 

LonBitnde 
KuEe> 

Cor- 
r«led 

L«iiKltai> 

BC 
CD 
DA 

S67"is'W 
Si3%5'W 

N  71°  JO'S 
NsT'ot/W 

740- 5 

369-5 

1,064-0 

400,9 

-  286.4 
-358.9 

+  330.O 

+  3*>« 

-  68a.9 

-  87.8 

+1,014.8 

-  «4I3 

-384.9 
-358.= 
+3*3.1 

+3...0 

-  683.6 

-  88. a 
+1,013.5 

-  «..7 

740.6 

368.9 

t, 063,6 

401.8 
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(6)    What  is  the  relative  enxnr  of  dosiire  in  qnestioii  4? 

Ans.  .002 

(6)    Determine  the  most  westerly  comer  of  the  field  to 
which  the  following:  notes  refen 


Longitude 

Counei 

Ranges 

Chains 

AB 

9.76 

BC 

-13.41 

CD 

-16.83 

DE 

21.78 

EA 

—    1.30 

Ans.  The  comer  D 

(7)  Compute,  by  latitude  rans:es  and  double  longitudes, 
the  area  of  the  field  to  which  the  following  notes  refer. 
Construct  a  table  similar  to  that  given  in  Art.  2I9  and 
explain  how  the  different  quantities  are  obtained. 


Courses 

Latitude 
Ranges 

Feet 

Longitude 
Ranges 

Feet 

AB 
BC 
CD 
DE 
EA 

+  570.5 
+   99.0 

-352.5 
-449.0 
+  132.0 

+  255.0 

-558.5 
-449.0 

+  217.5 
+  535.0 

Ans.  11.71  A. 

(8)  As  observed  at  11  a.  m.  on  a  day  in  September,  the 
bearing  of  a  line  in  latitude  42^  north  was  found  to  be 
S  76°  25'  E;  reduce  the  bearing  to  its  daily  mean  value. 

Ans.  S  76°  23'  E 

(9)  Compute  the  latitudes  and  longitudes  of  the  corners 
of  the  field  referred  to  in  question  7,  the  reference  meridian 
and  parallel  passing  through  the  comer  E. 
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Ans. 


Comer 

Latitude 
Feet 

Longitude 
Feet 

E 
A 
B 
C 
D 

000.0 

+  I32a0 
+  702.5 

+  801.5 
+449.0 

000.0 

+  535.0 
+  790.0 

+  231.5 
-217.5 

(10)  The  decimation  of  the  needle  is  3°  15'  east;  explain 
how  the  true  bearing^s  of  the  followins:  courses  are  obtained 
from  their  magnetic  bearings: 


Courses 

Magnetic 
Bearings 

True 
Bearings 

AB 
BC 
CD 
DE 

1 
I 

N  15°  45'  E 

N  88°  30'  E 

S  20°  30'  w 

N  50°  15'  W 

Ni9°  00'  E 
S  88°  15'  E 
S  23°  45'  W 
N  47°  00'  W 

(11)  The  declination  of  the  needle  being  5°  lO'  west, 
explain  how  the  following  true  bearings  are  obtained  from 
the  magnetic  bearings: 


Courses 

Magnetic 
Bearings 

True 
Bearings 

AB 

N    7""  30'  W 

N  12°  40'  W 

BC 

N  45°  15'  E 

N40°    5'E 

CD 

S  15°  45'  E 

S  20°  55'  E 

DE 

•  S    2^  30'  W 

S    2°  40'  E 

(12)  (a)  If  the  magnetic  bearing  of  a  line  at  the  time  of  a 
survey  made  20  years  ago  was  N  40°  00'  W  and  its  present 
magnetic  bearing  is  N  38°  45'  W,  what  is  the  yearly  variation 
of  the  needle?     (^)  What  is  the  present  bearing  of  a  line  in 
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the  same  survey  whose  oric:inal  bearing  was  NSS^CXys? 
(c)  Of  a  line  whose  bearing  was  S  20^  8(y  E?  (d)  If  the 
declination  of  the  needle  at  the  time  of  the  original  sorvey 
was  6^  26^  east,  what  is  the  present  declination? 

U) 
Ans. 


0''4'W 

(e)    SIS'lS'E 
(d)  40  ICE 


(18)  Make  a  plat  of  the  field  to  which  the  followinc 
notes  refer;  use  a  scale  of  2  chains  to  the  inch,  and  explain 
all  the  operations  in  detail. 


Courses 

Latitude  Ranges 
Chains 

Longitude  Ranges 
Chains 

AB 
BC 
CD 
DE 
EA 

+  3.50 

-  .34 
+  3.49 

+   .95 

—  7.60 

—  2.82 
—4.06 
+  3.68 

+  6.21 

—  3.01 
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(PART  1) 


EXAMINATION   QUESTIONS 

nly  his  answers,  but 


(1)  A  scale  is  divided  into  eighths  of  an  inch,  (a)  Into 
how  many  equal  parts  must  the  vernier  be  divided  that  the 
least  reading  may  be  sV  inch?  (i)  What  is  the  length  of 
I  the  vernier?  ^      Ha)  8 

^■[{6)1  in. 


Ans.{ 


(2)  A  scale  is  so  graduated  that  its  smallest  division  is 
.05  foot,  {a)  What  is  the  least  reading  of  the  vernier,  if 
the  vernier  is  divided  into  ten  equal  parts  Ihat  cover  nine 
of  the  divisions  on  the  scale?  {*)  What  is  the  reading  of 
the  vernier  when  its  eighth  mark  coincides  with  a  division 

1  the  scale?  ^       Ua)  .005  ft. 

^■l{*)  .04  ft. 


Ans.t 


(3)  The  horizontal  circle  of  a  transit  is  divided  into 
degrrees,  and  the  vernier  is  divided  into  ten  equal  spaces  that 
cover  nine  spaces  on  the  circle;  what  is  the  least  reading  of 
the  vernier?  Ans.  6' 

(4)  If  in  example  3,  the  ninth  mark  of  the  vernier  coincides 
writh  a  division  mark  on  the  circle,  what  is  the  reading  of 
the  vernier?  Ans.  64' 

(5)  Make  a  sketch  of  part  of  a  scale  graduated  to  quar- 
ter-inches with  vernier  reading  to  iV  inch,  and  explain  how 

r  is  read. 
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(6)     If  die  lutwjid  DOfth  azinradi  <»f  s  fiae  is  Z7I*  i7, 
find:  (m)  the  tme  beariDg  of  the  fine;  (^)  die  taftdk  aiimnil 


(7)  Explain,  bjr  an  example  not  eivco  m  die  text,  viat 
is  meant  by  calculated  or  dednccd  bearings. 

(8)  Take  a  deflection  traverse  of  three  lines  and  exphin 
how  to  ran  it  with  a  transit.  Assume  whatever  valaes 
are  necessary, 

(9)  Find  the  latitude  and  lon^tnde  ranges:  Im)  of  a  line 

whose  azimnth  is  343^  4V  and  whose  length  is  589  feet; 

(6)  of  a  line  whose  aximuth  is  2S3'  04'  and  whose  len^tli  is 

1.026  feet.  .   .  /(«)  /  =  546.1;  ^  =  -159.9 

^^"i(^)  /  =  -616.5;  ^  =  -8».l 

(10)  The  azimuth  of  a  line  is  354''  29",  and  the  tnie  bear- 
ing of  another,  intersecting  the  first,  is  S  83^  IS'  W;  what  is 
the  angle  between  the  two  lines?  Ans.  91°  11' 

(11)  The  magnetic  bearing  of  a  line  is  N  55°  IS'  E,  and 

an  angle  of   15"  17'   is   turned   to  the  right;  what  is  the 
calcnlated  bearing  of  the  second  jine?  Ans.  N  70°  S2f  E 

(12)  The  magnetic  bearing  of  a  line  is  N  13°  15^  W  and 
an  angle  of  40^  2fy  is  turned  to  the  left;  what  is  the  calculated 

of  the  second  line?  Ans.  N  53°  35^  W 


(13)  Take  an  azimuth  traverse  consisting  of  five  lines; 
explain  bow  it  is  run.  assuming  the  necessary  values;  write 
down  the  notes,  and  make  a  plat. 

(14)  The  longitude  range  of  a  course  is  —1,215.8  feet, 
and  the  latitude  range  is  -f  1,427.8  feet;  what  is  the  azimuth 
of  the  line?  Ans.  319°  3& 
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(PART  2) 


EXAMINATION  QUESTIONS 

(1)  An  observer  is  located  in  longitude  95°  15',  his  watch 
keeping  standard  time;  find  the  time,  by  his  watch,  at  which 
Polaris  will  be  in  lower  culmination  on  February  12,  1905. 

Ans.  4**  18.5'"  a.  m. 

(2)  The  longitude  of  Albany,  N.  Y.,  is  73°  44'  49^',  and 
that  of  Los  Angeles,  Cal.,  is  118°  KK  44'';  what  is  the  time 
at  Albany  when  it  is  9**  41°»  A.  m.  at  Los  Angeles? 

Ans.  12»»  38"'  44-  p.  m. 

(3)  Find  the  times  of  elongation  of  Polaris  on  Decem- 
ber 31,  1908.  A       /Eastern  elongation,  0^  52.2" 

^°^- 1  Western  elongation,  12»»  42.2- 


\ 


1  500  fU  X 

Fio.  I 

(4)  A  line  is  to  pass  through  two  inaccessible  points  C 
and  Dy  Fig.  I,  and  meet  another  line  AB  produced.  From 
two  points  B  and  E,  on  A  B,  angles  to  the  points  C  and  D 

ii6 
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are  measured,  as  shown.  If  the  distance  B  £  is  500  feet« 
find:  (a)  the  leng^th  of  CD;  {d)  the  distances  E/  and  //>, 
ic)  the  ans^le  /. 


Ans 


.01  ft,.  ID  =  456.76  ft 


(5)  The  bearings  of  two  main  lines  AB^  CD,  whose 
point  of  intersection  /  is  inaccessible,  are,  respectively, 
N  65^  14'  E  and  N  12^  17'  W,  (Let  the  student  make  a 
sketch.)  A  line  AC,  425.3  feet  lonj^  and  bearing:  S  35°  E. 
was  nm  from  one  point  on  one  line  to  one  point  on  the 
other,  (a)  What  is  the  ang^le  between  the  two  main  lines? 
id)  What  are  the  distances  A  /,  C/  from  their  point  of  inter- 
section to  the  point  where  they  cross  the  auxiliary  line  A  0 

-^^'l(*)  A/=  168.2  ft.,  C/  =  428.7ft. 

(6)  Two  lines  AB  and  CD,  Fig.  II,  intersect  at  some 
inaccessible  point  E.  The  points  B  and  C  are  not  visihle 
from  each  other,  but  both  can  be  seen  from  the  point  G.   U 
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angle  EB  G  =  20""  12',  ECG  =  15<>  27',  BGC  ^  138=  29^. 
and  the  distances  BG  and  CG  are  376  and  417  feci. 
respectively,  determine  the  angle  of  intersection  EE  C  and 


the  distances  B  C,  B  E,  E  C. 


Ans. 


EEC  =  7-=  10 
BC  ^  741.6ft. 
BE  =*  437.1  ft. 
EC  =  509.7  ft. 
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Sapply  the  missing  parts  from  the  followins  notes: 


Side 

Length 
Feet 

Azimuth 

AB 
BC 
CD 
DE 
EA 

300 

450 
268 

33°  45' 

86°  23^ 

169°  36' 

243°  54' 
317°  30' 

Ans 


[A  B  =: 
'\CD  = 


=:>  398.8  ft. 
365.9  ft. 


Supply  the  missing  parts  from  the  following  notes: 


Side 

Length 
Feet 

Azimuth 

AB 
BC 
CD 
DE 

EA 

298.0 
458.7 

632.4 
729.4 

29°  48' 

48°  32' 

150°  46' 

249°  12' 

.^  f Azimuth oiAB  =  274°  13' 
^^^'\CD  =  590.2  ft. 

A  traverse  A.AxAnAuA^,  Fig.  Ill,  was  run  between 
K>ints  A.,  A^  of  a  line  A  B,  the  part  A.  A^  of  which 


Pio.  Ill 


uiacceasible;  the  distances  of  the  traverse  were  as 
a.  The  azimuth  o£  the  lines  A.  /!„  A,  ^.,  A^  A,,  A.  A^, 
tdto  AB  SL8  a  meridian,  B  being  the  north  end,  were, 
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respectively,  340°,  16°,  318°,  and  20°.    Compute  the  distance 
Ao  A^,  and  explain  how  to  prolong  the  line  beyond  A^. 

Ans.  A.A^  =  2,140.1  ft 

(10)  In  order  to  determine  the  inaccessible  point  oi 
intersection  of  two  lines  AB  and  C  Dy  Fig.  IV,  the  traverse 
BAxAtD  was  nm.     The  angles   and  distances   b^ing  as 


Fig.  IV 


shown,  find:    (a)  the  angle  /between  the  two  lines;   (b)  the 
distances  />>/and  IB, 

Hint. — Take  W  /as  a  meridian,  and  find  the  azimuths  of  the  other 
lines  from  the  measured  ang^les. 

^      fU)  /=  80° 

^"^•1((^)  DI  =  1202.7  ft.,  IB  =  920.S  ft. 

(11)  In  the  preceding  example,  what  are  the  length  and 

azimuth   of   the    line    DB   (not   drawn    in  the  figure),  the 

line  A  B  being  taken  as  a  meridian?     (Do  not  forget  that  the 

azimuth  oi  D  B  is  not  the  same  as  that  oi  B  D.) 

.       \DB  =  1424.6  ft. 
^"^•1  Azimuth  =  240" 

(12)  In  Fig.  V,  AB  =  b^  chains;  Z?C=  32  chains, 
and  ^  Z>  =  24  chains.  It  is  required  to  divide  the  trape- 
zoid A  BCD  into  two  parts  by  a  line  -£"/**  parallel  to  the 
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bases  and  having:  such  position  that  the  area  adjacent  to  the 

longer  base  shall  be  to  the  area  adjacent  to  the  shorter  base 

as  7  is  to  4;  what  will  be  the 

length:  (a)  oiEF?  (d)  oi  D  Ei 

.       fU)  43.3  ch. 
^°^\l(^)   10.43  ch. 

(13)  The  area  of  the  triangle 

ABCy  Fig.  VI,  is  76.31   acres. 

The  lengths  oi  A  C  and  A  B  being  as  shown,  it  is  required 

to  cut  off  an  area  St  =  30  acres  by  a  line  ^/^  parallel  to  A  C; 

find  the  lengths  oi  AB  and  EF.  *       lAE=  8.95  ch. 

Ans.j^^  =  38.52  ch. 

(14)  Assume  that,  in  Fig.  VII,  FC  measures  9.32  chains, 
the  angle  FCG  measures  73°,  and  the  area  of  FABCis 
4.56  acres;  what  must  be  the  ^ 
distance  of  the  point  G  from 
the  point   C  in  order  that  the 


Pio.  VI  Fig.  VII 

line  FG  will  cut  off  6  acres,  that  is.  in  order  that  the  area 
of  the  figure  FABCG  will  be  6  acres?  Ans.  3.23  ch. 
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A  KEY 


TO  ALL  THB   QUESTIONS   AND   EXAMPLBS         ^"^     -^^ 
INCLUDED    IN   THE  (t3&-4 

Examination  Questions  in  This  Volume. 


It  will  be  noticed  that  the  Keys  have  been  given  the  same 
section  numbers  as  the  Examination  Questions  to  which 
they  refer.  All  article  references  refer  to  the  Instruction 
Paper  bearing  the  same  section  number  as  the  Key  in 
which  they  occur,  unless  the  title  of  some  other  Instruction 
Paper  is  given  in  connection  with  the  references. 


t^ 


01  (")  The  number  of  sides  of  anoctaRoniseighl;  hence,  applying 
the  formula  in  Art.  115,  the  sum  of  the  interior  angles  of  the  octaKon 
is  5=  2  X  (8  -  2)  =  12  right  aoKles.  Since  the  octagon  is eqciangular, 
one  of  the  interior  angles  is  equal  to  ^  X  12  =  It  right  angles,  or  90° 
X  ll  =  136°.    Ans. 

(6)     If  one  of  the  angles  of  an   equiangnilar  polygon  is  108°,  or 

"Sjr  =  ;  right  angles,  Ibeir  sum  5  is  equal  to  ^  X  *i  =  -^.    But  from 


X  *i  =  -^ 
have  S=2n-i.     Therefore.  ~  =  tn 
n  =b.    A  polygon  of  five  aid«s  Is  a 


tbe  formula  in  Art.  115,  v 
-  -1;  whence,  solving  for  i 
pentagon.    Ans. 

(2)  Since  every  circumference  contains  360°  (Art.  155)  or  four 
right  angles,  if  one  of  the  equal  sectors  measures  two-sevenths  of  a 
right  angle,  there  are  4  -:-  -  =  14  equal  sectors  in  the  circle.     Ans. 

(3)  Since  one-third  of  an  angle  is  equal  to  14°  47'  10",  the  angle  is 
14°  47'  10"  X  3  =  44"  21'  30".  Ans.  One  of  the  other  angles  is  two  and 
one-half  times  this  angle,  or  44«  21'  30"  X  ^-'1  =  1 10°  5.1'  4.V'.  Ans.  The 
stitn  of  tbe  angles  of  a  triangle  is  equal  to  180''  [Art.  09):  there- 
fore, the  third  angle  is  equal  to  180°  -  (44°  21'  30"  +  110°  53'  46") 
=  24°  44'  45".     Ans. 

(4)  An  exterior  angle  of  a  triangle  is  equal  to  the  sum  of  the 
opposite-interior  angles  (Art.  68).  The  sum  of  the  opposite- interior 
angles  is,  therefore.  104°  30' 20".  and  as  the  opposite-interior  angles 
ere,  in  this  case,  equal,  the  value  of  each  angle  is  oae-balf  of 
1W°  30"  20",  or  62°  1,V  10", 


(5)     The  sum  of  the  acute  angles  of 
right  angle  (An.  70).     Therefore,  if  o 
p-Gflbs  of  a  right  angle,  the  other  ai 
ft  right  angle.    Ans. 
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M>     Thft  onpo«ite  anfiriesi  of  an  inscribed  qnadrrlateral  are  Sl3ppI^ 
'-n ♦:!••«■    Art    lH4i.     Therefore,  one  of  the  required  angles  is  equal 
..'^T'       W'  4,V  :W  =  14:5*'  14'  24".  and  the  other  angle  is  equl  to 
.  •***-       :  ♦M'"  JT,'  "li*"  =  ;;i=  :W  10".     Ans. 


'1 


7       The  sum    .f  "he  .ini^les  of  a  trrangle  is  LSO*  'Art.  69);  there- 
■  I*-*-      he  renuireri  ar.ijle  is  equal  to  liW  -  UW  47'  40''  =  41*  Vy  Jf. 

Ans. 

-<)  An  -iquilareral  tnangle  is  also  equiangnlar:  therefore,  one  of 
'he  iHt^lefi  of  an  equilateral  triangle  is  equal  to  one-third  of  two  right 
inglefi    or  'wo-rhirda  ot  one  r.ght  ani;'e  Art.  70'. 


o 


1 


Oi     The  sura   )f  :he  ".^'.ven  anirles  of  :he  Tnasgle  is  ^  -h  ^  «=  1  right 
intrte:  Therefore,  the  "rrangie  :s  j.  right  :raag!e  ■..Art.  70^. 

10  If  the  exterrnr  angle  of  a  trraa-^^le  is  V20'  and  one  of  the 
■ipposite-mtenor  angles  is  'i*!"^,  :ne  other  opposite- interior  angle  is 
.•nual   r.o    !*J«V=  -  H«)-  =  H<V'.   and   the  thini  angle  =  I81)*  -  l«}''  +  60=) 

=  -iO'      T!:e  tnans^ie   s  therefore  equilareral. 

Ill     In  Fig.  I.  the  distance  from  A  to^w 

^B    -  'nches.  frnm  B  z*-*  C  i<  U  inches,  and  from  C 

y         'ii  A   \\  :nches.     A:  the  middle  points  of  AC 

\    ^mi  B  C  erect  perpendiculars  and  prv>long  them 

unf.l  they  intersect   at   O.     With    O  as  a  center 

am!  ('^  as  a  raiiiu<.  draw  a  circle,  which  will 

•ja>s  -hr^u-^h  the  three  points  A,  B,  (T;  Art.  145). 


« .1 


J     S:cce  the  tangents  from  a  point  to 

a  circle  are  eq-al    Art.  130^.  the  triangle  ABC, 

K'vj.    -.    tormed    by   the  tangents    acd    a    chord 

Min>ugh  tile  p'^nts  of  cot:tact   :<;  :s«^sceles.  and 

f.he  angle  .7  !S  e«;-.:al  to  t::e  angle  B    Art.  76K 

The  angle  B  C  i^,   being  an  exterior  angle  to  the 

tniinv;le  A  B  C.  is  equal  to  the  sum  of  A  and  B. 

Theivtore.  the  angles  A  and  B  are  each  equal  to 

one* half  ot  67^'  =  ■^*>'  -^Y. 

{^)  A  line  joining  the  point  of  intersection  of 
the  tangents  to  the  center  of  the  circle  bisects 
I  he  an>;le  l)etween  the  tan^:ents  Art.  1 5 1  K  The 
angle    ACB    is   equal    t.^    .  IS)'  -  t'u')  =   US'*. 

11'*' 
'rheixtore.  the  anv:le  (^  C  B  =      ."-  =  5i>'' 3(y.     Ans. 
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( 13)  A  central  angle  is  measured  by  the  intercepted  arc  (Art.  154), 
uiul  uu  in.scribed  anv^le  is  me:isured  by  onerhalf  the  intercepted  arc 
(All.  1541).  Therefore,  the  central  angle  contains  48  X  2  =  96°. 


§  7  GEOMETRY  3 

(14)  Let  X  =  value  of  angle  C; 

2  X  ^  value  of  angle  A\ 
and  7^  X  —  value  of  angle  B, 

The  sum  of  the  angles  of  a  triangle  =  180°;  therefore.  6  ^  =  180°. 
whence  ;r  =  30°,  2  ;r  =  60°.  and  3  ^  =  90°.  Therefore,  A  «  60°,  B 
=  90°;  and  C  =  30°.    Ans. 

(15)  Let  X  =  value  of  angle  A  or  B\ 
Then  2  x  —  their  sum; 

and  \x^  unequal  angle  C. 

Their  sum  6  ;r  =  180° 

whence.         ;r  =  30°  and  4  ;r  =  120°.    Therefore,  ^  =  30°,  ^  =  30°, 

and  C  »  120°.     Ans. 


(1)     The  shortest  distance  from  a  point 
totheline,   laFis.l,  S V  •=  9,  A B  =  U, 

and  ff  C  =  15  in.  A  O  •=  Sab'  -B~^ 
=  tlW  -  9' =  7  Min..  DC  =ySBC'-B£>' 
-■Ja'~^9'  =  12   in.     Therefore.    AC 


2J  +  Z?C  =•  7.M  +  12   =.   J 


(2)  The  radius  perpendlcalftr  to  a  chord  bi- 
sects it.  (See  Geometry,  Part  1.)  Therefore,  in 
the  right  triangle  DOB.  Fig.  2.  DB  =  ^oiA 

=  2in.,aQdC'5  =  «iD.  DO=-^'  -2' =  5.66 in. 
Id  the  right  triangle  CDB,  CD  =  6  -  B.66 
=  .34  in.,  and  DB  =  2  in.  B C.  which  is  the 
equal    CO   ' 


la  Fig.  3,  tfaa  radius  CO  ■■ 
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and  £0  =  5.75.  whence  CE  =  8.6  -  5.76 
=  2.75  in.,  and  ED  =  17  -  2.75  =  14.28  in. 

Then,  

CE:AE  =  AE:ED(Art.28):AE=-JCExED 

=  V2.76  X  14^25  =  6.26  in.. 

and  AB=  6.26X2  =  12.52 


(4)  One  side  of  the  oclAgOD  is  eqaal  to  one- 
eighth  of  24,  or  3  in.  In  Pig.  i,  A  B  represents 
one  side  of  the  octagon.  Then.C^  =  ^  =  ].6in.. 
and  in  the  right  triangle  COB,  the  radius  OB 

|8 
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»  '^.ar  +  1  J*  »  S.flS  in.,  and  the  diamiHT  te  •qoal  to  SJIxt 
«B  7.8#  in.    Ans. 

(6)     (c)  Prom  fonnnlm  2,  Art.  77, 

'^  -  ViS  -  >^  -  »»•«"»•  -'^ 

(^)    Appl]ring  formnla  of  Art.  71, 

c  -  3.1416  X  10.67  -  33.52  in.    Ads. 

(c)    The  length  of  theside  of  a  regular  hexagon  inacribed  intcfadi 

10  67 
is  equal  to  the  radius,  -~—  »  5.336  in.    Ans. 

(6)  The  volume  of  the  shell  is  equal  to  the  difference  in  the  vohiw 
of  a  sphere  16  in.  in  diameter  and  one  12  in.  in  diameter  (see  Art.  114). 
Volume  of  shell  is  .5236  (16*  -  12")  -  1,239.9  en.  in.  Weight  of  didl 
is  1.239.9  X  .261  »  323.61  lb.    Ans. 

(7)  Prom  formula  of  Art.  78, 

180/      ,  .      360 
and  a 


irii,  ir  It 

Substituting  known  values, 

"  -  S^  ■  22«5  i»-    An.. 

(8)  (a)  17^  »  17.016  in.    Applying  formuUi  2,  Art.  77, 

A  «  .7854  X  (17.016)*  »  227.4  sq.  in.    Ans. 

(b)    16*  7'  2F  -  16.1225*.    Applying  formuUi  of  Art.  78, 

,       3.1416  X  8.608  X  16.1225       ^  ,^  , 

/  = jgQ =  2.394  in.    Ans. 

(9)  Similar  triangles  have  their  sides  proportional;  therefore, 

AB  :  A'B*  ^  BC  :  B*a 
13.8  :  17.8  =  15.6  :  B*  O 

whence,  ^'  C  =  — ^1^-^  =  20.1  ch.    Ans. 

Also,  AB  :  A'B"  ^  AC:  A'O 

13.8  :  17.8  =  19.8  :  A'  C 

whence.  A'  C  —  — ^^  ioTj"""  =  25.5  ch.    Ans. 

(10)  (a)  The  slant  height  of  the  cone  is  the  hypotenuse  of  a  risffat 
triangle  whose  legs  are  the  radius  of  the  base  and  the  altitude  of 
the  cone.  

^  =  V3.5*  +  ll"  =  11.543  in. 

The   perimeter   of    the   base   is  equal   to  3.1416  X  7  »  21.9912  in. 

Applying  formula  of  Art.  101, 

21.9912X11.543       .^  ^         .         . 
c  = ,1 =  126.92  sq.  m.    Ans. 

id)  The  area  of  the  base  it  equal  to  7*  X  .7854  »  38.48  sq.  in.    The 
entire  area  is  equal  to  126.92  +  38.48  —  165.4  sq.  in.    Ans. 
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I  (11)     To  divide  the  triangle  v4  J  C  into  two  equal  patis,  we  have, 
"    -  .70711  AS  {Art.  &n).    Then. 

A  D  =  .70711  X  22  =  15.56  ch.     Ans. 
I   (12)     The  perimeter  of  the  base  is  equal  to  5i  X  4  =21  in. 
\  (a)     Applying  (ormuta  of  Art.  BS, 

£  =  21  X  18  =  378  sq.  in.    Ans. 
\  (A)    The  areas  of  the  two  bases  are  5i  x  SI  X  2  •=  5fi.l26  sq,  In, 
area  is  equal  to  378  +  55.125  =  433.125  sq.  in.    Ans. 
(f)    Applying  formula  of  Art,  06, 

^=51x51x18  =  496,125  cu.  in.     Ana. 
J  (13)    The  sides  of  the  triangle  are  proportional  to  the  sefinnents  Into 
htbey  are  divided  by  the  line  ED  (Art.  lO);  therefore, 
AB  :  AC  = AD : AE 


AS 


•  :      10  = 

10X6 


(M)     IQ  Pig.  5. 

AC  :  AD  =  BC:  DE 

100  :  AD  =       3  :  6.75 

„      ,  n       100  X  6,75 
ce,  j^u  "  — — ^ 


(16)     The  area  of  a  regular  hex- 
agon whose  side  is  1  id. 
(Art.  68).    Applying  formula  of  Art.  68, 

A  =  2.60H1  X  8'  =  1B«,.S  sq,  in,     Ans. 

(16)     The  volume  of  a  sphere  is,  by  formula  of  Art.  114, 


1 


and  the  volume  of  a  cylinder  is,  by  formula  of  Art.  06,  writing  t  t  </' 
for  ^  J  rf*  A.  Since  the  volume  and  diameter  of  the  sphere  are  equal 
10  the  volume  and  diameter  of  the  cylinder,  we  have 


whence. 


=  X  12  =  8  in.    Ans. 


(17)     The  area  of  the  trapezium  is  equal  to  the  sum  of  the  areas  of 

two  triangles,  whose  common  base  is  11  in.,  and  whose  attitudes  are 

41  in.  and  7  in.,  respectively. 

11X41 


15  +  17  + 


+  ^^-^  =  61.875  sq.  in.     Ans. 
Applying  formuja  of  j 


.  V2&(25-  15) (25  -  17)(25  -  18)  = 


ii 


ACM 


«r  £11:31 


-tt 


4%ir-4xir- 


Db  i&nDfik  «f 


»• 


v#0^ 


» 


%    - 


ctf 


ii 


i     w    T 


1X« 


trr-i      :*r  -  4  »  3'if  -  JW 


a» 


-•1. 


T.'*rr!iie  nf 


7  S  ^  {^  CB.  vd. 


2  ti  /, 


Twmtt  z£  tirri  neco'ii  »    "l¥i  —  v*t 


3» 
5x£ 


i  X  I 
1» 


T^isztt  of 


scccias.  n   2.x  ^  an?  ^ 


rxe  -•iL:  viiECZK  s  S  *  i  1  7 


«  S  f  {'  C£.  Vd. 

i««#ci:.  Td. 
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(21)     The  dimensions  of  the  middle  section  are  -^ — 5 — ■ —  =«  8.876  ft. 

and        "L     —  =  1.876  ft.    To  apply  formula  of  Art.  126,  we  have 

^  =  4.6  X  2.6  =  11.25  sq.  ft..  A^  =«  2.25  X  1.25  =  2.8126  sq.  ft.,  4  Af 
^  4(3.375  X  1.876)  =  25.3125  sq.  ft.    Applying  formula  of  i^.  126, 

y  =  (11.26  +  2.8125  +  26.3125)^  =  78.76  cu.  ft.    Ana. 

o 


(22)    Applying  formula  of  Art.  78, 

3.1416  X  2,940  X  62.6 
180 


2,893.9  ft.    Ana. 


(23)  Applying  formula  of  Art.  50, 

A  »  (18.76  +  12.6)y  =:  234.4  sq.  ch.  »  23.44  A.    Ans. 

(24)  The  total  length  of  the  secant.  Pig.  7, 
is  97  +  72  =  169  in.  The  external  segment  of 
the  secant  is  97  -  72  »  26  in.  Profn  Art.  20, 
we  have 

DPiPT^  PT\RP 
WdiPT^  PT\2S 
PT^  Vie9x25  =  66  ft.    Ans. 

(26)  The  ratio  between  the  corresponding 
sides  of  the  triangles  is  1  :  8;  therefore  (Art.  63), 

240  :  ^  =  1*  :  3* 
.r  »  240  X  9  »  2,160  sq.  in.,  or  16  sq.  ft.    Ans. 
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PLANE  TRIGONOMETRY 

(PART  1) 


(1)  (a)  Since  the  given  angle  is  less  than  45^,  the  sine  is  taken  from 

the  table  as  explained  in  Art.  18.     Therefore,  sin  22''  43'  »  .38617. 

Ans. 
(*)     Sin  44°  Sfi'  =  .70628.    Ans. 

(c)  Since  the  given  angle  is  greater  than  45°,  the  sine  is  taken  from 
the  table  as  explained  in  Art.  19;  therefore,  sin  49°  17'  =  .75794.     Ans. 

(d)  See  rule.  Art.  20.     The  difference  between  sin  79°  23^  and 

sin  79°  24'  is  .00006.    ^  X  .00006  =  .OOOaS.     Adding  this  correction  to 

oU 

sin  79°  23',  sin  79°  23'  30"  =  .98291.    Ans. 

(2)  {a)  According  to  Art.  18,  tan  11°  37'  =  .20557.    Ans. 

(d)     See  rule,  Art.  20.     The  difference  between  tan  19°  0'  and 

tan  19°  1'  is  .00032.    ^  X  .00032  =  .00013.     Adding  this  correction 

to  tan  19°  0',  tan  19°  0'  25"  =  .34446.    Ans. 

(c)  tan  64°  7'  =  2.06094 

tan  64°  6'  =  2.05942 

Correction  =     .00152  X  ^  =  .00114 

Adding  this  correction  to  tan  64°  06', 

tan  64°  6'  45"  =  2.06056.    Ans. 

(d)  tan  78°  46'  =  5.03499 

tan  78°  45'  =  5.02734 

Correction  =    .00765  X  ^  =  .00638 

Adding  this  correction  to  tan  78°  45', 

tan  78°  45'  50"  =  5.03372.     Ans. 

(3)  According  to  the  rule  given  in  Art.  26,  the  logarithmic  cosines 
>f  the  angles  given  in  example  1,  are  as  follows: 

(a)  log  cos  22°  43'  =  T.96493.    Ans. 

(b)  log  cos  44°  56'  =  T.84999.    Ans. 

(c)  log  cos  49°  17'  =  T.81446.    Ans. 
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{d)    Since  this  angle   contains   odd    seconds,   the    correction  is 
obtained   by  applying  the  rule  given   in  Art.    28, 

log  cos  79**  23'  =  1.26538;  Z>  =  68 
In  the  column  of  proportional  parts,  the  correction  found  opposite  90 


(number  of  seconds)  and  under  68  is  34 


60 


X  D.    Since  it  is  the 


logarithmic  cosine  that  is  required,  this  correction  must  be  subtracted. 

See  rule,  Art.  27* 

log  cos  79**  23'  »  I.26&38 


s        ^ 
66X^ 


84 


,(4)     (a) 


W 


(c) 


id) 


log  cos  79^  23^  SC'  =  T.26504.    Ans. 

See  Arts.  27  and  28. 

log  cot  25''  15^  =  .32640;    Z>  =  33 
p.  p.  for  20  =  11 
p.  p.  for   3  =    2 

p.  p.  for  23  =  13       13 

log  cot  25**  LV  2?"  =  .32627.  Ans. 
log  cot  5°  41'  =  1.00209;  Z?  =  128. 

p.  p.  for  26  =  56 

log  cot  5^  41'  26"  =  1.00153.    Ans. 
log  cot  77''  37'  =  1.34155;    Z>  =  60 

p.  p.  for  27  =■ 27 

log  cot  77*'  37'  27"  =  T.34128.    Ans. 
log  cot  45^  1'  =  1.99975;    />  =  26 

p.  p.  for  48  = 21 

log  cot  45''  1'  48"  =  1.99954.    Ans. 

(5)    In  Fig.  1,  tan  ^  « 


437 
792 


=  .55177. 


See  Art.  35. 

^  =  28°  53'  19".    Ans. 

y4  =  90°  -  28*'  53'  19"  =  61°  06'  41". 

Ans. 
437 


By  formula    6,  Art.  86,  AB  = 


sinB 


437 
.48311 


=  901.56  ft.    Ans. 


(6)  (a)  See  rule,  Art.  22.  Looking  in  the  table  it  is  found  that 
the  given  tangent  lies  between  .13461  =  tan  7°  40^  and  .13491 
=  tan  7°  41'.  The  difference  is  .00030.  The  difference  between  the 
given  tangent  and  the  tangent  of  the  smaller  angle  is  .00015.  The 
number  of  seconds  in  the  angle  is  therefore 

i5  X  60  =  30".    Therefore,  .13476  =  tan  7°  40^  30".    Ans. 
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cot  72**  S'  =  .32331 
cot  72**  e'  =  .32299 

32 


.32331 
.32323 
8 


8 


The  number  of  seconds  in  the  angle  is  =5  X  60  =  i^f.    Therefore, 


.32323  =  cot  72**  6'  1^'.    Ans. 
(7)     (a)  See  Art.  22. 


sin  67°  6^  »  .92119 
sin  67''  &  =  .92107 

12 


.92112 
.92107 


12 


X  60  =  25".     Therefore,  .32323  =  sin  67°  S'  2&".    Ans. 


W 


cos  56°  14'  =  .55581 
cos  56°  15^  =  .55567 

24 


.55581 

.55570 

11 


11 
24 


X  60  =  28".  Therefore,  .55570  =  cos  56°  14'  28".  Ans. 


(8)     (a)  See  rule.  Art.  30. 

log  cos  82°  ly  =  T.  12612 
log  cos  82°  20^  =  1.12519 

93 


T.  12612 

1.12576 

37 


^7 

~  X  60  =  24".    Therefore.  1.12575  =  log  cos  82°  W  24".    Ans. 

{d)     See  Art.  31.     The  given  logarithm  lies  between  .06313  =  log 
tan  49°  09^  and  .06339  =  log  tan  49°  10'. 
/>  =  26.     .06323  -  .06313  =  10.     The  pro- 
portional part  under  26  and  next  lower  than 
10  is  8.7,  horizontally  opposite  20.    10  -  8.7 


s  1.3.    The  number  1.3  is  found  opposite  3.    Therefore,  the  number 
of  seconds  is  23  and  .06323  =  log  tan  49°  9'  23".    Ans. 

(9)    See  Art.  4. 


sin  .^  =  - 
c 


tan  A 


a 
b 


cot  yl  =  - 
a 

sec  y4  =  T 


cos  A  =^  - 
c 


CSC  A  ^  - 
a 
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(10)  In  the  right  triangle  ADB,  Pig.  Z,AB  =^  sin  7^*22^  ^  ^"^^ 
in.    DB  ^  12  cot  79°  22'  =  2.25;  CZ>  =  9.5  -  2.25  =  7.25  in.    In  the 

right  triangle  ADC,  A  C  ==  <i2'  +  7^  =  14.02  in.     The  perimeter 
of  the  triangle  is  therefore 

12.21  +  9.5  +  14.02  =  36.73  in.    Ans. 

(11)  The  perpendicular  A  D  bisects  the  angle  B  A  Cand  the  base 

B  C  Fig.  4.     In  the    right  triangle 

A  D  B,  the  angle  B  A  D  ^  IS^ST 

^    =  65° 25^30" and /?^  '^  ~P  =  ^•^^• 

62.5 


Fig.  4 


Then  A  B  = 
ft.    Ans. 


sin  65°  25^  30" 


r.  =  68.73 


(12)     In  the  right  triangle  ABC,  Fig.  5  (a),  the  angle  B  A  C\s 
equal  to  90°  -  45°  =  45°.  and  ^4  ^  =  — ^  =  25.40  ft.     Ans. 

cos  yO 


B 

J 

E 

y 

\ 

\ 

^18  ft-i 

h^S/i,^ 

D 

(a) 


Pio.  5 


(13)  The  triangle  A'  B'  C,  Fig.  5  (b),  is  similar  to  the  triangle 
ABC.  The  corresponding  angles  are  therefore  equal,  and  B*  A'  C 
=  45°.  If  A'  C  represents  the  stress  of  18,200  lb.  in  the  member  A  C 
A'  B'  will  represent  the  stress  in  the  member  A  B. 


A'  B'  = 


A'  C 
cos  45^ 


18,200 
.70711 


=  25,740  lb.    Ans. 


(14)     tan  A  =  j^=  .06000;  whence,  ^  =  3°  26^  TfK    Ans. 
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(15)  («)  In   Pig.    7.   AD  =  ^  =  bO  ft.,  and  tan   CAD  =^^ 

=  .07000;  angle  C^  Z>  =  4°  0'  14".  The 
angle  CAB,  being  an  inscribed  angle,  is 
measured  by  one-half  the  arc  B  C\  there- 
fore, the  arc  ^C  =  4**  0'  14"  X  2  =  8**  0'  28". 
But  the  arc  ^  C  is  one-half  the  arc  A  CB\ 
therefore  the  arc  A  CB  is  equal  to  8°  0'  28" 
X  2  =  16''  O'  56".    Ans. 

(b)     In  the   right   triangle  AOD,  the 
Ai        A  ^  AD  50 

radius  A0  =  sin  A  O  D  =  sin  8°  0'  28" 

»  358.8  ft.    Ans. 

(16)  The  vertical  height  of  the  point  B 
above   the   point  A,  Fig.    8,   is   equal  to 
BB'  =^  1,250  tan  8^  12'  =  48.9  ft.     The  vertical  height  of  the  point  C 
above  the   point  B  is  equal   to    C  C  =  375   tan   7°   26^  =  180.1   ft. 


Fio.  7 


Therefore,  the  vertical  height  of  the  point  C  above  the  point  A  is  48.9 
-M80.1  «  229.0  ft.  Ans. 
(17)  '^a)  In  the  right 
triangle  B  CD,  Fig.  II,  of 
the  Examination  Ques- 
tions. CD  =  100  tan  45** 
s  100  ft.      Ans. 

CD 
(b)    B  D  ^       ^^ 


100 


.70711 


sin    45° 

141.42  ft. 

Ans. 


E 


(18)     (a)  In  the  right  triangle  B  CD,  Fig.  9, 

CD  =  ^  C  tan  30**  =  100  X  .57735  =  57.736  ft.    Ans. 

W     BD         ^^         ^^ 


sin  90' 


.5 


=  115.47  ft.    Ans. 
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(PART  2) 


(1)     (a)  See  rale,  Art.  2. 

log  A"  =  log  9,174  =  3.96256 

5  »  $.68543 


log  sin  A  =  2.64799 
Therefore,  log  sin  2''  32'  54"  =  2.64799.    Ans. 

(b)  log  A"  =  log  9.174  =  3.96256 

r=  g.68586 

log  tAu  A  ^  2.64842 
Therefore,  log  tan  2®  32^  54''  -  2.64842.    Ans. 

(c)  See  rule,  Art.  3. 

C  =  5.31414 
log  A"  =  log  9,174  =  3.96256 

log  cot  A  =  1.35158 
Therefore,  log  cot  2**  32'  54"  =  1.35158.    Ans. 

(2)  Since  the  given  angle  lies  between  87^  and  90**,  the  simplest 
way  to  determine  the  cosine  and  cotangent  is  to  subtract  the  angle 
fsom  90°  and  find  the  corresponding  cofunction.     See  Art.  4* 

90°  -  87°23'  16"  =  2°  36'  44"  =  Ax 

(a)  log  cos  87°  23'  16"  =  log  sin  2°  36'  44". 

log  Ax"  «  log  9,404  =  3.97331 

5  =  g.68542 

log  sin  A^  =  2.65873 
Therefore,  log  cos  87°  23'  16"  =  2.65873.    Ans. 

(b)  log  cot  87°  23'  16"  =  log  tan  2°  36'  44". 

log  A^"  =  log  9,404  =  3.97331 

r=  g.68588 

log  tan  2°  36'  44"  =  2.65919 
Therefore,  log  cot  87°  23'  16"  =  2.65919.    Ans. 

(3)  (a)  The  angle  whose  logarithmic  sine  is  2.37889  is  found  by 
means  of  the  rale  stated  in  Art.  5. 
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The  nearest  log^arithmic  sine  is  2.37750,  and  the  correction  opposite 
this  in  the  S  column  is  B.685&3. 

log  sin  A  «  2.37889 

S  ^  g.68&58 

log  A"  »  3.69336 

A  =  4,936"  -  1*»  22^  W.  Ans. 
{b)  The  nearest  logarithmic  cotangent  found  in  the  table  is  2.38809. 
which  lies  in  the  column  marked  log  cot  at  the  bottom ;  therefore,  the  given 
logarithmic  cotangent  is  to  be  treated  as  though  it  were  a  tangent, 
and  the  angle  corresponding  to  this  tangent  is  to  be  subtracted  from  90^. 
See  Art.  5.    The  correction  in  the  T  column  opposite  2.38809  is  6.68566. 

log  sin  A^  =  2.38692 

r=  g.68566 

log  A^"  =  3.70126 

Ar  =  6,026"  =  1**  2y  46^ 
Therefore,  /4  =  90**  -  1°  23'  46"  =  88**  36'  14".    Ans. 

(4)  See  Art.  5*     The  correction  under  C  and  horixontally  opposite 

59^  is  5.31438. 

5.31438 

log  A"  =  log  3.522  =  3.54679 

log  cot  A  =  1.76759 

Therefore,  log  cot  0**  58'  42"  =  1.76759.    Ans. 

(5)  See  Art.  4.    90**  -  88°  2'  45"  =  1°  57'  15"  =  ^,.    The  correction 
under  C  and  horizontally  opposite  57  is  5.31426;  Ax"  =  7,020  H- 15  =  7.035. 

C  =  5.31426 
log  A,"  =  log  7,035  =  3.»I726 
log  cot  Ax  =  1.46700 
Since  log  cot  Ax  =  log  tan  A,  log  tan  A  =  1.46700.     Ans. 

(6)  The  logarithmic  cotangent  nearest  1.92456  is  1.92347;  the  C  co^ 
rection  horizontally  opposite  1.92^^7  is  5.31440. 

C  =  5.31440 
log  cot  A  =  1.92456 
log  A"  =  3.38984 
A''  =  2,454"  =  0^  40'  54" 
Therefore,  1.92456  =  log  cot  0°  40'  54".    Ans. 

(7)  Appl>ing  formula  1,  Art.  23, 

A  =  22="  19^  55".     Ans. 

^        16'  4-  40-  -  32-         ^-™. 

cos  ^  =  -^-^--^^-  =  .65000 

B  =  49'  27'  30".    Ans. 
_       ItJ*  4-  32'  -  40« 
2  X  16  X  32 
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The  angle  whose  cosine  is  .3125  is  71''  47'  24''.     The  cosine  of  C 
being  negative  indicates  that  the  angle  C  is  obtuse.    Therefore, 
C  =  180''  -  71°  47'  24"  =  108°  12'  36".    Ans. 

(8)    The  angle  A^  Fig.  1,  is  determined  by  applying  formula  2, 
Art.  23, 

s  =  i(40.2  +  38.8  +  25.4)  =  52.2 


-40.2) 


,     -  _      /(52.2  -  25.4)  (52.2  -  40. 
^°  '  \        52.2  (52.2  -  38.8) 

log  (52.2  -  25.4)  -  log  26.8  =  1.42813 
log  (52.2  -  40.2)  =  log  12      =  1.07918 


2.50731 


log  (52.2  -  38.8)  =  log  13.4  =  1.12710 

log  52.2  »  1.71767 

2.84477  • 

log  tan  i  ^  =  T.66254  -s-  2  =  T.83127 
whence  1  -4  =  34°  8'  22".  and  ^4  =  34°  8'  22"  X  2  =  68°  16'  44". 
The  altitude  B  D  =  A  B  sin  A  ^  40.2  sin  68°  16'  44". 

3  log  40.2  =  1.60423 

log  sin  A  =  1.96802 

log  BD  =  1.57225 

-ffZ>  =  37.3ch.    Ans. 


X 


\ 

X 


A  A 


SOOfV 
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(9)     The  angle  C,   Pig.  2,   is  equal  to  180°  -  (50°  17'  +  68°  24') 

61°  ly. 

M  ^-r 


b  = 


500 


sin  61°  19' 


sin  61°  19' 


sin  68°  24';  and  ^  =  - 


500 


sin  61°  19' 


sin  50°  17' 


log  500  =  2.69897 
log  sin  61°  19'  =  1.94314 

log  M  =  2.75583 
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#  »  2.7361:  ^  s  Se»^  ft. 


fee  «  «*  sr  »  I. 

Ic^  sai  50^  ir  =  I 


Koc  «  =  1  44I?I^:  c  r::  €»A  ft. 

(10;     Appfris^  fomola  1«  Art.  21  • 

r*i^  i<  A  —  B.  = cot 


lo^  coc  1*'  W  2*'  = 

Ic^  ran  t  ^-^  -  iP    =       I.7nS4 

^  =  90^  -  is-^  la  s"  -  ay--  ^ij-  l? '  =  loe^  2&  w 

i?  =  I*^  -    3ir  ay  43^'  *  10*-"  2&  W.  =  41-  IJ' 
Appbrin^  formTiIa  S«  Art.  Sl« 


sir  ol?-'  3iy  Lf ' 
loc  \».**  -  36-^5.  =  lo^  li,!»  =  1.11025 
loc  cos  IS-'  W  22"  =  1.97775 

lo^  51=  3Q-"  3^  I:?'  =  l.n>rv 

BC  ^  *4.06ft. 

Ill)     16  ft.  .5  m.  =  lrt4irf:.:  i:Jft  <H:=    =15.>t2ft.     Tbe  sod::: 

of  the  tr.anzie  is  .V  =  -. — -.  -^-.-    .  - ;  .-I  ^  =  .V"  sin  C;  wh-esce  siz 

sin  M"  •>♦    >4 

AB       lr;4i:    .     .,--.-. 

:■:§  1*5.4 1:  =  1.21-529 
log  1.^542  =  I.l:51«» 

OllK«;i 

log  s:=  M"  >4  M     =  1>1:?>1 

log  s:=  C  =  I/^y652 

I  9^=i2  is  the  :«>gan:hin:c  >ine  of  >l*-  4>  30^'.  or  of  liW^  -  S?'  45  A^ 

=  V7-  14  A>  .     Therefore. 

C  =  -^1*'  45  30''.  or  97'  14  » 
2Lnd  B  =  l^y  -  .  Str"  4.5'  W  -  M'  M'  M   >   =  4?-'  19  »** 
or  ^  =  IJJO-  -  ^97-  14'  »>   -  >4-  54  >*   '   =  27=  W 
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Taking^  =  4rWS&\AC=^MsinB  -  ^.^  ^f^  ^,, sin 4^19^36^^ 

=  11.14  ft.    Ans. 

log  13.542  =  1.13168 
log  sin  M"*  64'  54"  =  1.91291 

log  Af  =  1.21878 
log  sin  42°  19'  36"  =  1.82824 

1.04702  =  log  11.143  =  11.14  ft. 

Taking  ^  =  27°  50^  36"M  C  =    .     ^fr.  , ...  sin  27°  50'  36"  -  7.73 

sm  54°  54'  54" 

ft.,  nearly.    Ans. 

logM  =  1.21878 

log  sin  27°  50'  36"  =  1.66936 

."88814  =  log  7.7293  =  7.73  ft.,  nearly. 

(12)     The  angle  ^  =  180°  -  (76°  44'  18"  +  29°  21')  =  73°  54'  42". 
^  =  sin  7?°'5'  42"^    ^^  =  ^i^#i7W'-°76°44'18" 


BC^    .    JZ'T^.  .^.,  sin  29°  21' 


35.86 
sin  73°  54'  42" 

log  35.86  »  1.55461 
log  sin  73°  54'  42"  =  1.98265 


log  M  =  1.57196 
logAB=^  1.56022;  AB  =•  36.33  ft.    Ans. 

log  sin  76°  44'  18"  =  1.98826 

log  M  =  1.57196 

log  sin  29°  21'  =  1.69082 

log  ^  C  =  1.26228;  BC^  18.29  ft.    Ans. 

(13)    To  find  the  angle  ABC,  apply  formula  1,  Art.  21t 

*      x^  ^       i?\      18-16      ^40°       cot  20° 
tan  HA  -  /?)=  jg-^  cot  -^    =  -j^ 

Whence  i{A  -  B)  =9°  10'  49",  and  ^  =  90°  -  20°  -  9°  10'  49" 
=  60°  49'  11". 

In  the  right  triangle  D B  C,  CD  =  ^  C  sin  A  B  C  ^  18 
sin  60°  49'  11"  =  15.715  ft.    Ans. 


(14)    In  the   triangle  PMN,   the  angle  MPN^  180**  -  (50**  23' 

+  48'' 34')  =  81°  3'. 

500 

sin  81°  3' 

log  500  =  2.69897 
log  sin  48*^  34^  »  1.87490 


PM  =    .  r^o».  sin  48**  34'  =  379.48 


2.57387 
log  sin  81°  3'  »  1.99468 


2.57919  =  log  379.48.^ 
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In  the  triangle  MQN  the  angle  MQN  ^  180*»  -  (44*'  l^^  W  l^) 
»=56°29'. 

^e  -  S^29?  «in  70^  12^  -  676.69. 

log  600  »  2.69897 
log  sin  79**  12^  =  1.99224 

2.69121 
log  sin  66°  29'  =  T.92102 

log  MQ  =  2.77019;  MQ  =  689.1 

"  In  the  triangle  PMQ,  the  angle  PMQ  =  eO''  23'  -  44**  ly  =  6**  4'. 
Let  the  angles  MPQ  and  MQP  he  represented  by  A  and  B^  respect- 
ively.   By  formula  1,  Art.  21, 

.      ^i  A      I>^      (689.10  -  379.48)      ,  6**  ¥ 
tan  i  (^  -  i?)  =  ^^g^3^^3y^-^  cot -^ 

log  (589.10  -  379.48)  =  log  209.62  =  2.32143 
log  (689.10  +  879.48)  »  log  968.68  ^  2.98613 

1.33630 
log  cot  3°  2^  =  1.27680 

log  tan  i  (y4  -  ^)  «  0.61110 

^i^A-B)^  76**  14^  W 
By  formula  2,  Art.  21, 

„^_  (689.10  -•  379.48)  cos  3**  2f 
^  "  sin  76**  14' 30" 

log  (589.10  -  379.48)  =  log  209.62  =  2.32143 

log  cos  3*'  2'  =  1.99939 

2.32082 
log  sin  76°  14'  30"  =  1.98736 

log/'e  =  2.33346 
PQ  =^  215.6  ft.    Ans. 

(15)  In  Pig.  Ill,  AE  ^  h  cot  78**  25';   FD  =  A  cot  69°  30'.    But 

AJt-^  FD  =  650  -  350  -  200  ft.    Therefore,  h  cot  78°  26'  +  A  cot 

200  200 

69°  30^  =  200  ft.,  whence  A  -  cot  78° 25' +  cot  69° 30'  '  .20*97  +  .373^ 

=  345.5  ft.     Ans. 

(16)  The  area  of  the  trapezoid  is  found  by  appl3ring  the  fonnnla  of 
Art.  34. 

d  =  636.17  -  216.18  =  319.99;  ^  +  3,  =  762.36 

s  =  ^(474.30  +  300.00  +  319.99)  »  647.16 

5  -  a  =  72.86.  5  -  r  =  247.16,  5  -  </  =  227.16 


§10  PLANE  TRIGONOMETRY 

Substituting  in  formula  of  Art.  34, 
^       752.35 


V547.15  X  72.85  X  247.15  X  227.16  =  111.220  sq.  ft. 

=  2.55  A.    Ans. 


319.99 

111,220 


43,560 
The  value  of  h  is  found  from  formula  of  Art.  32  to  be 

d^  +  d. 
Substituting  in  this  equation, 

.       2X111.220       oftKfli***      A 
h  =  — TTt^Tr^ —  =  296.66  ft.    Ans. 
/oJ.oo 

(17)     Prom  formula  1,  Art.  35,  we  have. 

-n  (1) 

360° 


/_25" 

^  ^     /       .  ~36( 
\/  n  sm  — 


360° 
An  octagon  has  eight  sides;  sin  — ^  =  .70711. 

5  =  35  A.  =350  sq.  ch. 
Substituting  in  equation  (1). 


\8X. 


X  350    ^  11.12  ch.    Ans. 


.70711 
Substituting  in  formula  2,  Art.  35, 

/  =  2  X  11.12  sin  ^  =  8.51  ch.    Ans. 

(18)     To  find  the  area  of  the  triangle,  apply  formula  2,  Art   29: 

14' 
•^  "*  2(cot  63°  20"  +  cot  58°  40")  "  ^'^  *^'  ^^'  "  ^'^  ^'    ^^' 
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(1)  In  this  case,  we  have  given  the  hypotenuse  and  one  side  of  a 
right  triangle  to  find  the  other  side.  The  height  of  the  hill  is  equal  to 
V403--364"  =  173.0  ft.     Ans.     See  Art.  13. 

(2)  See  Art.  16.  The  four  tallies  represent  4  X  10  =  40  ch.;  eight 
of  the  pins  held  by  the  rear  chainman  represent  one  chain  each,  and 
the  other  one,  17  li.,  or  .17  ch.    Therefore, 

length  of  line  =  40  +  8  -f  .17  =  48.17  ch.    Ans. 

(3)  The  correct  length  of  the  line  is  found  by  formula  of  Art.  21. 

Here,  L  =  979  ft.,  and  <?  =  ^  =  .001  ft.  per  ft.     The  tape  was  too 

short,  therefore  the  length  was  recorded  too  long,  and  the  error  is  to 
be  subtracted. 

L.  =  979  -  .001  X  979  =  978  ft.    Ans. 

(4)  See  Art.  26.  If  B  C,  Fig.  I,  is  taken  equal  to  27  =  (3  X  9) 
li.,  B D  must  be  equal  to  4  X  9  =  36, 
and  CD,  to  5  X  9  =  45  li.  Since  BD 
-\-  CD  =  36  +  46  =  81  li.,  the  posi- 
tion of  D  may  be  determined  as  fol- 
lows: Fix  one  end  of  the  chain  at  B 
and  the  eighty-first  link  at  C\  then, 
taking  bold  of  the  thirty-sixth  link,  pull 
the  chain  until  both  parts  of  it  are  taut. 
The  point  D  is  at  the  end  of  the  thirty- 
sixth  link.    Ans. 

(5)  See  Art.  29.  In  Fig.  \,  A  B 
and  A  Care  each  equal  to  60  ft.,  and 
B  Cv&  89.5  ft.  The  angle  BAC  can 
be  determined  from  the  relation 


€\n^BAC- 


\BC      4  X  89.6 


AC 
Hence,  using  logarithms. 


60 


^BAC^AS^  14^,  and  BA  C 


Pio 


96''  28^.     Ans. 
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Arr   ZH,      ff    7*ie  girja*'r  C  If  saa  'ire  iuaaf  trtoi 

-  -jsr^S-r*  C  Jf  ^        —^-  —     =  4:2:      fr.     AxK. 

h  D  -         ^       —    «  —  s  V^  4  f:      Ash. 


*       7>«t  !.*«.  -f  *:e  i«-:ic  wu-nii  -  ?  r   7;  s  'iisr*r-2, rztsi  ztj  fcoc-sr 

.-  "A*r^^..'C^A  I.  I   I  -  ,^  «    .^   .5/    7*C.-.  —  ?;lJ!i.'. 

AT»:k.  '^  '^i^'V^  A  fi  f 

far  —  T**  4  —  A'ft 

w  -t         r         T-  *^  m  W   f-T      ^  ^  tar  •tarn-       ^  -••••         ^ 

,  -    •  'I*   •'.!  -  i'  ;*   /;///;=  ,  -       =  •?>        'i;*  .  —  *2^ 

=  .' .         *. ;*     -  '"^  t  -  .--i  :    '»>     -  v ;.'  =  4 1*- 

=   v.i;>  '•..■-  y   >^  ■.•  ^>  -    =    :::  r*^  5.-:    f- 

A-M   -f  --i-;-  *   /.  C// 

7'*t  i*»:t  '-5  •:.*  Ti—  /  /.'//   :  ^'. "i-  "   •'.t  **:=.  '•'  "-'jt.  i-fta.*  «-.*  the 

.^^.....,  /CO  11-.  ///.    /,  i--  ---^.t  'f  ••.*r-tT*ea/y.i*  C.  ^r  A'A',  tii 

C  /.'  =  :;•;  -  :  f  ^  =    :.  ^     //  L    =  is  *  '  -  :;>>  =  74  v    Ai.i  L,H 

A:-:i  -.5  TL-r  *  /  0    C  =   *  *     /     •  =   :  V,7  A  v:    ft- 

A--5.  'f  *ri:^/  -:  C   0  /.'/-   =    '       *  ,  *     '"  '  =  :  i:0  6 tq.  ft. 
Art*  of  174 ;*«.'.. -:  /.'  /'/  L. 

= -  =  :r  '^M,^  SG.  ft. 
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Area  of  triangle  H Lx  L  = ^ — '—  =  990  sq.  ft. 

The  area  of  the  part  D I F  \s  equal  to  the  sum  of  the  areas  of  the 

triangles  DExE  and  FJ^J  and   those  of  the  trapezoids  ExEIIx 

and   IxIJJx'     Prom  the  measurements  given  we  have,  D Ex  ^  93; 

Ex  /,  =  180  -  93  =  87;    /,  Jx  =  296.5  -  180  =  116.5;   and  7.  /^  =  402 

-  296.5  =  105.5. 

93  X  20 
Area  of  triangle  D ExE  ^  — s —  =  930  sq.  ft. 

Area  of  trapezoid  ExEIIx  =  (^  "<"  ^'^)  ^^  =,  2.327.3  sq.  ft. 

Area  of  trapezoid  A  IJJx  =  (^-^-^^J-^)^^^-^  =,  4,135.8  sq.  ft. 

Area  of  triangle  JxJF  =  ^^'^  ^  ^^'^  =  1,978.1  sq.  ft. 

The  areas  just  found  and  their  sum  are  given  below: 

6  6  8  2  5.0 

1  1  6  0  7  0.0 

1  2  1  2  3  0.0 

9  8  1  5  0.0 

1  5  5  7.8 

1  2  1  0.6 

2  6  4  4.8 
9  9  0.0 
9  3  0.0 

2  3  2  7.3 
4  1  3  5.8 
1  9  7  8.1 


4  35  60)  41804  9.4  sq.  ft. 

9.6  0  A.    Ans. 


COMPASS  SURVEYING 

(PART  1) 


(1)  The  conditions  are  represented  in  Pig.  1.  A^'  5'  represents  the 
position  of  the  needle  when  the  compass  is  at  ^,  and  NS  represents 
the  correct  position  of  the  needle.  It  is  evident,  from  the  figure,  that 
the  effect  of  the  local  attraction  at  A  is  to  deflect  the  needle  to  the  west 
of  north  and  decrease  the  northwest  bearings  by  the  amount  of  the 


Pio.l 


Fio.  2 


angle  SA  S'.  This  angle  is  equal  to  the  difference  between  57°  SCV  and 
53°  45',  or  3°  45'.  The  correct  magnetic  bearing  of  the  line  ^  ^  is  equal 
to  the  sum  of  89°  00'  and  3°  45',  or  92°  45'.  Since  this  is  greater  than 
90°,  the  bearing  is  180°  -  92°  45'  =  S  87°  15'  W. 

(2)  The  angle  between  the  lines  A  B  and  A  C,  Fig.  2,  is  equal 
to  the  sum  oi  B A N  and  NAC.  The  angle  NAC  is  equal  to 
180°  -  75°  15'  =  104°  45'.  Therefore,  ^  ^  C  =  13°  SO'  -f  104°  45' 
»  118°  15'.    Ans. 
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(3)     In  Fifr.  3,  the  bearing  of  the  line  A  B  is  3  76"*  W  W.  and  the 
line  ^  C  nans  from  /I  on  the  right  ot  A  B  and  makes  an  angle  of 


a  ^ 

Pio.  3  Pio.  4 

106°  45'  with  A  B.  The  bearing  ol  A  C  is  evidently  equal  to  the  sum 
of  B  A  S  and  BAG  minus  180**.  Now  [106°  45'  +  76°  15']  -  180° 
=  3°  OO';  therefore,  the  bearing  is  N  3°  00'  £.    Ans. 


^1» 


8 
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(4)     The  bearing  of  A  D,  Fig.  4.  is  S  89°  45'  E,  and  the  line  W^ 
to  the  left  oi  AD  makes  an  angle  of  65°  30'  with  A  D.    The  angle 


§12 
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NA  B  is  evidently  equal  to  180**  -  [65°  SC  -f  89°  46']  =  24*  45^,  and  the 
bearing  of  the  line  ^  ^  is  N  24°  45^  E.    Ans. 

(5)  In  the  triangle  PQB,  Fig.  5,  the  angle  P  is  equal  to 
17°  3(y  -f  52°  W  =  69°  45^;  the  angle  Q  is  evidently  equal  to 
180°  -  [17°  SC  +  79°  45^]  =  82°  45^;  the  angle  ^  =  180°  -  (P  H-  fi)  =  180° 
-  (82°  45'  -f  69°  45')  =  27°  30'. 

a.u  ^  „       150  sin  82°  45' 

Then, 


PB  = 


sin  27°  30' 


=  322.2  ft. 


Since  y|  />  =  275  ft..  ^  ^  =  275  +  322.2  =  597.2  ft.    Ans. 


8 
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(6)  (a)  The  angle  between  the  lines  A  C  and  A  B^  Fig.  6,  is  equal 
to  180°  -  86°  30'  -f  12°  OO'  =  105°  30'.  The  length  of  ^  C  can  be  found 
from  the  relation 


=>i: 


BC^\AC    ^AB    -'2xACxABcosA 

or,  substituting  the  values  ot  A  B,  A  C,  and  A, 

BC=  V728.5*  +  586.5«  -  2  X  728.5  X  586.5  cos  105°  30' 

»  1,050.3  ft.    Ans. 
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(b)    In  the  triangle  ABC, 

.    ^      A  B  sin  105**  W  _  686.6  sin  105**  2ff 
sm  c  =  ^  ^  j-ggg^^ 

whence,  C  =  32**  33' 

The  angle  NCB  \s  equal  to  12**  (Xy  +  32**  33'  =  44**  3^  and  the  bear- 
ing of  the  line  CB  is  N  44**  33'  E.  The  bearing  of  BC  is  the 
reverse  of  that  of  CB  or   S  44**  33'  W.    Ans. 

(7)  The  number  of  the  station  669  ft.  from  the  starting  point  is 
Station  or  Substation  6  +  69.     See  Art.  34. 

(8)  Station  9  +  89  is  989  ft.  from  the  starting  point,  and  Station 
14  +  01  is  1.401  ft.  from  the  starting  point;  therefore,  the  distance 
between  the  stations  is  1,404  —  989  =  415  ft.    Ans. 

(9)  See  Art.  24. 

(10)  The  angle  NON',  Fig.  7,  between  the  true  meridian  and  the 
magnetic  meridian,  is  equal  to  the  difference  between  the  true  and  the 
magnetic  bearing  of  the  given  line.  N ON'  ^  ZT^  W  -  2ff  ?ff 
=  1°  45'.    Ans. 


COMPASS  SURVEYING 

(PART  2) 


(1)  To  solve  this  example,  formulas  1  and  2,  Art.  7,  are  applied. 
Since  the  bearing  is  southwest,  both  ranges  are  negative. 

/  =  -19.43  cos  87**  45^  =  -.76  ch.    Ans. 
g  =  -19.43  sin  87°  45^  =  -19.42  ch.    Ans. 
The  logarithmic  work  is  arranged  as  follows: 

log  g  =  1.2  8  8  1  4;  g  =  19.42  ch. 

log  sin  87°  45^  =  1.9  9  9  6  7 

log  19.43  =  1.2  8  8  4  7 

log  cos  87°  45^  =  2.5  9  3  9  5 

log  /  =  1.8  8  2  4  2;   /  =  .76  ch. 

(2)  The  tangent  of  the  bearing  is  found  by  applying  formula  8, 

Art.  7, 

n  ft? 
tan  G^  =  s^.  whence  G  =  27°2(y 

As  /  is  negative  and  g  is  positive,  the  l)earing  is  southeast.    The 
t^earing  given  to  the  nearest  quarter  degp'ee  is  S  27°  W  E.    Ans. 

The  length  of  the  bearing  is  found  by  applying  formula  4,  Art.  7^ 

11  97 

^  =  — — <Jroon/  =  26.07  ch.    Ans. 
sm  27^2Xf 

The  logarithmic  work  is  arranged  as  suggested  in  Art.  7. 

log  /  =  1.4  1  6  1  2;    /  =  26.07 

log  sin  27°  20^  =  1.6  6  1  9  7 
log  11.97  =  1.0  7  809 
log  23.16  =  1.3  6  4  7  4 

log  tan  G^  =  1.7  1  3  3  6;    G^  =  2r  20^ 

(3)  (a)  The  total  error  of  closure  is  equal  to  the  length  of  the 
hypotenuse  of  a  right  triangle  whose  legs  are  the  algebraic  sums  of 
the  latitude  and  longitude  ranges.    See  Art.   11. 

V.07*  +  .13«  =  .15  ch.    Ans. 
{b)  The  relative  error  of  closure  is  equal  to  the  total  error  of  closure 
divided  by  the  sum  of  the  lengths  of  all  the  courses. 

^=4iS3  =  -^-    ^• 

lis 

115—33  • 


_.l  ^ 


-  ^»: 


I  r 


■  I 


1 
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Long.  R.  of  AB  ^  -f  '9.7  6  =  Lrong.  of  B 
Long.  R.  of  -5  C  =  -1  3.4  1 

-    3.6  6  =  Long,  of  C 
Long.  R.  of  CD  =  -1  6.8  3 

-2  0.4  8  =  Long,  of  D 
Long.  R.  of  DE  =  -i-2  1.7  8 

+    1.3  0  =  Long,  of  E 
As  the  longitude  of  D  is  the  (arithmetically)  greatest  westing,  D  is 
the  most  westerly  comer.    Ans. 

(7) 


Courses 

Lonfflttide 
Ranees 

Double 
Longitudes 

Latitude 
Ranses 

Double  Areas 

+ 

— 

AB 
BC 
CD 
DE 

EA 

+255-0 
-558.^ 
-449.0 

+217.5 
+535.0 

+     255.0 

-  48.5 

-  1,056.0 

-1,287.5 

-  535.0 

+570.5 
+  99.0 

-352.5 
-4490 
+  132.0 

145.477.5 

372,240.0 
578,087.5 

4,801.5 
70,620.0 

1,095,805.0 

75*421.5 
2)1,020,383.5 


75,421.5 


5"  »  510,192  sq.  ft.,  nearly 
=B  11.71A. 

The   double  longitudes  are  calculated  as  explained  in  Art.  19. 
The  work  is  arranged  as  follows: 

2  5  5.0  »  D.  Long,  of  ^  ^ 
2  5  5.0 
5  5  8.5 


Long.  R.  of  -^  ^  =  + 

+ 
Long.  R.  of   B  C  =  — 


Long.  R.  of   CD  =  — 


4  8.5  =  D.  Long,  ot  B  C 
5  5  8.5 
4  4  9.0 


-  1  0  5  6.0  =  D.  Long,  of  CD 

-  4  4  9.0 
Long.  R.  of  DE  =  +     2  1  7.5 

-  1  2  8  7.5  =  D.  Long,  of  DE 
+     2  1  7.5 

Long.  R.  of  ^  /I  =  -I-     5  3  5.0 

-  5  3  5.0  s  D.  Long,  of  EA 

The  work  is  airanged  in  the  table  in  a  manner  similar  to  that 
shown  in  Art.  21.     Each  double  longitude  is  then  multiplied  by  the 
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latitade  nngp  on  the  right  and  the  prodnct  ii  placed  in  the  denbtoawa 
column  under  the  proper  sign.  The  difference  beiween  the  snmol te 
positive  products  and  the  snm  of  the  negative  piodncts  is  the  dooUt 
area.  Dividing  by  2,  the  area  of  the  field  is  found  to  be  610,ltttq.  It, 
or,  dividing  by  43,560.  11.71  A.    Ans. 

(8)  The  amount  of  daily  variation  in  the  needle  at  11  ▲.  M.  on  • 
day  in  September  in  a  northern  locality  is  found,  from  the  taUt  ii 
Art.  30y  to  be  2^.  In  the  morning,  the  needle  is  east  of  the  meridin 
and  the  bearing  of  the  line  is  increased.    The  coriect  twwiing  is,  theo, 

5  (7e<*  2S/ -  2^)  E.  or  S  78»  29^  E.    Ans. 

(9)  The  latitudes  of  the  comers  are  determined  as  •■^p'^^— ^  ii 
Art.  28.  The  latitude  of  A  is  equal  to  the  latitude  fmnge  of  the 
course  EA,  The  latitude  of  ^  is  equal  to  the  latitude  of  A  plus  the 
latitude  range  of  A  B,  and  so  on.  The  longitudes  of  the  ooaisesan 
determined  in  a  smilar  manner.    The  work  is  given  below: 

Latttudbs 

+  1  3  2.0  =  Let.  of  A 
LaX.R,otAS  «  -t-  5  7  0.5 

+  7  0  2.5  »  Lat.  of  B 
Lat.  R.  of  ^  C  =  +     9  9.0 

-r  8  0  1.5  =  Lat.  of  C 
Lat'R.oiCD»  ~  3 5  2.5 

-f  4  4  9.0  =  Lat.  of  D 
L^l.R.ofDE  =  -4  4  9.0 

0  0  0.0  =  Lat.  dE 

LONGirt'DES 

-^5  3  5.0  s  Long.of  ^ 
Long.  R.  of  .-f  ^  ==  f  2  5  5.0 

—  7  90.0  s  Loeg.ofiff 
Lo=g.  R.  of  ^  C  =  -  5  5  S.5 

•  2  3  1.5  =  Locg.of  r 
Lo=g.  R.  of  CD  =  -  4  4  9.0 

-'2  1  7.3  =  Lo£g.of/> 
Long.  R.  of  DE  =  •  2  1  7.5 

0  0  0  0  =  Locg.  of  ^ 


flO>  Tbe  magretic  beanrg  cf  -J^e  irsc 
in  F'^.  I  by  O  r.  s  N  1-S=  4^>  E.  x=f  «::rc«  tbe  dec^isatsoeof  the 
3*  !->  eass.  :t  is  er-.ier:  froc:  :be  z^^r«  z'z^z  the  trae  Ueaiiatg  is  eqnal  to 
tbe  ssrs  of  ibe  sigrsetjc  beartr^^  A=.i  th*  declisaxxn.  oeZ5*&^TVSf 
«  19=  W;  tberefc^Te.  tbe  tnae  bcartz^  <A  A  B  n  S  VS^  iMf  E. 
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is  represented  in  the  figure  by  O  2,  is  equal  to  the  sum  of  the  magnetic 
bearing  and  the  declination, 
or  88°30'  -f  3*»  W  =  91*'46'. 
As  this  is  greater  than  90°, 
the  true  bearing  is  south-  # 
east  and  is  equal  to  the 
angle  SO 2,  which  is  equal 
to  180°  -  91°  45'  =  88°  15'. 
The  true  bearing  is,  there- 
fore, S  88°  15'  E.    Ans. 

The  magnetic  bearing  of 
the  third  course,  which  is 
represented  in  the  figure  by 

03,  is  S  20°  SO' W;  it  is  evi- 
dent from  the  figure  that 
the  true  bearing  is  equal  to 
the  angle  SOS^  which  is 
equal  to  the  sum  of  SO  St 
and  5, 03  =  3°  15'  -f  20°  30' 
=  23°  45'.  The  true  bearing 
oi  03  is,  therefore,  S  23° 
45^  W.     Ans. 

The  magnetic  bearing  of 
the  fourth  course,  which  is 
represented  in  the  figure  by 

04,  is  N  50°  15'  W.  It  is 
evident  from  the  figure  that 
the  true  bearing  is  equal  to 
the  angle  N  O  4,  which  is 
equal   to-  iV,  04  -  iV.  ON 

=  50°  15'  -  3°  15'  =  47°  00'. 
The  true  bearing  is,  there- 
fore, N  47°  00'  W.    Ans. 

(11)  The  positions  of 
the  true  and  the  magnetic 
meridian  are  represented  in 
Fig.  2  by  NS  and  A^i  5„ 
respectively.  The  angles 
representing  the  magnetic 
bearings  of  the  four  courses 
are  also  indicated  in  the 
figure.  The  true  bearing 
of  the  first  course,  0 1,  is 
equal  to  the  sum  of  the 
angles  lONx  and  A^i  O  N,  Pio.  2 
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or  7°  Sff  +  5°  Iff  =  12°  iff.    The  troe  bearing  o[  this  course  is,  (here, 
(ore,  N  12°  ^0'  W.     Ans. 

The  [rue  bearing  of  the  second  course  O  2  18  equal  to  the  angle  A'OI, 
which  is  equal  to   N,03  -  N,ON  =  45°  15*  -  5°  Iff  =  40°  6'. 
true  bearing  o[  ihis  course  is,  iherefore,  N  40"  h'  E.    Ans. 

The  Irue  bearing  of  the  tbiril  course  O  3  \a  equal  to  the  angle  5  Ol, 
which  is  equal  lo  the  sum  of  the  angles  SOS,  and  S,OS  =  fi"  IV 
+  16°  45'  =  20°  5.V.  The  true  bearing  of  this  course  Is,  therefore, 
S  20°  B^  E.    Ans. 

The  true  bearing  of  the  fourth  course  0<  is  equal  to  the  angle  SO 4, 
which  is  equal  to  SOS,  -  -5.  O  J  =  S°  Iff  -  2°  W  a  2°  iV.  Theitiw 
bearing  of  this  course  is,  therefore.  S  2°  40'  E,     Ans. 

(12)  la)  The  original  bearing  of  the  line  was  N  40°  00-  W  and  tli« 
present  benring  is  N  38°  4'/  W;  therefore,  the  needle  has  moved  west 


§13 
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(c)  The  present  bearing  of  the  line  O  C  is  equal  to  the  angle 
COS,  =  COSt  -  S^OS^  =  20°  SC  -  1**  15'  =  19*»  l^.  The  present 
bearing  is,  therefore,  S  19®  15'  E.    Ans. 

(d)  The  declination  of  the  needle  at  the  time  of  the  original  survey 
was  5°  25' east,  that  is,  the  angle  NONx  =  5°  25^.  The  present  decli- 
nation is  equal  to  the  angle  NON,  =  6°  25^  -  1**  15'  =  4°  W  east.    Ans. 


Pig.  4 


(13)    The  latitudes  and  longitudes  of  the  comers  are  calculated 
from  the  comer  A  as  follows: 

Latitudes 

-f  3.5  0  =  Lat.  of  B 
Lat.  R.  of  BC  =  -    .3  4 

-f  3.16  =  Lat.  of  C 
Lat.  R.  of  CD  =  -f  3.4  9 

-h  6.6  5  =  Lat.  of  D 
Lat.  R.  of  D£  =  -h    .9  5 

-f  7.6  0  =  Lat.  of  E 
,   Lat.  R.  of  £A  =  -  7.6  0 


0.0  0  =  Lat.  of  A] 
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(PART  1) 


(1)  {a)  Formula  1,  Art.  IT,  solved  for  »,  gives  »  =  -.     In   this 

11  i 

case,  J  =  s»  and  r  =  ^7;  hence,  «  =  -f-  =  8.    Therefore,  the  vernier 
o  64  V» 

mnst  be  divfded  into  8  equal  parts.    Ans. 

(d)     The  vernier,  being  divided    into  8  equal  parts,   roust  cover 

7 
7  divisions  of  the  scale;  therefore,  the  length  of  the  vernier  is  ^  in. 

o 

Ans. 

(2)  {a)  Appl3ring  formula  1,  Art.  17, 

r  =  ^  =s  .005  ft.    Ans. 

{d)  Applying  formula  2,  Art.  17, 

/^  =  .005  X  8  =  .04  ft.    Ans. 

(3)  Applying  formula  1,  Art.  17, 

60^ 
r  =  -j^  =  &,    Ans. 

(4)  Applying  formula  2,  Art.  17, 

^  =  6  X  9  =  54^    Ans. 


1 


£  a 


6     6      7    6 


I'I'i'i'i'i'i  I  I  I  I  I  I  I  I 


8 4  S 


FlO.  1 

(5)     In  Fig.  If  A  B  represents  part  of  a  scale  divided  into  quarter- 
inches.     Since  the  vernier  is  to  read  to  ^  in.,  it  must  be  divided  into 

4-  «  8  equal  parts,  and  cover  7  divisions  of  the  scale.    The  part 

7 
th9  of  the  vernier  is,  therefore,  -  =  IJ  in.  long.    With  the  vernier  in 

Hi 
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the  position  shown  in  Fig.  1,  the  3  of  the  vernier  coincides  with  a 

division  of  the  scale.    The  reading  of  the  vernier  is,  then,  »^  X  3 

3  ' 

s=  ^  in.    The  reading  of  the  scale  is  f  in.;  therefore,  the  whole  reading 


.3,3        27  . 
.'"4  +  32=  32 '°- 


Ans.     See  Art.  16. 


(6)  (a)  The  azimuth  of  the  line,  counted  from  the  north,  is  greater 
than  270^;  therefore,  the  bearing  will  be  northwest  and  equal  to 
360**  -  276°  67'  =  83**  O^.  Therefore,  the  true  bearing  of  the  line  is 
N83°03'W.    Ans. 

(d)  The  back  azimuth  of  the  line  is  equal  to  276*^  57' -1-180'' 
==  456°  67'.  or  456°  57'  -  360°  =  96°  57'.    Ans.     See  Art.  36. 

(7)  See  Art.  42. 
.     (8)     See  Art.  41. 

(9)  (a)  The  ranges  are  determined  by  formulas  1  and  2,  Art.  39, 

/  =  569  cos  343°  41'  =  669  cos  (360°  -  343°  41') 

=  569  cos  16°  19'  =  546.1  ft.    Ans. 

^  =  669  sin  343°  41'  =  569  [  -  sin  (360°  -  343°  41')] 

=  569  X  -  (sin  16°  19')  =  -  169.9  ft.    Ans. 

(d)     t  =  1,026  COS  233°  (M'  =  1,026  [  -  cos  (233°  04'  -  180°)] 

=  1,026  X  -  (cos  53°  04')  =  -616.6  ft.     Ans. 

g  =  1,026  sin  233°  04'  =  1,026  [  -  sin  (233°  04'  -  180°)] 

=  1,026  X  -  (sin  53°  (M')  =  -820.1  ft.     Ans. 

(10)  The  azimuth  of   the  line  whose  bearing  is  S  ^3°  18'  W  is 

263°  18'.  The  angle  BAC,  Fig.  2,  is  evidenUy 
equal  to  the  difference  between  the  azimuth  ol 
the  line  A  B  and  that  of  A  C,  or 

354°  29'  -  263°  18'  =  91*^  11'.    Ans. 

(11)  The  calculated  bearing  of  the  second 
^^^    line   is   equal    to    the    sum    of    the    bearing 

(N  55°  15'  E)  of  the  given  line  and  the  deflec- 
tion angle  that  is  turned  to  the  right.  55°  15' 
+  15°  17'  =  70°  32'.  Therefore,  the  calculated 
bearing  of  the  second  line  is  N  70°  32'  E.    Ans. 

(12)  The  calculated  bearing  of  the  second 
line  is  equal  to  the  sum  of  the  bearing 
(N  13°  15'  W)  of  the  given  line  and  the  deflec- 
tion  angle  that  is  turned  to  the  left.    13°  KV 

4-  40°  20'  =  53°  35'.    Therefore,  the  calculated  bearing  of  the  second 
line  is  N  53°  35'  W.     Ans. 


0^ 


(13)     See  Arts.  37,  38,  and  40. 
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(14)  Since  the  longitude  range  is  negative,  it  is  west,  and  since  the 
latitude  range  is  positive,  it  is  north;  therefore,  the  bearing  is  north- 
west; tan  G  =  T-j^-^^  whence  G  —  AXf  W.  The  bearing  being  north- 
west,  the  azimuth  is  equal  to  360°  -  40°  Sd'  »  319°  35^.    Ans. 
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{PART  2) 


(1)     From  Table  I, 

Upper  culmmatioD,  February  1,  1905 4"  39.0" 

Difference  for  1  day,  3.95. 

From  Table  II,  correction  under  3.95,  oppOEite  12         43.4 

3"  66.6- 

Adding  (Art.  29)     U   68.0 

Time  of  lower  calmination lb"  63.6 

As  this  is  astTOQomical  time,  it  shows  the  ioterval  elapsed  since 
oon  of  February  12.  aud  corresponds,  therefore,  to  the  civil  date 
February  13,  3'  53.6"  a.  m.  We  must,  therefore,  take  the  time  of 
the    previous   culmination    corresponding    to    the    astronomical   date 

(ebruary  U. 
Upper  culmination,  February  1,  1905 4'"  39.t>° 
Correction  from  Table  11 39.5 
3»69.5* 
Adding 11  58.0 
Time  of  lower  culmination 15"  57.6- 

The  civil  date  corresponding  to  this  date  is  February  12,  3"  57.6", 
local  time.  The  difference  in  longitude  between  the  standard  B-bour 
meridian  (90°)  and  the  given  place  is  5"  15'.  or  21".  Since  the  given 
place  is  west  of  the  standard-time  meridian,  standard  time  is  later 
than  local  time.  The  standard  time  corresponding  to  the  local  time, 
8*  57.5",  is  therefore  3"  57.6"  4-  21"  =  4"  IS.S"*.     Ans. 

m 
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4/tW9r,  or.   ta  tibM«  1^ 


lft)44(S 

s« 

14 
•  4t 

75 
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•  00 
5  5 

1  5  >  655  (  4  3.7  «f  4« 
60 

"55 

45 

Too 

Sqbat:ts*iog  jn  fonnnla  of  Art.  19, 

7".  »  9*  41«  -»-  2*  57*  «•  =  li*  »*■  44«.    Aas. 

(3)    Upper  ccImioAtioo  of  Polaris.  December  15, 

1«» 7*  50.4- 

Correction  from  Table  II 63^ 

^  47.2» 
Snbtracting^  (Art.  33) 5   55.0 

Time  of  eastern  elong^ation Q^  s-v 


Time  of  western  elongation  »  6^  47.2*  +  5*  55*  »  12^  42.^.    Aas. 

(\)     (a)  In   the  triangle  B  CE,   the  angle  BCE  ^  UO*  -  (S* 

-  30*  13'  +  63**  27)   -  6r  7ff. 

^  ^       500  sin  63°  27'       ^^  .^  ^ 
If  c  ^  — ; — 2rro~«5w —  "  0W.75  ft. 
sin  61    2IX 

In  the  triangle  BED,  the  angle  BDE  =^  \«f  -  (30*  13^  +63"  ST* 

+  21''36^)»  Oft""  44.  and  the  angle  ^  ^ />  »  63''27' +  21*50^  m  65*Qr. 

500  sin  65- Oy, 

sin  Ol"*  44^ 
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In  the  triang^le  B  CD,  let  the  angle  B  CD  he  represented  by  X, 
BDCby  y,SLndCBD  by  AT.     Then. 

♦on  1  r  V      v\^  {BD^  BC)  ^  .  1  ^ 


tan  ^{X  -  K) 


650.83  -  509.75 
550.83  +  509.75 


cot  12**  W 


whence, 
CD  =  - 


1{X  -  K)  =  9**  55' 


550.83-509.75 
sin  9°  56' 


cos  12°  SO'  =  232.88.    Ans.    See  Art.  37. 


Pio.l 


id)    In   the   triangle  ED/,   the   angle   DEI  ^  180**  -  (63*»  27' 

+  21**  36')  =  94°  57'.  and  the  angle  E  D I  -^  180°  -  (37°  22'  +  94°  57') 

=  47°  41'. 

^  ^       500  sin  30°  13'       «^«  «^  ^ 
ED  =        .    aAO  ..r-  =  278.25  ft. 
sm  64    44' 
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lu 


SI 
ID 


>78.26  tin  47*  KV 
278.26  dn  W  W 


LOl  ft.    Ant. 
466.76  ft.    Ans. 


•indr22' 

W    |(jr-K)-9^66',i(jr+n-|(180^-26^)-7r»W; 

whence,  X  -  *(A'+  K)  +  *  (A--  K)  -  87**  26^ 

Then,    /  -  180**  -  (8r  26^ -h  26** -f  80**  W)  -  ST  2^ .    Am. 

(6)    In  Pig.  1,  the  angle  /-4  C  -  180**  —  (66**  14'  +  86**)  -  7»»  40^, 

and  the  angle  ICA  -  180**  -  (12**  17'  + 146**)  -  22^  48^.    Thea.  tkt 

angle  /l/C  -  180**  -  (79**  46'  +  22**  43')  -  7r  81'. 

.-      426.8  sin  22**  43'       ,««  «  **      a 
A I  «  : — ==s-;:t7 —  =  168.2  ft.    Ans. 


CI 


sin  77**  31' 
426.8  sin  79**  46' 


sin  77**  81' 


428.7  ft.    Ans. 


(6)    In  the  triangle  BCG,^.  0, 
\sm\{CBG-BCG) 


CG-BG 
CG^-BG 


GoXkBGC 


Pio.2 


^  iff  (;  C  -  69**  16' 

CG  -  BG  ^  417  -  376  -  41  ft..  anA^ 
C<7  -f  ^(7  -  417  +  876  -  79S  ft. 
Then, 

tan^(C^<7  -  BCG) 

^  41  X  cot  69**  16' 
793 


whence, 


^(CBG-  BCG)  =    1**07' 
hcB  G-hBCG)  «^i  (180**  -  138**  29')  =  20**  46' 

CBG  ^  21**  68' 


Then, 


^C  = 


417  sin  138**  29' 


=  741.6  ft.    Ans. 


sin  21**  63' 

The  angle  ^  CC  -  180**  -  (138**  29'  +  21**  53')  =  19**  38^ 

^^  C  -  20**  12'  -h  21**  63'  =  42**  06' 

BCE  =  19**  38'  +  15**  27'  =  .35**  05' 

FE  C  =  42**  05'  +  35**  05'  =  77**  10'.    Ans. 

BBC  ^  180**  -  77*'  IC  =  102**  50^ 

741.6  sin  35°  05'  _ 
BE  -  — ^j^iQ20  5(y       -  4^7.1  ft.     Ans. 

-.^      741.6  sin  42°  06'       ^^  «  .,      .„. 
sm  102   50' 
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(7)  See  Art.  48.  In  Pig.  2,  the  side  B  C  is  shifted  parallel  to 
itself,  to  the  position  A  F,  and  A  B  is  shifted  parallel  to  itself  to 
the  position  FC.  The  length  and  azimuth  of  FD  in  the  polygon 
A  F D  E  A  are  determined  as  explained  in  Art.  47.  The  ranges  of  the 
given  courses  are  as  follows: 


/,  =  300  cos  86°  23'  =  +  1  8.9 
/,  =  450  cos  243°  64'  =  -1  9  8.0 
/,  =  268  cos  317°  SO'  =  +1  9  7.6 

+  1876 


^t  =  300  sin  86°  23'  =+2  9  9.4 
g^  =  450  sin  243°  64'  =  -4  0  4.1 
^,  =  268  sin  317°  30'  =   -1  8  1.1 

-28^8 


The  ranges  of  FD  are,  then.  /  =  -18.6,  and  g  =  +285.8. 

tanZ=-'t^-?=  -16.4487 
whence  Z  =  93°  42',  or  180°  +  93°  42'.     The  sine  of  Z  must  have  the 


Pio.  8 

axse  sign  as^;  therefore,  since  ^  is  positive  and  sin  93°  42'  is  positive, 
kie  asimuth  of  FD  is  93°  42'. 

285.8 


FD  = 


=  286.4  ft. 


sin  93°  42' 

In  the  triangle  CFD,  the  angle  CFD  is  equal  to  the  diflference 
letween  the  azimuths  ot  A  B  {=  FC)  and  FD,  or  93°  42'  -  33°  45' 
=  59°  57';  the  angle  FD  C  is  equal  to  the  difference  between  the  back 
i^imuths  of  CD  and  FD,  or  349°  m'  -  273°  42'  =  75°  54';   and  the 

igle  FCD  =  180°  -  (75°  54'  +  59°  57')  =  44°  09'.     Then, 

FC^AB^^'^^J^  =  m,Stt.    Ans. 


CD 


115—84 


sin  44°  09' 
286.4  sin  59°  57' 
sin  44°  09' 


356.9- ft.    Ans. 
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(8)  See  Art.  49.  In  Pig.  3,  the  side  A  Bis  shifted  parallel  to  itsellto 
the  position  /^C,  and  B  C  \s  shifted  parallel  to  itself  to  the  position^/'. 
In  the  polygon  A  F D E  A^  the  length  and  azimuth  of  the  side  FD^xt 
determined  as  explained  in  Art.  47.  The  ranges  of  the  given  sides 
are  as  follows: 

/»  =  458.7COS  29° 48'    =  +398.0.        g^  =  468.7 sin  29° 48'    =  +228.0 
/,  =  632.4  cos  150° 46^  =  -551.9  g^  =  632.4 sin  150** 46'  =  +308.8 

/,  =  729.4  cos  249°  12'  =  -2  5  9.0         g^  =  729.4  sin  249°  12^  =  -681.9 

-4  12.9  -f45.] 

The  ranges  of  the  side  FD  are,  then,  /  =  +412.9  and  g  =  +145.1. 

+145.1 


tan  Z  = 


+412.9 


whence  Z  =  19°  22',  FD  =    .  — qo^>»7^  =  ^^'^-^'    ^^  ^he  triangle  CFD. 

sill    It/     A<*rf 

FC  =  298    ft.,    FD  =  437.6   ft.,    and    the   angle    CDF  =  48''  Of 

-  19°   22'  =  29°    10';    sin    DCF  =  -^^^-^  — — ;    whence,  BCF 

=  45°  41'.      CFD  =  180°  -  (29°  10'  +  45°  41')  =  105°  9'.     The  angle 
that  /''C  makes  with  the  meridian,  measured  toward  the  west,  is,  then, 
105°  9'  -  19°  22'  =  85°  47',  and  the  azimuth  of  FC,  and  therefore  otAB, 
is  ;^K)°  -  a5°  47'  =  274°  13'.     Ans. 
In  the  triangle  CFD, 

^  _,       298  sin  106°  9'       .^n  o  **      a 
CD=    -.    ,^,o  i/v      =  590.2  ft.    Ans. 
sm  29    10' 

(9)  See  Art.  50.  The  ranges  of  AoAt,  Ax  An,  and  At  At  area* 
follows: 

/,  =  600  cos  340°  =  +    5  6  3.8  ^,  =  600  sin  340°  =-2  0  5.2 

/,  =  425  cos  15^     =+41  0.5         gt  =  425  sin  15°    =  +1  1  0.0 
/.  =  350  cos  318°  =  +    2  6  0.1  ^,  =  350  sin  318°  =-2  3  4.2 

+  12  3-^4  -3  2  9.4 

The    ranges    of     the    closing     line     AaAo,    Fig.     4,    are,    then, 

t  =  -1,234.4  and  g  =  +32t».4.     For  the  azimuth  of  this  line,  we  have, 

^        „  _      +329.4 
tanz  -    _j  .,3^4 

The  value  of  Z  is  l(>o°  04',  since  the  sine  of  Z  must  be  positive,  and 
the  sine  of  U>5"  04'  is  positive.  The  angle  Z  is  equal  to  360°  minus 
the  back  azimuth  of  A,  ./„.  or  3M)°  -  (180°  +  165°  04')  =  14°  56'.  Tbe 
anirle  Ao  A,  A,  =  Z  -  2(r'  =  1()5°  04'  -  20°  =  145°  04',  and  the  angle 

/-/a  ^'/^  Ao  is  equal  to  20°. 

At  Ao  sin  Z 

sin  20' 

At  Ao  sin  Ao  At  A^ 


Then,  AjA^  -         ,_  ^.^ 


Ao  At  — 
But.  AtAo  = 


sin  20° 
g       ^  329^ 
sin  Z       sin  2^ 
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TRANSIT  SURVEYING 
329.4  sin  Z  329.4         „, 


WM.  =  - 


i  26" 


1  ft. 
2,140.1  ft.    Ans. 


{10)     The  azimuth   of  B A^.    Pig.  5.  is  90°;  ttae  azimuth  of  A^A^ 
"  115°  -W  =  2.5°;  the  azimuth  olA,D^  IJtO"  -  ( 130°  -  25°)  =  T6°. 
The  ranges  of  these  courses  are  as  follows: 
/,  =  500    cos   90°  =      0  0  0.0  ^,  =  500    sin    !»0°  =  +    5  0  0 

(,  =  6.50    cos   25°  =  +5  8  9.1  ^,  =  650    sin   25°  =  +    2  7  4.7 

(,  =  47.'..2  cos  75°  =  +1_2_3.0  g,  =  475.2  sin  75°  -  +    4  5  9.0 

+7  1  2.1  +12  3  3.7 

The   ranges  of   the   closing  line  DB  are,   then, 
(  =   -712.1    and  g  =    -1,233.7.      Therefore,   tan   Z 


The  s 


-712.1  " 

ative.    Therefore,  Z  =  240°.    The  azimuth  uf  DS  is 
then,  240°. 


e  of  the  angle  Z  must  be  neg- 


le  angle  I B  D  is  equal  to  the  back  azimuth  of 
DB,  or  (240°  +  180°)  -  :«iO°  =  tiO".  The  azimuth  of 
At  D  is  75°;  therefore,  the  angle  A^  DB"  =  180°  -  75° 
=  105°,  and  the  angle  I D  B'  =  105°  -  25°  =  80° 
=  the  angle  /.    Ans. 

The  angle  BDl  =  180°  -  (60°  +  80°)  =  40°. 
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ff/;si 


40° 
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of  negative  angles.  §10.  ppl4.  56. 
of  the  clamps  of  th<x  transit.  {14.  p24. 
of  the  tangent  screws  of  the  transit,  |14. 

p24. 
signs  of.  Tabic  of.  J 10.  pl2. 
Sums  of.  §10.  p58. 
expressions  for.  Tabic  of.  §0.  plO. 
trigonometric.  Definitions  of.  §9,  ppl.  3. 
trigononu'tric.  Formulas  (it-fining  tho.  §10. 

p56. 
Trigonomttric.  of  0*  and  90**.  §10.  pl2. 
trigonometric.  Representation  of,  by  lines, 

§9.  plO. 
Fundamental     equations     relating     to     right 

triangles,  §9,  i).'')2. 
functions,  Definition  of.  §9.  p7. 
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Geometry.  Definition  of,  §7,  p2. 
Gradienter.  §14.  p3. 

Graduated  circle.  Azimuth  system  of  number- 
ing. §14.  plO. 
circle.  Compass  system  of  numbering.  §14. 

plO. 
circle.  Systems  of  numberinji.  §14.  plO. 
cinle.  Transit  system  (»f  numbering.   §14. 
plO. 
Graduations   of   the   horizontal    limb   of   the 

transit.  §14,  plO. 
Graphic  method  of  balancing  a  transit  sur- 
vey, §14,  p43. 


Guard  stake.  DefinHim  of.  f  14.  p2S. 
Gunter's   chain.    Description   of,    §10.   p82. 
111.  p3. 

H 

Half  chain.  Definition  of.  §11,  p3. 
Head  chainman.  Definition  of.  |11,  p7. 
Heptagon,  Definition  of.  |7,  pl2. 
Hexagon.  Definition  of.  |7.  pl2. 
Homologotis  sides.  Definition  of.  |8.  pS. 
Horizon,  celestial.  Definition  of,  |15.  p4. 
Horizontal  angles.  Measurement  of,  114.  p26. 

circle  of  the  transit,  |14.  p4. 

Kmb  of  the  transit.  |14.  p4. 

limb  of  transit.  Graduations  of  the,  |14.  plO. 

line.  Definition  of.  §7.  p4. 

rotation    about    vertical    axis    of    transit 
instrument,  §14,  pl9. 
Hub,  Centering  the.  §14.  p23. 

Definition  of,  |I4.  p23. 
Hypotenuse,  Definition  of,  |7.  pl4. 


Inaccessible  intersections.  |15.  i>41. 

lines.  Problems  on.  |15.  pp24-30. 
Increment.  Definition  of.  §9.  p48. 
Initial  line.  Definition  of,  §10.  p7. 

position  of  generating  line,  |10,  p7. 
Inscribed  angle.  Definition  of.  |7.  p32. 

circle.  Definition  of.  |7.  p33. 

polyg<m.  Definition  of.  §7.  p33. 
Instrument.  Horiztmtal  limb  of  the,  |14,  p4. 

p<»inl.  Definition  of.  §14.  p23. 

Reading  of  the.  §14.  pl4. 
Instnmu'Pts    used    for    hnear    measurement, 

§11.1.2. 
Interior  angles.  Definition  of.  §7.  p8. 
Interpolation,  General  principle  of.  §9.  iv46. 
Intersection.  Angle  of.  §7,  i>40. 

(»«>int  of.  Definition  of.  §7.  p6. 
Intersections.  Inaccessible.  §15,  p41. 
Interval.  D'.'finition  of.  §9.  p48. 
InversicMi  of  a  proportion.  §8,  p2. 
Inverting  telescopes.  Definition  of,  §14.  p8. 
Isogiuiic  line.  Definition  of.  §13.  p30. 
Isosceles  triangle.  Definition  of,  §7,  pl3. 

triangle.  Passing  obstacles  by.  |15.  pp33. 


Jacob's  staff,  §12.  p4. 


I^nd  measure,  §10.  p32. 

Latitude.  Definition  of.  §13.  p2;  §15.  p2. 

from   Polaris.  Appioximate  determination 
of.  §15.  pl4. 

measured  on  celestial  circles,  |15,  p4. 

north,  Definition  of.  |13.  p2. 
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Latitude— (Continxied) 

parallels  of.  Definition  of,  |]5,  p3. 

Principal  parallel  of,  {13,  p2. 

ranfi^e.  Definition  of,  fil3,  p3. 

range,  north.  Definition  of,  J 13,  p3. 

range,  south.  Definition  of,  §13,  p3. 

ranges  computed  from  azimuths,  |14.  p31. 

Reference  parallel  of,  §13.  p2. 

sotith.  Definition  of,  §13,  p2. 
Latitudes  of  comers.  Method  of  computing. 

§13.  p26. 
Legs  of  right  triangle.  Definition  of,  §7,  pl4. 
Length  of  an  arc,  §8,  p35. 

of  the  courses.  Formula  for  correcting  the, 
113,  pl2. 
Lens,  Axis  of  a,  §14,  p7. 

Compoimd,  §14.  p7. 

Definition  of.  §14,  p7. 

Optical  center  of  a,  §14.  p8. 

Principal  axis  of  a.  §14,  p7. 
Level,  Attached,  §14.  p3. 

bubble,  §14.  p3. 

bubble  centered.  §14,  p3. 
Leveling,  Definition  of,  §11.  p2. 

head  of  transit.  §14.  p6. 

screws  of  the  transit,  §14.  pp5. 19. 

the  transit.  §14.  p21. 
Levels.  Plate.  §12.  p3. 

Plate,  of  the  transit,  §14,  pi. 
Linear  measurement.  Instruments  used  for, 

§11.  p2. 
Line,  beginning  of  a.  Definition  of  the,  §13.  p2. 

Definition  of  a.  j7.  pi. 

Direction  of  a,  §11.  p7. 

Double  longitude  of,  §13,  p20. 

end  of  a.  Definition  of  the.  §13,  p2. 

Formula  for  true  length  of.  §11.  pll, 

generating.  Definition  of.  §10.  p7. 

generating.  Final  position  of.  §10,  p8. 

generating.  Initial  position  of,  §10,  p7. 

horizontal.  Definition  of,  §7.  i>4. 

Longitude  of,  §13,  pl9 

making  given  angle  with  given  line.  To  run 
a,  §12,  pl6. 

of  collimation.  Definition  of,  §14.  p9. 

of  sight.  Definition  of.  §14,  p9. 

of  sight  of  telescope.  Directing,  to  a  given 
mark,  §14,  p25. 

of  survey.  Location  of  objects  from,  §11, 
pp24,  25. 

to  prolong  a.  Field  problem,  §11,  pl3 

vertical.  Definition  of.  §7,  p4. 
Lines  divided  proportionally.  §8,  p3. 
Local  attraction.  Definition  of.  §12.  pl3. 

time.  Definition  of,  §15,  pl2. 
Location  of  objects  from  line  of  survey.  §11, 
pp24,  25. 


Logarithmic  cosine  of  angle  between  87^  and 

90«.  To  find.  §10,  p3. 
cotangent  of  angle  between  87*  and  90*. 

To  find,  §9,  p3. 
cotangent  of  angle  between  0°  and  3",  To 

find.  §10.  p3. 
functions.  Description  of  table  of,  §9,  p25. 
functions  of  angle  containing  odd  number 

of  seconds,  To  find,  §9,  p29. 
functions  of  angle  ha\'ing  no  odd  seconds. 

To  find,  §9,  p28. 
functions  of  small  angles,  §10,  pi. 
sine  of  angle  between  0"  and  3**.  To  find, 

§10.  p2. 
tangent  of  angle  between  87°  and  90*.  To 

find,  §9.  p3. 
tangent  of  angle  between  0°  and  3*.  To 

find,  §10,  p2. 
Logarithms,  tabular.  Definition  of,  §9,  p46. 
Longitude  and  time.  Relation  between.  §15, 

P8. 
Definition  of,  §13,  p2:  §15.  p3. 
east.  Definition  of,  §13,  p2. 
measxired  on  celestial  circles,  §15,  p4. 
of  a  line.  Definition  of,  §13,  pl9. 
of  a  line,  dotible.  Definition  of,  §13.  p20. 
range.  Definition  of,  §13,  p3. 
range,  east.  Definition  of.  §13,  p3. 
range,  west.  Definition  of.  §13,  p3. 
ranges  computed  from  azimuths,  §14,  p31. 
to  time.  Rule  for  converting,  §15,  plO. 
west.  Definition  of,  §13.  p2. 
Longitudinal  section.  Definition  of,  §8,  p54. 
Lower  clamp  of  transit,  §14.  i>5. 
culmination.  Definition  of.  §15.  p6. 
leveling  plate  of  transit.  §14.  p6. 
transit.  Definition  of.  §15,  p6. 

M 

Magnetic  azimuth.  Definition  of.  §12,  pll. 

bearing.  Definition  of.  §12,  p8. 

bearing  of  a  line.  To  determine  the,  §12,  p9. 

disturbances,  §13,  p32. 

meridian.  Definition  of,  §12.  i>8. 

needle.  Description  of,  §12,  p2. 

pole.  North,  §12,  p2. 

pole.  South,  §12,  p2. 

poles  of  the  earth,  §12.  p2. 

storms,  §13,  p32. 
Magnitude  of  a  body.  §7,  pi. 
Major  axis.  Definition  of,  §8,  p42. 
Marking  pins.  Description  of.  §11.  p5. 
Mean  proportional.  Definition  of   §8,  pl3. 

solar  day.  Definition  of,  §15.  p7. 

solar  time.  Definition  of,  §15,  pp6, 7. 

sun.  Definition  of.  §15,  p7. 

time,  Definition  of,  §15,  p7. 
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PenUgonal  priim.  DcRnition  of,  fS.  p4£. 
PenUj<on.  De6nition  o«,  [7,  pl2. 
PEHmcter  of  ma  eUipse.  FomuU  for,  |8,  p*2. 
Pert«ndk-ulw-.  DcGnilicm  of.  |7.  p4. 

foot  of.  Definition  of.  |7.  pi. 
PerpcndicuJAn  and  AnelH,  PropodtJonE  relA- 

ting  to.  17,  pp3-8, 
Vint,  marking.  Df  seriiiiion  of .  1 1 1 ,  pS, 
PLun  transt.  Description  ol,  fll.  p3. 
Pl&oe.  Definition  of,  |7,  p2. 

eqtulorul.  Definition  of.  |I5.  pi. 

6Kure.  DeRiation  of.  fT.  pZ. 
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nwridiin.  Ddinjtiiin  of.  |1S,  pi. 
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section.  De6nttinn  of.  |g,  pS4. 
'     ;,  Definition  of.  |7.  pa. 


Polari* — (Continued) 
TiiTiB  of  lowif  culmination  nl,  |1H.  pl8. 
Times  of  upper  culminalion  of.  |1S,  plE. 
upper  culmination  u{,T)>b1eat  limeof.  |I9, 

pie. 

Polar  pUninwIer.  flO-  pM. 
Pole.  North,  lis,  ppl.4. 

North  magnetic.  113.  pS. 

Soutli.  fl5.  ppl.  4. 
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f.  110,  pU. 
Counlcrwbeel  of.  110.  p49. 
Ueasuring  whnJ  of,  tlO.  p4&. 
Pennterof.  |I0.  p49. 
Truer  of.  |I0.  i>49. 
Zerocirdeof.  flO,  p49. 
Plate  levels,  f  12.  p3. 

levels,  Ailtuitment  of  the,  US.  pA. 
levels  of  the  Crandt.  |14,  pi. 
levels  of  tnuiirt.  Desciiptioi 
r,  114.  p5. 


114,  pl8. 


Plates  of  the  tnnsit.  114.  p4. 

Platting  an  aiimuth  tfKveiBe.  114.  p33, 

fay  latitudes  and  longitudes,  fI3.  pp2a,  37. 
Plug.  Definition  of.  114.  p22. 
Plunging  the  telsscope.  {14.  p20. 
Plus,  Definition  of.  )13.  p23. 
P<rint.  Defitution  of.  17,  pi, 

ol  contact.  Definition  of.  |7,  p32. 

of  iiiliiHStion,  Definition  of,  (7,  p6. 

of  langency.  Definition  of.  |7,  p32. 
Pointer  of  planimrter,  |IU,  p49. 
Pointer*,  Definition  nf.  |I5.  r14. 


Polaris.  Appro 

tudefiom.  115.  pi  4. 
at  culmination.  Determinat 

by  obfKTving.  tl£,  pl5. 
at  culmination.  Observing. 
at  eloDgation.  Deteiminati 


alimuth  of.  DcRnition  of.  (15.  pZ 

Poalion  of.  |I5.  plS. 

TimB  of  elongation  cf,  {19,  p21. 
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Poles,  celestial.  Definition  of.  |IS.  p4. 

of  earth.  Definition  of.  115.  pi. 

range.  Description  of.  Ill,  p6- 
Polvgon.  angles  of.  Definition  of.  17.  ptS- 

AiEa  of  any.  IS,  p25;  110.  |>42. 

circumscribed,  Definition  of.  |7.  p33, 

diagonal  of.  Definition  of,  |7.  p2S. 

Equiangular,  17.  pl3. 

cquilatera).  Definition  of.  (7. 1>|2. 

eiterior  angle  of.  DebiitiDD  ol,  17,  p28. 

inscribed.  Definition  ol.  |7,  p33. 

peiimeter  of.  Definition  of.  |7.  plS. 

Regular.  |7.  p13. 

regular,  angle  at  center  o(  »,  Definition  of, 

|a,p3i. 

regular.  Apothern  of  a.  18,  p31. 

renular.  Center  of  a.  |R,  pXl . 

regular.  Definition  of,  |a,  p3U. 

regular.  Formulas  for  area  of  a,  |10.  pi>*tt 

regular.  Radius  of  a.  IS.  p3l. 

sides  of.  Definition  ol.  17,  pl2. 
PolyKons,  Aj^eaa  of  rimilar.  |8,  p2S. 

Classification  ol,  17.  pl3. 

in  genenl.  |T.  pZS. 

regular.  Table  of  areas  ol.  18.  p32. 

similar.  Definition  of,  |fl,  p7, 
Pciition  of  Polaris.  (IS.  pl3. 

of  reference  meridian,  |I3.  p2S, 
Podtive  angle*.  Definition  of,  |9.  p8. 
Precision  in  chain  nirveying,  (11.  pl3, 
Prttiminary  railroad  surveys.  |12.  p91. 
Principal  axis  ol  a  lens.  |14.  p7. 

meridian,  Deflnilion  of.  f  13,  p2. 

parallel  of  latitude.  |13.  p2. 
Prism,  altitude  of.  Definition  of.  18.  p4e. 

Definition  of,  |S.  p44. 

risht.  convex  area  of.  Formula  for.  |8.  p4a. 

right.  Definition  of.  (S.  i>45. 

volume  of  a.  Formula  for.  IS,  p4a. 
Prisinoidal  formula,  18.  pS7. 
Piismoid.  altitude  of  a.  Definition  of.  |8.  pS6. 

Area  of  middle  section  of  a,  IS,  pfiO. 

Definition  nf.  fS,  pfifi. 

end  sectioru  of  a.  Definition  of,  |S.  pSS. 

middle  section  of  a.  Definition  of,  |S.  pAt. 

volume  of  a,  Formula  (or.  IB.  I>fi7. 
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Produce,  Definition  of,  |7,  p3. 
Projection,  horixontal.  Definition  of,  fll,  p6. 
Properties  of  proportions,  §8,  pi. 
Proportion,  Alternation  of,  |8,  p2. 

0*m|K>sition  of,  §8.  p2. 

continued.  iX-finition  of,  §8,  pl3. 

Definition  (fi.  f8.  pi. 

Division  of.  §8.  jiS. 

Extremes  of,  (8,  pi. 

Inversion  of,  J8,  p2. 

Mrann  of,  |8,  pi. 
Prr/portional,  mean.  Definition  of.  |8,  pl3. 

parts,  rohimn  of,  Use  of  the.  J9,  p33. 

parts,  iJfrfinilion  of,  JO,  p33. 

third,  rvfinitjon  of,  §8.  pl3. 
ProfK^rtions.  Froi>rrtics  of,  |8.  pi. 
ProiKi'.itioni  rcI.'^tJnK  to  an(;les  and  r»arallels. 
§7.  ppH   11. 

relating  to  anffles  and  perpendiculars,  {7, 
pp3  8. 

relating  to  cinlcs.  §7,  pp33-42. 

rclatinK  to  quadrilaterals,  |7,  p24. 

relatini;    t/t    similar    trianKlcs,    {8,    pp8-0. 
13   If). 

rrlatin^:  to  trianRlcs,  §7.  pplT)  22.  2r>  28. 
Pyramifl,  altitude  tA.  Definition  of,  J8.  p47. 

iX'finition  of.  JK,  f>47. 

frustum  of.  Definition  of,  J8.  p49. 

rcKular,  convex  area  of  a.  Formula  for,  |8, 
I>47. 

regular,    convex    area    of    frustum    of    a, 
Fomiul.'i  for.  JH.  juA). 

ref:ular,  iJcfinitinn  oi.  §8.  p47. 

regular,  slant  IhIkIiI  of  a.  Definition  of,  J8 
lM7 

verti'X  of.  r)trfiniti<^»n  f)f,  {S,  \A7. 

volume  of  a.  Foruujla  for,  §8.  pl8. 

v(jlume  r;f    frustum  of  a,  P'ormula  for,  §8, 

Pythagoras.  Theorem  of,  j8.  p28. 


Qu.idrant,  Definition  of,  57,  \f^\. 
Ouadrant:.  Difinition  oi.  ftU),  pO. 
Ouadnlatrral,  Definition  of,  jJ7,  pl2. 

di.'if"*Ti.'iI  of,  iJefmition  of,  i7,  p24, 
Ouadrilat»ral;i,  (Mai.silication  of,  57.  p23. 

FroiHJsition-.  n-latinj;  to,  fi7,  i»24. 

K 

Radian.  r)rfiniti'in  of,  JH.  p.'{8. 

Radius  of  a  «  in  Ir,  Definition  of,  §7,  p31. 

of  a  re;;ular  ji'»ly*^'>n,  §8,  ]i'M. 
Random  line.  Deimition  of,  511.  p20. 
RauK*-.  latitude.  Definition  of,  513,  i»3. 

lonnitude.  Definition  of,  513.  p'l. 

j/')les,  Description  of,  51 1.  p«'>- 


lUmffes.  cofTKtififf  the,  Pormula  for.  f  13.  plO. 
Formulas  for.  |13.  p4. 
Latitude  computed   from  aztxnutha,   fl4, 

p31. 

Longitude  computed  from  azimuths.  fl4. 
ri31. 
Rate  of  error.  Definition  of.  |13,  p7. 
Ratio,  I.)cfinition  of,  $7,  p37. 
Readinff,  Least,  of  a  vernier,  |14,  pl3. 

of  a  scale,  514.  pl4. 

of  a  vernier,  |14,  pl4. 

of  the  instrument,  |14,  pl4. 

ear  chainman.  Definition  of.  fll.  p7. 
Rectangle,  area  of,  Formtila  for,  |8.  p20. 

Definition  of,  §7,  p23. 
Reentrant  an^lc.  Definition  of,  §7,  pl3. 
Reference  lines.  Definitions  of,  §13.  pi. 

meridian.  Definition  of,  }13,  p2. 

meridian.  Position  of,  §13,  p25. 

parallel  of  latitude.  Definition  of.  |13.  p2. 
Regular    polygon.    Definition    of,     |7,    pl3; 

58.  p30. 

pyramid.  Definition  of,  58,  p47. 
Relation   between  any  two  functions  of  an 
an«le,  5^.  pi 5. 
between  tangent  and  cotanf<ent,  |9,  pl2. 
between  the  sciuares  of  secant  and  tangent, 

59.  pl3. 

between  the  squares  of  sine  and  cosine,  59. 
pl3. 
Relative     error    of     closure.     Formula    for, 

513.1)8. 
Repres<:ntittion  of  trigonometric  functions  by 

hut'^.  59.  plO. 
Rtti(i;le  of  telescope.  514,  p9. 
Reversing.:  in  azimuth.  514,  p20. 

the  telestopc,  514,  p20. 
Rhomlxjid,  Definition  of.  57,  p23. 
RhoTtibus.  Definition  of.  57,  p23. 
Rin»',.  cylindrical,  convex  area  of  a.  Rule  for 
58.  pM. 
cylindrical.  Definition  of,  58.  p54. 
cylindrical,  volume  of  a.  Rule  for,  58.  p54. 
Ri^lit  an«le.  Definition  of,  57,  p4. 
cvlindcr.  Definition  of,  58,  p45. 
lino,  Definition  of,  57,  p2. 
I»rism,  Definiticm  of,  58.  p45. 
section,  Definition  of,  f8,  p54. 
trianjrie.  Definition  of,  57,  pl4. 
trian>rle.    Practical    examples    relating    to 

solution  of,  59,  pp57-61. 
triangle.  Solution  of,  one  side  and  an  acute 

anK'le  iK'ing  jfiven,  59,  P53. 
trianKle.  Solution  of,  two  sides  being  given, 

69.  pr,5. 
triant^les,  Formtilas  for  the  solution  of,  flO, 
p60. 
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triBiiKtn.  Fundamenul  cquatic 

m.  ID,  P&2. 
triansles,  SoluH'>n  of,  (9.  p52. 


al  diffen 


ine — [Continued) 


Scalene  Iriannle,  Oefinil 


I,  pH. 


17.  pl3. 
1   betuvDfin  t 


Sccsol   and  unamt,   Rclalii 
squam  of.  |S.  p13. 

Dclimlian  of.  )7.  p32;  tS.  p6. 

I'otmula  (or.  IS,  p7. 

Unc,  Defrnilion  of.  |T.  pS. 
Stomda,  column  of,  Use  of  the,  |10,  pfl. 

Oelinition  of,  |7,  p3T. 
$ect»n,  ciost-,  Drfinitian  of,  |8,  p54. 

longitudinal.  Definition  of,  18,  pS4. 

middle,  of  ■  primioid,  Area  of  the.  |8.  pS6 

middle,  of  a  priimuiil.  Deanition  of,  |8, 


;  the  aoctes.  flO,  pplG,  M. 
□[  half  an  an^le.  Derivation  of  formula  for 

flO,  p53. 
ol  half  an  angle.  Pomiula  for.  |10.  plB, 

cosine  <i[  the  anglo,  |10,  pp15,  SO. 
of  twice  an  snKtD,  Ponnula  For.  fa.  pl6. 
Sinei,  principle  of.  Statement  of.  |10,  plT. 
SiHoraludy.i7.pl. 

Slant  helslit  of  a  cone.  Definition  of.  |8.  p4T. 
hdght  of  a  regular  pyramid.  Delimtion  ol, 
IB.  I>47. 
Smkel.  Comiiau.  |12.  pi. 
Solar  day,  mean.  Definithn  of.  Hi,  tit. 
r.  Definition  of.  flJi.  p«, 


,  Defiutioo  o 


1.56, 
plane.  Defioitioi 
rishl,  Definition 

|8.  p56. 
SKtor,  Aiea  of  a,  IS,  p*0. 

of  a  circle.  Definition  of.  |7,  p33. 
Secular  change  in  rtirectioB  of  variation  of 
needle.  |13,  p31. 

variation  of  needle,  Definitiun  of.  113,  p31. 
Segment,  Area  of  a,  (8.  p«l 

of  circle.  Definition  of,  (7,  p3l. 
Semicircle,  Definition  of,  |7,  p32. 
Semi-diuumrerencc.  Definition  of,  |7.  pSl. 
piapeof  a  body.  |7.  pi. 
ShiftinE  center  of  transit.  114,  pT. 

tripod  head  of  iramit,  |14.  p7. 
Sdenal  day.  Defimtion  of.  (IS,  pS 

BDon.  Definitiun  of.  (15,  p6. 

tbne.  Definition  of,  f  IS,  pfl. 
Sides  of  an  angle.  Definition  of.  |7,  p3. 
Sghta  of  the  comiiass,  112,  pS. 
^hl  vanes  of  the  compau,  |1Z.  p2. 
Sema  notation,  110.  p44. 
SisB  of  summation.  Definition  of.  |I0.  p4S 
Stetilar  polyffomi.  Definition  of,  |8.  p7. 

trianiriM.HianiplEsfelatinK  lo,18,  pplO-1^, 

triangles.    Propositions    relating    to,     |8, 
pp8-S;  13  18. 
Simp*on'9  rule.  |10,  p4,?. 
Sine    and    insnt.     Relation      between    the 
wiuam  of.  tl).  pl3. 

Definition  if.  IS.  p4. 

Formula  (or,  fS,  pt. 


finltion 


r,  I16.P 


time.  tnie.  Definition  of.  f  IS,  p6. 
Solid,  Definition  of.  IS,  IfM. 
Solids,  Mensuration  of.  IB.  pM. 
Southing,  Definition  of.  fl3,  p3. 
South  puie.  115.  ppt,  4r 
Sphere,  area  of  a.  Formula  for,  |S.  [i53, 

celestial.  Definition  of,  IIS.  p4. 

Center  oF.  fS.  oUa. 

Definition  of,  fS,  pG3. 

diameter  of  a.  Formuia  for.  (S.  p53. 

volume  of  a.  Formula,  for,  fS.  p&3. 
Spindle.  ConipBH.  |IZ.  pfi. 
Sguarc.  Definition  of,  IT,  ii23. 

unit.  Definition  of,  fS,  pl8. 
Su<I  head,  CompoM.  |I3,  p4. 

Jacob's,  [12.  p4. 
Standard  into  local  lime.  To  change.  |15,  plX, 

lime.  Definition  of.  |15.  pl^. 
Standard!  of  the  telescope,  f  14,  pi. 
Station  numbers.  1 12.  p22. 
Steel  lape.  |ll.p3. 

Upe.  De»cription  of ,  [11.  p4. 
Straight  line.  Definition  of.  |7.  p2. 

line  figures.  Definition  of,  |7.  p3. 
SubMJition.  Definition  ol.  {12.  p29. 
Summation,  sign  of.  Definition  of,  {10.  p46. 
Sun,  mesR.  Definition  of.  |iS,  pT. 
Sunshade  for  lens  of  telescope,  |14.  pS. 
Supplementary  angles.  Delinition  of.  |7.  pfi. 
Supplement.  'Definition  of,  (7.  fH. 
Supt>1>-ln8  omisDoo*.  (IG.  pp34-38. 
Surface,  ami  of.  Definition  of.  |8.  pl8. 

flat.  Definition  of,  |7.  p2. 

plone.  Definition  of.  IT,  ti2, 

closed.  Definition  of,  113.  pS. 
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Transit — (Continued) 

Horizontal  limb  of,  §14.  p4. 

in   adjustment,   Conditions   that   must   be 

fuIfiUed  in  a.  (H.  p45. 
instrument.  Axis  of  the,  §14.  i>4. 
instrument,  Center  of  the.  §14.  pl9. 
Leveling  head  of,  §14.  p6. 
Leveling  screws  of  the,  §14,  pp5,  19. 
Leveling  the.  §14.  p21. 
Lower  clamp  of.  §14,  p5. 
lower.  Definition  of.  §15.  p6. 
Lower  leveling  plate  of,  §14.  p6. 
Measuring  angles  of  a  closed  field  with  a. 

§14.  p38. 
Method  of  setting  up,  §14.  p20. 
Orienting  the.  §14.  p29. 
plain.  Description  of.  §14.  p3. 
plate  levels.  Description  of,  §14,  pl8. 
Plates  of  the,  §14.  p4. 
point.  Definition  of.  §14.  p23. 
Second  adjustment  of  the.  §14,  i>47 
Shifting  center  of.  §14.  p7. 
Shifting  tripod  head  of.  §14.  p7. 
survey.  Balancing  a,  §14,  p39. 
survey,    Balancing    a.    when    the    angular 

error  is  small,  §14,  p40. 
survey.    Balancing    a.    when    there    is    no 

angular  error.  §14.  p41. 
survey.   Graphic   method   of   balancing  a. 

§14.  p43 
survey  of  a  closed  field.  §14,  p,'i8. 
Survey  of  field  of  irregular  boundary  with. 

§14.  p38. 
surveyors'.  Description  of,  §14,  pi. 
survey.  Trial     method     of     balancing     a. 

§14.  p41. 
s)'stem    of    numbering    graduated    circle. 

§14.  plO. 
tangent  screws.  Functions  of  the,  §14.  p24. 
Third  adjustment  of  the,  §14,  p48. 
upper.  Definition  of.  §15,  p6. 
Upper  plate  of  the,  §14,  pi. 
Vernier  on  the,  §14,  p3. 
Vernier  plate  of  the,  §14.  pi. 
verniers,  Description  of   §14,  pl6. 
Vertical  arc  of.  §14,  p3. 
Vertical  axis  of  the  telescope  of,  §14,  pl9. 
Vertical  limb  of  the.  §14.  p3. 
Transversal.  Definition  of.  §7,  p8. 
Transverse  axis.  Definition  of,  §8,  p42. 
axis  of  telescope.  §14,  pi. 
axis  of  telescope.  Vertical  rotation  about 

§14.  p20 
Trapezium.  Definition  of.  §7   p23. 
Trapezoidal  rule,  §10,  iA4. 
Trapezoid,  altitude  of,  Definition  of,  §7,  p23. 
Area  of,  §8.  p24. 


Trapezoid — (Continued) 

area  of,   Derivation  of  formulas  for,  §10, 

p54. 
area  of,  Formulas  for.  §10,  pp37-39. 
Definition  of,  §7,  p23. 
Traverse,  Definition  of.  §14.  p27. 
Field  notes  of  a  deflection.  §14,  p37 
Field  notes  of  an  azimuth.  §44.  p31. 
Passing  obstacles  by,  §15.  p39. 
Platting  an  azimuth,  §14,  p33. 
Traversing,  azimuth.  Process  of.  §14    p29. 
by  azimuth.  §14,  p27. 
by  bearings.  §14,  p27. 
by  deflection.  §14.  p27. 
by  deflection,  Process  of.  §14.  p34. 
Trial  method  of  balancing  ^  transit  survey, 

§14.  p41. 
Triangle,  actite- angled.  Definition  of,  §7.  pl4. 
altitude  of,  Definition  of,  §7,  pi 5. 
Area  of,  §8,  p20. 

area  of.  Formulas  for,  §10,  pp34-36. 
base  of.  Definition  of,  §7,  pl4. 
Definition  of,  §7,  pl2. 
equiangular.  Definition  of,  §7,  pi 4. 
equilateral.  Definition  of,  §7,  pl4. 
exterior  angle  of.  Definition  of,  §7,  pl5. 
isosceles.  Definition  of.  §7,  pl3. 
legs  of  right.  Definition  of,  §7.  pl4. 
medians  of.  Definition  of*.  §7,  p27. 
Method  of  marking  a.  §9.  pl2. 
modulus  of  a.  Definition  of,  §10,  pl9. 
oblique.  Definition  of.  §7.  pl4. 
obtuse-angled.  Definition  of,  §7,  pl4. 
opposite-interior  angles  of.   Definition  of. 

§7.  pl5. 
right.  Definition  of.  §7.  pl4. 
right.  Practical  examples  relating  to  solu- 
tion of.  §9,  pp57-61. 
right.  Solution  of,  two  sides  being  given, 

§9.  p55. 
scalene.  Definition  of,  §7,  pi 3. 
vertical  angle  of.  Definition  of.  §7,  pl5. 
Triangles.  Classification  of,  §7.  ppl3,  14. 
oblique.  Formulas  for  solution  of,  §10,  p61. 
oblique.  Solution  of.  a  side  and  two  angles 

being  given,  §10,  p22. 
oblique.  Solution  of,  three  sides  being  given, 

§10.  p23. 
oblique.  Solution  of.  two  sides  and  angle 

opposite  one  of  them  being  given,  §10. 

p26. 
oblique.  Solution  of.  two  sides  and  included 

angle  being  given  §10,  pl9. 
Practical    examples   on    solution    of,    §10. 

pp27-31. 
Propositions    relating    to,    §7,    ppl&-22; 

25-28. 
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Triangles —  (Continued) 

rij?ht,  Formulas  for  solution  of,  jlO.  p60 

right.  Fundamental  equations  relating  to. 
89.  p.52. 

right,  Solution  of,  §9,  p52. 

right.  Solution  of,  one  side  and  an  acute 
angle  being  given,  59,  p^3. 

similar.  Examples  relating  to.  J8,  pplO-13. 

similar,  Projwsitions  relating  to,  {8,  pp8.  9. 
Trianjnilar  prism.  Definition  of,  §8.  p45. 
Triangulation,  Definition  of.  J 15,  p24. 
Trigonometric    functions    by    lines,     Repre- 
sentation of,  §9.  plO. 

functions.  Definitions  of,  §9,  ppl ,  3. 

functions.     Formulas    defining    the,     §10, 
pp56-6J .         • 

functions    of    any    angle.    Definitions    of 
510.  p9. 
Trigonometry,  Definition  of.  §9,  p3. 
Tripod.  §12,  p4. 

head.  §12,  p4. 
True  azimuth.  Definition  of,  §12,  pll. 

bearing.  Definition  of,  §12.  p8. 

meridian.  Definition  of,  §12.  p8. 

solar  day.  Definition  of,  §15.  p6. 

solar  time   Definition  of,  §15,  p6. 

U 

Unit  of  area.  Definition  of.  §8,  pl8. 

s<]uare.  Definition  of,  §8,  pi 8. 
Upper  damp,  §14,  p5. 

culmination.  Definition  of,  §15,  p6. 

I>lati'  of  the  transit.  §14.  pi. 

tangent  screw,  §14,  p5. 

transit,  Definition  of.  §15.  p6. 


Values,  t.ibiilar.  Definition  of,  §0,  p40. 
Variation  arc.  Definition  of.  §1.'^.  p35. 

Diurnal,  of  thi-  n(>fdk',  §13.  \)'M. 

of  the  needle.  §l.'i.  i>29. 
V'.Tnal  t-nuinox,  Definition  of.  §15,  p6. 
Vernier,  cirn-.lar.  Dc-scrii)tion  of.  §14,  pi 5. 

clamj).  §11.  I'O. 

declination.  Definition  of.  §13,  p35. 

Drfinitioii  of.  §14.  plO. 

Formulas  lelatinj.'  to  the.  §14,  pl4. 

Least  rcadinp  of  a.  §14,  pi 3. 

f>f  the  transit.  §14.  p'.i. 

plate.  §14.  p.'). 

plate  of  the  tranMt.  §14,  pi. 

Princii)le  of  the.  §14,  plO. 


Vernier — (Continued) 

Reading  of  a,  §14.  pl4. 

Setting,  at  zero.  §14.  p26. 
Verniers,  transit.  Description  of. '114    pl6. 
Versed  sine,  Definition  of,  §9.  p9. 
Vertex  of  a  cone.  Definition  of.  §8.  p47. 

of  an  angle.  Definition  of,  §7.  p3. 

of  a  pyramid.  Definition  of.  §8.  p47. 
Vertical    angle    of    triangle.     Definition    d. 
§7,  pl5. 

angles.  Definition  of.  §7.  p6. 

arc  of  the  transit.  §14.  p3. 

axis  of  the  telescope  of  transit.  §14.  plfl 

axis  of  the  transit  instniment.  Horizontal 
rotation  about  the,  §14,  pl9. 

limb  of  the  transit.  §14.  p3. 

line.  Definition  of,  §7.  p4 

rotation  abotit  transverse  axis  of  telescope 
§14.  p20. 
Volume  of  a  cone.  Formula  for.  §8.  p48. 

of  a  cylinder.  Formula  for.  §8.  i>46. 

of  a  cylindrical  ring.  Ride  for.  |8.  p54. 

of  a  prism.  Formula  for.  §8.  p46- 

of  a  prismoid.  Formula  for.  §8.  p57. 

of  a  pyramid.  Formula  for.  §8.  p48. 

of  a  solid.  Definition  of.  §8,  p44. 

of  a  sphere.  Fomiulo  for,  §8.  i>53, 

of  a  wedge,  Formula  for,  §8.  p52. 

of   the   frustum   of   a   cone.    Formula  for. 
§8.  pSO. 

of  the  frustum  of  a  pyramid.  Formula  for 
§8,  p50. 

W 

Wedge,  altitude  of.  Definition  of,  §8.  p51. 

Base  of.  §8.  p51. 

Definition  of.  §8.  p51. 

Edge  of.  §8,  p51. 

volume  of  a.  Formula  for,  §8.  jv52. 
Weighted  courses,  balancing  the  survey  by, 

Formulas  for,  §13.  pi 6. 
Weighting  the  courses.  §13.  pi 5 
WVights  of  the  courses,    Definiticn  cf.   §13. 

pl5. 
Westing,  Definition  of,  §13,  p3. 

Y 

Yearly  change  in  declination.  §13.  p^l 


Z<*nith.  Definition  of.  §15.  p4. 

Zero  circle  of  planimeter.  §10    p49. 
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